J. Korean Soc. Math. Educ. Ser. B: Pure Appl. Math. ISSN(Print) 1226-0657
http://dx.doi.org/10.7468/jksmeb.2013.20.1.51 ISSN(Online) 2287-6081
Volume 20, Number 1 (February 2013), Pages 51-57

APPROXIMATING COMMON FIXED POINTS OF A SEQUENCE
OF ASYMPTOTICALLY QUASI-f-g-NONEXPANSIVE MAPPINGS
IN CONVEX NORMED VECTOR SPACES

BYUNG-S00 LEE

ABSTRACT. In this paper, we introduce asymptotically quasi- f-g-nonexpansive map-
pings in convex normed vector spaces and consider approximating common fixed
points of a sequence of asymptotically quasi- f-g-nonexpansive mappings in convex
normed vector spaces.

1. INTRODUCTION AND PRELIMINARIES

Now we introduce asymptotically quasi- f-g-nonexpansive mappings and asymp-

totically f-g-nonexpansive mappings with convex normed vector spaces.
Definition 1.1. Let (X, | - ||) be a normed vector space, T : (X,]| - ||) — (X, - ||)
be a self-mapping and f, g : (X,] - ||) — (0,00) be functions.

(i) T is said to be asymptotically f-g-nonexpansive if there exist two sequences

(xn) and (y,) in X such that

lim f(z,)=1 and lim g(y,) =0
n—oo n—oo
satisfying
[Tz = T"y|| < f(an) - |z =yl + 9(yn) for z,ye X
(ii) T is said to be asymptotically quasi-f-g-nonexpansive if there exist two

sequences (z,) and (y,) in X such that

lim f(z,)=1 and lim g(y,) =0
n—oo n—oo
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satisfying

[T"x = pll < f(zn) - llz —pl + 9(yn) forpe F(T) and =€ X,
where F(T) is the set of fixed points of T.
Example 1.1. Let (X, || - ||) be the 2-dimensional Euclidean normed vector space
(R -1), T« (R%, ]| ) — (R%,]] - |) be a self-mapping defined by T((z1,2)) =
(321, 322) for (z1,22) € R%and f, g : (R, ||||) — (0, 00) be two functions defined by
f(z1,22)) = Wlx?’ g((w1,79)) = 22 + 23 for x = (21, 72) € R?, respectively. Take

1 2

two sequences (1) = ((T1n, T2,)) and (¥) = ((Y1n,Yon)) in R? such that x1, = %,
Top = % and y1, = 1, yon, = 5~ for n € N, respectively. Then F(T) = {(0,0)}. For
r = (z1,22) € R? and p = (0,0) € F(T), we have

1 1
e G
1 1
_ 2 2
2%331 + 3%172,
_ 1 5 5 1 1
f(zn) - lz = pll + g(yn) = /@] + s+ ﬁ*‘W

n (2n)
1 1
lim f(x,)= lim + =1,
n—><>of( ) n—o00 (L 2 (ﬁ)Q
V3 3
. . 1 1
g 9ln) = g o2 T g ) =©

Thus, we have
[T"% = pll < f(zn) - [l = pll + g(yn) for p € F(T) and z € X,
which shows that the mapping T is asymptotically quasi- f-g-nonexpansive.

Definition 1.2 ([1, 3]). Let (X,|| -||) be a normed vector space. A mapping W :
X3 xI? — X is called a convex structure on X, if it satisfies the following condition;
For any (x,y,2) € X3 and (a,b,¢) € I3 witha+b+c =1,

W (2,y, 2 a,b,¢) —ul <a-[lz—ul| +b-[ly —ul| +¢- |z -]

for all uw € X, where I = [0, 1].
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A normed vector space (X, | - ||) with a convex structure W is called a convex
normed vector space and is denoted as (X, | - [|,W). A nonempty subset C' of a
convex normed vector space (X, | - ||, W) is said to be a convez subset of (X,| - ),

if W(z,vy,2;a,b,¢c) € C for (x,y,2) € C3 and (a,b,c) € I3 with a +b+c = 1.

2. MAIN RESULTS

A convex normed vector space becomes a convex metric space if we define a metric
d by d(x,y) = ||z — y|| for x, y € X. When we speak about metric properties in a
normed vector space, we referring to this metric. It should be pointed out that each
normed vector space is a special example of convex metric space, but there exist
some convex metric spaces which can not be embedded into any normed spaces [5].

Now, we introduce a new implicit iteration process;

(2'1) Tn41 = W(l‘n, Tinxna Tinxn+1§ Qnit1, ﬁnJrl, ’7n+1)7

where T; : C — (' is an asymptotically quasi- f;-g;-nonexpansive mapping of a

nonempty convex subset C' of (X, || - ||, W) for functions f;, ¢; : (X, |- ||) — (0, 00)

(1 € N) and sequences {a,}, {Bn}, {7n} in I satisfying o, + B, + 9 =1 (n € N).
Now we consider the approximating common fixed points of a sequence of quasi-

f-g-nonexpansive mappings in convex normed vector spaces.

