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Abstract

We give a new definition of ordinary smooth closure and ordinary smooth interior of an ordinary subset in an ordinary

smooth topological space which have almost all the properties of the corresponding operators in a classical topological

space. As a consequence of these definitions we reduce the additional hypotheses in the results of [ 1] and also generalize

several properties of the types of compactness in [1].
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1. Introduction

In 1985, Sostak [2] introduced the concept of a fuzzy
topology on a set X as a mapping 7 : IX — I satisfy-
ing some natural axioms, where I = [0, 1] and I denotes
the set of all fuzzy sets in X. In 1992, Chattopadyay et
al. [3] investigated the same structures. They called the
mapping 7 : I*X — I as a “gradation of openness of
fuzzy sets in X, In the same year, Ramadan [4] proposed
a similar definition of a fuzzy topology in Sostak’s sense

called “smooth topology” replacing I by possibly more
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Ordinary Smooth Topological Space, Ordinary Smooth Closure [resp. Interior], Ordinary Smooth [resp.

general lattices. In particular, Kim et al. [5] and M. El-
Dardery et al. [6] studied smooth neighborhood structures
and smooth uniform spaces, respectively. Also, Kim [7]
investigated separation axioms in smooth fuzzy topologi-

cal spaces.

On the other hand, in 1991, Ying [8] gave the defini-
tion of fuzzifying topology on X considering a ’degree of
openness of ordinary subsets of X”. Recently, Hur et al.
[9] gave the similar definition called an ordinary smooth
topolgy on X as a mapping 7 : 2% — I satisfying three
axioms, where 2 denotes the two points set {0, 1}. In par-
ticular, Chae et al. [10] studied the set OST(X) of all or-
dinary smooth topologies on X in the sense of a lattice.
Moreover, Lim et al. [1] introduced and investigated clo-
sures, interiors and the types of compactness in ordinary
smooth topological spaces. However the results obtained
include additional conditions since the ordinary smooth
closure and ordinary smooth interior defined there do not
have such nice properties as the closure and interior opera-
tors in a classical topological space.

In this paper, we give a new definition of ordinary
smooth closure and ordinary smooth interior of an ordi-

nary subset in an ordinary smooth topological space which
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have almost all the properties of the corresponding opera-
tors in a classical topological space. As a consequence of
these definitions we reduce the additional hypotheses in the
results of [1] and also generalize several properties of the

types of compactness in [1].

2. Preliminaries

Let 2 = {0, 1} and let 2% denote the set of all ordinary

subsets of a set X.

Definition 2.1[9] Let X be a nonempty set. Then a map-
ping 7 : 2%

(in short, ost) on X or a gradation of openness of ordinary

— [ is called an ordinary smooth topology

subsets of X if 7 satisfies the following axioms:
(OST) 7(0) =7(X) =1.
(0ST2) 7(AN B) > 7(A) A7(B), VA, B € 2%,
(OST3) 7(Uner Aa) = Aper 7(4a), V{4a} C 2%.
The pair (X, 7) is called an ordinary smooth topological
space (in short, osts).
We will denote the set of all osts’s on X as OST(X).

Remark 2.2 Ying [8] called the mapping 7 : 2% — I [resp.
7:IX = 2and 7 : IX — I] satisfying the axioms in Def-
inition 2.1 as a fuzzyfying topology [resp. fuzzy topology
and bifuzzy topology] on X.

Remark 2.3 If I = 2, then Definition 2.1 coincides with

the known definition of the classical topology.

Definition 2.4[9] Let X be a nonempty set. Then a map-
ping C : 2% — I is called an ordinary smooth cotopology
(in short, osct) on X or a gradation of closedness of ordi-
nary subsets of X if C satisfies the following axioms :
(OSCT) C(0) =C(X) = 1.
(OSCT3) C(AU B) > C(A) ANC(B),VA, B € 2%,
(OSCT3) C([ )] 4a) =\ C(Ad). V{Aa} C 2%

aerl el
The pair (X, C) is called an ordinary smooth cotopolog-

ical space (in short, oscts).

We will denote the set of all oscts’s on X as OSCT(X).

Remark 2.5 If I = 2, then Definition 2.4 also coincides

with the known definition of the classical topology.

