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FILTERS OF BE-ALGEBRAS BASED ON FUZZY SET THEORY

YOUNG BAE JUN?, SUN SHIN AHN™* AND KYOUNG JA LEE®

ABSTRACT. The fuzzification of filters in BFE-algebras is discussed. Characteriza-
tions of a fuzzy filter of BE-algebras are given. An answer to the following question
is provided.

Question. Let A be a subset of [0, 1] containing a maximal element m > 0 and let
F := {F. | a € A} be a decreasing chain of filters of a BE-algebra X. Then does
there exist a fuzzy filter p of X such that p(X) = A and .Z, = F#7?

1. INTRODUCTION

As a generalization of a BC' K-algebra, Kim et al. [2] introduced the notion of a
BE-algebra, and using the notion of upper sets they gave an equivalent condition
of the filter in BE-algebras. Ahn et al. [1] dealt with ideal theory in BE-algebras.
Walendziak [3] investigated the relationship between BFE-algebras, implicative al-
gebras, and J-algebras. He defined commutative BF-algebras, and showed that
commutative BF-algebras are equivalent to the commutative dual BC'K-algebras.

The goal of this paper is to consider the fuzzification of filters in B FE-algebras.
We discuss characterizations of fuzzy filter, and provide conditions for a fuzzy set

to be a fuzzy filter. We pose a question and answer to this question.

2. PRELIMINARIES

Let K(7) be the class of all algebras of type 7 = (2,0). By a BE-algebra we
mean a system (X;*,1) € K(7) in which the following axioms hold (see [2]):

(2.1) (Ve € X) (zxx =1);
(2.2) (Vz e X)(zx1=1),
(2.3) (Ve e X)(1xx =z);
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(2.4) (Vz,y,z € X)(xx(yx2z) =y=*(r*2)) (exchange).
A relation “<” on a BFE-algebra X is defined by
(2.5) Vz,ye X) (v <y <= zx*xy=1).
A BE-algebra (X;*,1) is said to be transitive (see [1]) if it satisfies:
(2.6) (Vx,y,z € X)(yxz < (x*xy)*(x*2)).
A BE-algebra (X;x*,1) is said to be self distributive (see [2]) if it satisfies:
(2.7) (Vo,y,z € X) (z*x (yx2) = (xxy) * (z*2)).

Note that every self distributive B E-algebra is transitive, but the converse is not
true in general (see [1]).
A nonempty subset F' of a BE-algebra X is called a filter of X (see [2]) if it

satisfies:

(2.8) 1eF,
(2.9) Vee F)Vye X)(zxy€eF = y€eF).

For any fuzzy set p in a set X, the range (also called image) of u, denoted by
p(X), is the set

(2.10) u(X) = {u(x) | z € X},
The level sets of the fuzzy set u are denoted by U(u; ), a € [0, 1], and are given by
(2.11) Upsa) = {z € X | p(x) > a} = p~ Vo, 1]

The collection of all level sets corresponding to the range p(X) of p is denoted by
Z, and is given by

(2.12) Fu={U(wa) | a € p(X)}.

Throughout the paper, a partially ordered set, poset, (P,<), is a nonempty set P
endowed with a reflexive, anti-symmetric and transitive relation < . A poset is often
denoted by the underlying set P only. If more than one poset is considered, we
denote all (generally different) ordering relations by the same symbol < . If (P, <)
and (@, <) are two posets, then the map f : P — @ is said to be isotone if it

preserves the order, i.e.,
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(2.13) (Vp,g € P)(p<q = f(p) < f(a))-

The map f: P — @ is said to be anti-isotone if

(2.14) (Vp,q € P)(p<q = f(q) < f(p))-

(P, <) and (Q, <) are said to be isomorphic if there is a bijection f : P — @ such
that f and f~! are isotone. If f is a bijection and f and f~! are anti-isotone, then

P and @ are said to be anti-isomorphic.

3. Fuzzy FILTERS
In what follows, let X denote a BFE-algebra unless otherwise specified.

Definition 3.1. A fuzzy set p in X is called a fuzzy filter of X if it satisfies:

(3.1) (Vz € X) (u(1) > p(x)),
(3.2) (Vz,y € X) (u(y) > min{u(z * y), p(z)}).

Theorem 3.2. Let u be a fuzzy set in X. Then u is a fuzzy filter of X if and only
if it satisfies:

(3.3) (Va € [0,1)(U(p; ) #0 = U(p;«) is a filter of X).