Lemma 2.1 ([4]). Let (an), (bn) and (0,) be sequences of nonnegative real numbers

o0
satisfying the following inequality ant1 < (14 0n)an +bp, n>1. If > 6, < 00 and

n=1
oo
> by, < 00, then the limit lim a, exists.
n=1 n—00
Theorem 2.1. Let C be a nonempty closed convex subset of a real complete convex
normed vector space (X, || - ||, W). Let (T; : i € N) be a sequence of asymptotically
quasi- f;-g;-nonexpansive mappings of C with sequences (x,) and (y,) in X such

that lim fi(z,) = 1, lim g;(yn) = 0 and g;(y1) = 0 for i € N. Suppose that

[e.e]
F = (\ F(T;) is nonempty closed. Let {can},{Bn} and {v,} be sequences in I
i=1
satisfying ayn + B + v = 1 for n > 1. Starting from an arbitararily given zg € K,
we define the sequence (xp)pn>1 by (2.1). Then the following are equivalent,
(i) (zn) converges strongly to a common fized point of the mappings (T; : i € N),
(ii) limd(xy, F) =0, where d(zp, F) = inlf; |zn — p||-
pe
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Proof. Obviously, (ii) implies (i). Now we show that (i) implies (ii). For p € F,
[0 = pll = (W (@n, T @n, T Tni1; ang1, Bt Yns1) — 2l
< a1 [lzn = pll + Bnr - 1T 20 — pll + g1 - [T g1 — 1]
(2.2) < ans1 - o = pll + Botr - filan) - lzn — pll + gi(yn)
+ i1 - filen) - zner — pll + 9i(yn) for z,y el
For arbitrary positive number ¢, take a natural number K so that

o0 [e.9]
filzn) <1+¢, gi(yn) <e, an < oo and Ztn < 00,
n=0 n=0
(].*Oén+1)'€ 2-¢

and t, = forn > K.
1_’Yn+1'(1+5) " 1_’7n+1'(1+5) o

where s, =

From (2.2) we obtain, for n > K,

[Zn+1 =Pl < ant1 |20 =pll+Bntr- (1+e) - [l2n —pl + i1 (1+6) - [Tns1 —pl +2-€.

Hence
(2.3)
(1= Yt1- (1 +¢€)) - |ont1 —pll Cany1-[|on —pll + Bov1- (L +¢) - |on —pl| +2-¢

= (g1 + Bnyr- (1+¢))- o —pl[+2-€ for n > K,
The inequality (2.3) shows that

Opt1 + (14¢ 2-¢€
( n+1 + Bng1 - ( ))Hxn—pH-i-

1= 41 (1+¢) L—Yny1-(1+¢)
= (L+sn)lzn —pll +tn.

IN

|Zn+1 — Pl

Since p € F' is arbitrary,
ld(zni1, F)|| < (14 sn)l[d(zn, F) + tn.

Thus by Lemma 2.1, lim ||d(xpy1, F)|| exists. Since lim ||d(zy, F)|| = 0 and
n—00 n—o00
o

> tn < o0, for arbitrary positive number ¢, there exists a natural number Ny € N

n=0
such that

£

d(zn, F)|| <
|dn, P < -

for n > Ny

and

m
> Sntm—j

> €
Z ty < T where L = e7=!
n=Ny
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In particular, there exists a point p; € F' and N; > Ny such that

9

On the other hand, from the fact that

[2n, —pll < (1= sp)l|zn —pll +tn

and the inequality 1+ x < e* for x > 0, we obtain that

Hmn+m - p” < (1 + Sn+m*1) ’ Hanrmfl _pH +tnym—1
< gfntm-1 [(1 + Sn+m_2) : ||l'n+m—2 - pH + tn+m—2] + tntm—1

2
Z Sn+m—j
< et (1 + Sngm—3) - [[Zntm—3 — Pl + tngm—3]

+efntm=t tntm—2 + tn—l—m—l

3
Z Sn4+m—j
< ei=t [(1 + 3n+m—4)H$n+m—4 - pH + tn+m—4]
2
Z Sn4+m—j s
= “tpam—s + et o+ tham—1
3

4
_Z Snt+m—j > Sntm—j

= e/=t ||$n+m74 - p“ + e/=! “tptm—4a
2
Z Sn+m—j s
+ &=t “tpem—3+ €T b2 + tngm—1

<

m m—1 3
Z Sntm—j Z Sn4-m—j Z Snt+m—j
Se]zl .||xm_p||+6J:1 .tn+...+€J:1 tn+m74

2
Z Sn+m—j s
+ =t “tpem—3 + €T b2 + tngm—1

n+m—1

SLeflzn—pll+L- >t
j=1

Thus for n > Ny,

(2.4) [Zntm — P1ll =28y 4+ (nam—ny) — 1l
n+m—1
<Lellow —pl+L- > 4
J=N1
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and
(2.5) [zn = p1ll =llZ Ny +(n-nq) — P2l
n—1
<SL-fan, —pll +L- )t
J=N1
Hence from (2.4) and (2.5), we obtain that
|Zn+m — Tull S|Tntm — p1ll + [[p1 — 20l
n+m—1 n—1
<L-l|lzn, —p1|| +L- Z ti+L-|lxn, —pil| +L- Z t;
j=N1 Jj=N1
n+m—1 n—1
<2L-||lzn, —p1|| + L - ( Z t; + Z tj>
=N =N
c n+m—1
<2L- 7 +2-L- Z ]
J=N1
€ €
<L — 42 L. —
- 4L + 2L

=&

Hence {z,} is a Cauchy sequence in a closed convex subset C' of a real complete
convex normed vector space (X, | - ||,W). Therefore the sequence {z,} converges

to a point of C. Let lim xz,, = p*. Now we will show that p* € F. Let {p,} be a

n—oo
sequence in F' such that p, — p’. Since

Ip" = T || <lIp" = pull + [ Tip" = pall
<IIp" = pull +1filz)] - IP" = pull + 1gi(y1)| = 0 (as n — o0),
lp’ = T;p'|| = 0 for i € N. Thus p’ € F, which means that F' is closed. Since
d(p*, F) = lim d(pn, F) =0,
n—oo
we have p* € F', which completes the proof. O

Remark 2.1. (i) We obtain the same results for asymptotically f-g-nonexpansive
mappings as a corollary.

(ii) We obtain the same results for asymptotically (quasi) nonexpansive mappings
12, 4, 6].
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