Result 2.A[9, Proposition 2.7] Let X be a nonempty set.
We define two mappings f : OST(X) — OSCT(X) and
g : OSCT(X) — OST(X) as follows, respectively :
[f(T)](A) = T(A°), VT € OST(X), VA € 2%
and
[9(C)](A) = C(A®),V¥C € OSCT(X), VA € 2%,
Then f and ¢ are well-defined. Furthermore g o f =

idosr(x) and f o g = idoscr(x)-

Remark 2.6 Let f(7) = C, and g(C) = 7¢. Then, Result

2.A, we can easily see that 7¢_ = 7 and C,, = C.

Definition 2.7[9] Let (X, 7) be an osts and let € I. Then
we define two ordinary subsets of X as follows :

7], = {A€2X :7(A) >r}
and

[l ={A€2X :7(4) > r}.
We call these the r—level set and the strong r-level set of T,
respectively.

It is clear that [7]o = 2%, the classical discrete topol-

ogy on X and [t]} = (. Also it can be easily seen that
[7]¥ C [7] foreach r € I.

Result 2.B[9, Proposition 2.10] Let (X, 7) be an osts and
let T(X) denote the set of all classical topologies on X.
Then :

(a) [r], € T(X),Vrel
(@' [7]F e T(X),Vr € I.

(b) Foranyr,s e I,ifr <s, then [7]s C [7], and [7]} C

(715

© [r],= ﬂ [T]s, V7 € Io.

s<r
© [y = JIrl vr € I, where Iy = [0,1) and Iy =

s>r

(0,1].

Definition 2.8[1] Let (X, 7) be an osts, let » € T and let

A € 2%, Then the [7],- closure [resp. [T], -interior] of
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A, denoted by cl,.(A) or A, [resp. int,.(A) or A,], is de-
fined by

cl.(A)or A, = ﬂ{F €2 :FeF,, andAC F}

[resp, int,-(A) or jzlr = U{U €2X:U € [r],andU C A}],

where F;j, denotes the set of all [7],- closed sets in X.

3. Ordinary smooth closure and interior
redefined

Definition 3.1 Let (X, 7) be an osts and let A € 2%, Then
the ordinary smooth closure [resp. ordinary smooth inte-
[e]

rior] of A'in X, denoted by A [resp. A |, is defined by

A=({Fe2*:ACF and C.(F)>0}
[resp. K:U{UEQX:UCA and 7(U) > 0}].

Proposition 3.2 Let (X, 7) be an ordinary smooth topolog-
ical space and let A, B € 2%, Then:

(alf AcC B,thenjl C éand[lc B.

(b) (A)° = (49,

(© A= ((49))".

(@ A= ((A9)°)".

(e) (A)° = (A°)°.

Proof. (a) It follows directly from Definition 3.1.
(b)
(A =(J{ve2X:UcA and 7(U)>0})°
=({vce2¥:4°cU® and 7(U)
=C-(U°) > 0}
=({Fe2¥:A°CF and C.(F)>0}
= (A°).
(¢), (d) and (e) can be easily derived from (b). ]
Remark 3.3 Let (X, 7T) be a classical topological space.

We define a mapping 71 : 2% — I as follows: For each
A e 2X,

—_

, if AeT,
0, if AgT.

mr(A) =
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Then we can easily see that 77 € OST(X). Moreover,
we can identify 7p with 7', and we can also identify C,,.
with T. Thus, for each A € 2%, the Tr-ordinary smooth
closure and 7r-ordinary interior of A are followings, re-

spectively:
A=({Fe2*:ACF and C.(F)>0}
=({{Fe2¥:ACF and F°eT}
and
A= Jue2X:UcA and r(U)>0}
=J{lve2*:UcA and UeT}

_ o
So this shows that A and A are exactly closure and interior

of A in a classical topological space (X, 7), respectively.

Proposition 3.4 Let (X, 7) be an osts and let 4, B € 2%,
Then:

(a) )O( = X.

(b) ;1 C A

(© (4)° = 4.

() (AN B)° C AN B.

Proof. From Definition 3.1, (a) and (b) can be easily ob-
tained.
(¢) By (b), it is clear that (4)° C A. On the other hand,

(A =\ Jire2X:UcA and ~(U)>0}
= Jlve2¥:7(U)>0 and
Uc|J{ve2¥:vcA and 7(V)>0}}
S J{Ue2¥:UcA and UcA}

o

=A.