We call U(u; ) a level filter.

Proof. Assume that p is a fuzzy filter of X. Let « € [0, 1] be such that U(u; o) # 0.
Then there exists a € U(u;«), and so pu(1) > u(a) > a by (3.1). Hence 1 € U(p; o).
Let z,y € X be such that x xy € U(p; ) and x € U(p; ). Then p(x *y) > « and
p(x) > o It follows from (3.2) that

p(y) > min{u(x *y), u(y)} > a

so that y € U(u; «). Therefore U(p; «) is a filter of X.

Conversely, suppose p satisfies (3.3). If p does not satisfy (3.1), then (1) < p(a)
for some a € X. It follows that there exist ap € (0,1) such that p(1) < ap < p(a)
so that a € U(p;a0) and 1 ¢ U(p;ap). Hence U(u;ap) is a filter of X which
does not contain 1. This is a contradiction. Therefore (3.1) is valid. Now suppose
that there exist a,b € X such that p(b) < min{u(a * b), u(a)}. Then u(b) < f <
min{u(a * b), pu(a)} for some § € (0,1), and so a*xb € U(y; 8) and a € U(u; 3), but
b ¢ U(w; B). This is a contradiction. Therefore (3.2) is true. Thus p is a fuzzy filter
of X. 0
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Example 3.3. Let X = {1,a,b,¢,d,0} be a set with the following Cayley table:

*11 a b ¢ d O
1/1 a b ¢ d 0
all 1 a ¢ ¢ d
b1 1 1 ¢ ¢ c
cll a b 1 a b
dil 1 a 1 1 a
0/1 1 1 1 11

Then (X;*,1) is a BE-algebra (see [2]).
(1) Let p be a fuzzy set in X defined by

(z) = 0.7 if x € {1,a,b},
=0 0.2 if 2 € {c,d,0}.

Then
0 if o€ (0.7,1],
U(p;a) =< {1,a,b} if a€(0.2,0.7],
X if o e [0,0.2].

Note that {1,a,b} and X are filters of X, and so u is a fuzzy filter of X.
(2) Let v be a fuzzy set in X defined by
__J 06 if ze{l,a},
v(x) = { 04 if z€{b,c,d, 0}

Then
0 if € (0.6,1],
Uw;8) =1 {1,a} if g€ (0.4,0.6],
X if o €[0,0.4].
Note that {1,a} is not a filter of X since axb € {1,a} and a € {1,a}, but b ¢ {1,a}.

Hence v is not a fuzzy filter of X.
For any a,b € X, the set
A(a,b) :={z e X |ax(bxz) =1}

is called the upper set of a and b (see [2]). Clearly, 1,a,b € A(a,b) for all a,b € X
(see [2]). Note that A(a,b) is not a filter of X in general (see [2]).
For every a,b € X, let ub be a fuzzy set in X defined by
R
for all x € X and «, € [0,1] with a > .
The following example shows that there exist a,b € X such that u0 is not a fuzzy
filter of X.
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Example 3.4. Let X = {1,a,b,¢,d,0} be a BE-algebra as in Example 3.3. Then

1§ is not a fuzzy filter of X since

0 if 0 € (a,1],
U(ui;0) =< {1l,a} if 6 € (8,0,
X if § €]0,p]

in which {1,a} is not a filter of X.
We provide conditions for a fuzzy set p’ in X to be a fuzzy filter of X.

Theorem 3.5. Let X be a BE-algebra. If b € X satisfies bxc =1 for all c € X,
then pb and py are fuzzy filters of X for all a € X.

Proof. Note that a* (bxz) =bx (ax2) =1 for all a,z € X. Hence it is clear thatu?®
and puy are fuzzy filters of X for all a € X. O

Theorem 3.6. If X is self distributive, then the fuzzy set pl in X is a fuzzy filter
of X for all a,b € X.

Proof. Since a* (bx1) =1 for all a,b € X, we have u2(1) = a > p(x) for all z € X.
Let 2,y € X. Ifax (bx (x*y)) #1orax(bxz)# 1, then pl(zxy) = B = ul(z),

and so

Ha(y) = B = min{pg(x * y), g ()}
Assume that a * (b* (z*y)) =1 and a * (b* z) = 1. Then pl(z *y) = a = ul(z).
Using (2.3) and the self distributivity of X, we get

ax(bxy) = 1x(ax(bxy)) = (ax(b*xx))x(ax(bxy))
= ax((bxz)x(bxy)) = ax(bx(xx*xy)) = 1.
Hence pl(y) = a = min{p® (z * y), u2 ()}, and therefore p® is a fuzzy filter of X for
all a,b € X. O
We pose a question as follows:
Question. Does any fuzzy set p of X satisfy the following assertion?
(3.4) (Va,b e X)(Va € [0,1))(U(p;c) #0 = A(a,b) C U(u;)).
The following example gives a negative answer to the above question.