[e] o

So (A)° = A.

(d) It is obvious that AN B C Aand ANB C B.
Then, by (b), (AN B)° C A and (AN B)° C B. Thus
(ANB)° C ANB. O

Proposition 3.5 Let (X, 7) be an ordinary smooth topolog-
ical space and let A, B € 2%, Then:

(a) 0 = 0.

(b) A C A.

(c) (A) = A.

(dAUuBC AUB.
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Proof. The proofs are similar to that of Proposition 3.5.
O

Proposition 3.6 Let (X, 7) be an osts and let A € 2%,
Then:
(a)If 7(A) > 0, then A = ;1
(b) IfC.(A) > 0, then A = A.
(c) If there is an r € Iy such that A = AT, then A = A
(d) If there is an r € I such that A = A,«, then A = A

Proof. (a) Suppose 7(A) > 0. Then A € {U € 2¥X :
UcCA and 7(U) > 0}. Thus A c J{U € 2% :
UcA and 7(U) > 0}. By Definition 3.1, A c A
By Proposition 3.5 (b), clearly A CA SoA= A

(b) Suppose C,(A) > 0. Then 7(A¢) = C.(A) > 0.

Thus, by (a), A° = (A°)°. So A = ((A€)°)°. Hence, by
Proposition 3.2 (d), A = A.
(¢) Suppose the sufficient condition holds. Then

A=({Fe2*:ACF and C.(F)>0}
= {Fe2X:AcF and C.(F)>s}]

sely
= ﬂ [ﬂ{F €2¥:ACF and Fe€lC))]
s€lg
N A.
s€lq
Thus B
ACA [By Proposition 3.6 (b)]
— ﬂ A
s€lp
A
A [By the hypothesis].
So A= A.

(d) Suppose the sufficient condition holds. Then

A= Jue2:UcA and 7(U)>0}

— (U e2¥:r0)>0 and UCA,
[By the hypothesis]
= U[{U €2¥:7(U)>0 and
Uc|J{ve2¥:7(V)=r and VCA}]
On the other hand,
(A) = N{r(V):Ve2X,7(V)>r and UcA}
>7r>0.

Thus A, € {U €2X : 7(U) >0 and U C A,}. So
A, C A. By Proposition 3.5 (b) and the hypothesis,

A=A, CACA
Hence A = A. This completes the proof. O

Definition 3.7 Let (X, 71 ) and (Y, 72) be two osts’s. Then
amapping f: X — Y issaid to be :

(1)[8] ordinary
T1(f~1(A)),VA € 2¥.

(i1)[4] ordinary weakly smooth continuous if for each
Ae2Y,

smooth  continuous if T(A) <

15(A) > 0= 7(f1(A)) > 0.

Tt is clear that if f is ordinary smooth continuous, then f

is ordinary weakly smooth continuous.

Proposition 3.8 Let (X, 1) and (Y, 72) be two osts’s and
let a mapping f : X — Y be ordinary weakly smooth

continuous. Then:

(a) f(A) C f(4), VAe2¥.

(b) f~ () f~1(B), VBe2Y,
© f71(B) C (f1(B))°, VBe2".
Proof. (a)Let A € 2X. Then
FHf(A)

T(({Fe2 ¢ (F)>0 and f(A)CF})
=N
and AC f~

Sn{f!
and AC f~

Fye2®¥:Fe2Y C,(F)>0
HE)}
(Fye2X :Fe2V c, (f Y (F) >0
HE)}

[Since f is ordinary weakly smooth continuous]
=({{Be€2¥:C(B)>0 and AC B}
= A.

Thus f(A) C f(A).

(b) Let B € 2¥. Then f~1(B) € 2%,
f=HB)) C f(f~H(B)) By @)
= B.

So
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~I(B) C f4(B).
(c)Let B € 2¥. Then

FLBE) = F7U(B))

Hence f

[By Proposition 3.2 (b)]

= (/B

D f~1(B°) [By (b) and Proposition 3.2 (¢)]

= (f1(B))*

=[(f1(B))°° [By Proposition 3.2 (b)].
So f71(B) C (J71(B))". O

The following is the immediate result of Definition 3.7

and Proposition 3.8.