Example 3.7. Consider X = {1,a,b,¢,d,0} and v as in Example 3.3(2). Since
v(b) = 04 < 0.6 = v(a) = min{r(a *xb),v(a)}, v is not a fuzzy filter of X. Put
a:=0.6. Then A(a,b) = {1,a,b} and U(v;0.6) = {1,a}. But A(a,b) € U(r;0.6).
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Theorem 3.8. Let u be a fuzzy set in X. Then u is a fuzzy filter of X if and only

if it satisfies the following assertion:
(3.5) (Va,b € X) (Va € [0,1])(a,b € U(p; ) = A(a,b) C U(p; ).

Proof. Assume that u is a fuzzy filter of X and let a,b € U(u;«). Then p(a) > «
and p(b) > a. Let € A(a,b). Then a * (b x) = 1. Hence
p() > min{u(dx ), p(5)}
> min{min{u(a * (b 2)), u(a)}, (b))}

min{z(1), p(a), u(b)}
min{p(a), p(b)} = a.
Thus = € U(p; o), and so A(a,b) C U(u; ).

Conversely, suppose p satisfies (3.5). Note that 1 € A(a,b) C U(y;a) for all
a,be X and o € [0,1]. Let z,y € X be such that x xy € U(p; ) and = € U(p; o).

Since (z *y) * (z xy) = 1, we have

y € Az *xy,2) CU(p; ).
Hence U(p; @) is a filter of X, and so p is a fuzzy filter of X by Theorem 3.2. [
Corollary 3.9. Let i be a fuzzy set in X such that
(3.6) (Va,b e X) (Va € [0,1])(A(a,b) C U(p; o).
Then i is a fuzzy filter of X.
Proof. Since a,b € A(a,b) C U(u;a) for all a,b € X, it follows from Theorem
3.8. g

Theorem 3.10. If u is a fuzzy filter of X, then

a,belU/(
Proof. Let v € [0, 1] be such that U(u; ) # 0. Since 1 € U(p; o), we have

Umwpe)C | A< |J Aab).

a€lU(p;e) a,bel ()

Now, let = € U  A(a,b). Then there exist u,v € U(u;a) such that z €
a,bel (u;a)
A(u,v) € U(p;) by Theorem 3.8. Thus U A(a,b) € U(p; ). This com-
a,bel (u;a)
pletes the proof. O

(3.7) (Vo € [0,1]) (U(u; a)#0 = Uwa)= U )A(aab)>-
Jres
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Corollary 3.11. If i is a fuzzy filter of X, then
(38)  (Vae[01)) (Uw; A0 = Ua)= U A, 1)) .
a€U(p;a)
Proof. Straightforward. O

The collection of level filters corresponding to the range u(X) of the fuzzy filter
p is denoted by .Z,,.
We have the following question:

Question. Let A be a subset of [0, 1] containing a maximal element m > 0 and let
F :={F, | a € A} be a decreasing chain of filters of a BE-algebra X. Then does
there exist a fuzzy filter u of X such that u(X) = A and %, = F7?

We will give an answer to the above question.
Denote by FF(X) the set of all fuzzy filters of X, that is,

(3.9) FF(X) := {Fuzzy filters of X}.

Note that the collection .%, is a chain of filters in the sense that it is totally

ordered by inclusion.

Example 3.12. Let X = {1,a,b,c,d} be a set with the following Cayley table:

x|1 a b ¢ d
1/1 a b ¢ d
all 1 a ¢ ¢
b1 1 1 ¢ ¢
cll a b 1 a
dll 1 a 1 1

Then (X;*,1) is a BE-algebra. Let p be a fuzzy set in X given by

1 a b c d
w08 06 04 0.2 0.2

Then p € FF(X), u(X) = {0.8,0.6,0.4,0.2} and
Fu =AU (1;0.8), U(11;0.6), U (15 0.4), U (1; 0.2) },
which is a chain because U (u;0.8) C U(p;0.6) C U(p;0.4) € U(p;0.2).
Theorem 3.13. If u € FF(X), then (#,,C) and (u(X), <) are anti-isomorphic.
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Proof. Let f: u(X) — %, be defined by f(«) = U(u; ) for all o € p(X). Obviously,
f is a bijection, and f and f~! are anti-isotone. Hence (Fu, <) and (u(X), <) are

anti-isomorphic. O

Let p € FF(X). Since pu(1) > p(x) for all z € X, we have

(3.10) () Ulwe) =U(u;p(1) € F.

agp(X)
Note that X € .%, if and only if inf(u(X)) € p(X), in this case we obtain
(3.11) X= |J Ulwa)=U(sint(u(X))) € Fp.

agp(X)

Lemma 3.14. For any p € FF(X) and a € u(X), we have
(3.12) U  Uws) cUwa).
BE(a,1]Nu(X)
Proof. Clearly, we have
(3.13) U  Uws) U
BeE(a,1]Nu(X)
Since o € pu(X) and U(; ) = p~ ey, 1], there exists € U(u; o) such that u(z) = o
If 8 € (a, 1], then obviously = ¢ U(u; 3) = u~1[B,1]. Hence (3.12) is valid. O

The following example shows that there exist a BFE-algebra with a decreasing

chain of filters (indexed by subsets of [0, 1]) not satisfying the equality in (3.12).

Example 3.15. Consider X = {1,a,b,¢,d} and p as in Example 3.12. Put o := 0.4.

Since f € (0.4,1] N u(X), we have 8 € {0.6,0.8}. Hence U U(p; B) =
Be(0.4,1]Nu(X)
{1,a}. But U(p;0.4) = {1,a,b}. Therefore U U(p; B) C U(p;0.4).
Be(0.4,1)nu(X)

Lemma 3.16. Let A be a subset of [0,1] containing a mazimal element m > 0 and
let F :={F, | a € A} be a decreasing chain of filters of X. For any p € FF(X)
such that (X)) = A and #,, = F, we have
(3.14) U vwn= U F

~vE(a,1]NA yE(B,1]NA

whenever U(u; a) = Fg for some o, B € A, and

(3.15) {(p M) laeAt=qFs\ |J FyldeA
~vE(4,1]NA
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Proof. Assume that U(u; o) = Fp for some «, 3 € A. Note that .#, = % and they
are decreasing chains, and so we must have U(u;m) = F,. Since U(u; ) = Fp for
some «, 3 € A, it follows that either a« = 8 =m or o, 8 < m. If « = 8 = m, then

{Us;7) v € (a1]NA} =0 ={F, [y € (8,1]NA}
and thus (3.14) is valid. Now we assume that U(u; a) = Fj for some a, 5 € A\ {m}.

Then
{U(wv) | v € (a,1]nAY = {U(wy) |7 e AU(uvy) S U(psa)}
= {Fy [veAF, C Fg}
= {F[ye (@1 nA},
which induces (3.14). Since .%, = %, for every a € A there exists § € A such that
U(p; o) = Fs. It follows from (3.14) that

U vwvn= U B

~ye(a,1JNA ~vE(8,1]1NA
so that
p ) =Ume)\ | Uwn=F\ U F
vE(a,1INA YE(4,1]NA
Hence
(3.16) {n o) laeA}CoFs\ | Flées
~vE(8,1]NA

Similarly we prove that for every § € A, there exists a € A such that

s\ U F=na).

~vE(4,1]NA
Hence
(3.17) Fs\ |J Floer;c{p (o) acA}
~v€(4,1]NA
Combining (3.16) and (3.17) induces (3.15). O

4. CONCLUSIONS

We have introduced the notion of a fuzzy filter in a BFE-algebra, and have dis-

cussed its characterization. We have answered to the following question:

Question. Let A be a subset of [0, 1] containing a maximal element m > 0 and let
F = {F, | a € A} be a decreasing chain of filters of a BE-algebra X. Then does
there exist a fuzzy filter u of X such that u(X) = A and %, = F7
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Based on the idea and results in this article, we will consider the following theo-

rem:

Theorem 4.1. Let S be a subset of [0, 1] containing a maximal element m > 0 and
let # := {F, |t € S} be a decreasing chain of filters of X. Then there ezists a
Juzzy filter p of X satisfying p(X) = S and Z, = F if and only if the following
conditions hold:

(1) For everyt e S,
(4.1) lJ mcFE.

re(t,1ns
(2) The BE-algebra X is the disjoint union

(4.2) x=|Er\ | E|.

tes re(t,1]ns
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