Corollary 3.9 Let (X, 1) and (Y, 72) be two osts’s and let

f+ X — Y be ordinary smooth continuous. Then:

(a) f(A) € f(A), VYAe2X,
(b) f~1(B f~Y(B)c fH(B), VBe2".
© f1(B) C (f1(B))°, VBe?2".

Definition 3.10[11] Let (X, 71) and (Y, 72) be two ordinary
smooth topological spaces. Then a mapping f : X — Y

is said to be:

(Yordinary smooth open if T (A) < m(f(A)),
VA € 2X.
(ii) ordinary smooth closed if C. (A) < C.,(f(A)),

VA € 2%,

Proposition 3.11 Let (X, 1) and (Y, 73) be two ordinary
Suppose f : X — Y is ordi-
(f(A))° foreach A € 2%,

smooth topological spaces.

nary smooth open, then f ( ) C
Proof. Let A € 2% Then
FA) = (U2 :n@) >0 and Uc A}
cJtrw
and f(U) C f(A)}
c|J{fw)ye2 v e2X
and f(U) C f(A)}

[Since f is ordinary smooth open]

=J{ve2':in(V)>0 ad VC f(A)}
= (f(A)°.

ye2¥ U e2X, n(U) >0

(f(U)) >0
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Thus f(A) C (f(A))°. O

4. Some types of ordinary smooth

compactness

For an ordinary smooth topological space (X,7), we
will denote the set {A € 2% : 7(A) > 0} as S(r) and

we will call it as the support of 7.

Definition 4.1[1] An ordinary smooth topological space
(X, 7) is said to be:

(i) ordinary smooth compact if for every family
{As}aer in S(7) covering X, these is a finite subset T'g
of I such that UozEFo A, = X.

(ii) ordinary smooth nearly compact if for every family
{Au}aer in S(7) covering X, there is a finite subset I'y of
[ such that J e, (4a)° = X.

(iii) ordinary smooth almost compact if for every family
{Au}aer in S(7) covering X, there is a finite subset Iy of
T" such that UaeF o =X.

Proposition 4.2 Ordinary smooth compactness = ordinary
smooth near compactness = ordinary smooth almost com-

pactness.

Proof. Suppose (X,7) be an ordinary smooth compact
space. Let {A,}aer be any family in S(7) covering X,
i.e., Uyer Aa = X. Then, by the hypothesis, 3 a finite
subset I'g of I such that UaGFg = X. Since {Aqs}aer
is a family in S(7), Ay, € S(7) for each o € T, i,
7(As) > 0 for each a € T'. Thus, by Proposition 3.6
(a), Ay = zcé)la foreacha € I'. So

Ay =As C (An)° foreacha € I

Hence

X=J4auc @), e,

acly acly

U @) =x.
acly
Therefore (X, 7) is ordinary smooth nearly compact.

Now suppose (X,7) is ordinary smooth nearly com-

pact. Let {A,}aer be any family in S(7) covering X.
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Then, by the hypothesis, 3 a finite subset I'g of I' such that
UaGFO (A,)° = X. On the other hand,

Ay = A,

[Since { Ay }aer is a family in S(7), by Proposition 3.6 (a)]
C (Aa)°
C A, foreacha € ' [By Proposition 3.5 (b)].

Thus X' = UaeFO(fa)o - UaeFOTav X =

Uaer, Aa- Hence (X, 7) is ordinary smooth almost com-

i.e.,
pact. L]

In a classical topological space, the converses of these
two implications are not valid for compactness, near com-
pactness and almost compactness. Thus, the converse im-

plications in Proposition 4.2 are not true, in general.

Proposition 4.3 Let (X, 71) and (Y, 72) be two osts’s and
let f : X — Y be surjective and ordinary weakly smooth
continuous. If (X, 7) is ordinary smooth almost compact,

then so is (Y, 72).

Proof. Suppose f : X — Y is surjective and ordinary
weakly smooth continuous. Let {Ag,}aer be any fam-
ily in S(72) covering Y, ie., UaEF A, = Y. Then
JHY) = X = Uder /1 (Aa). Since f is ordinary
weakly smooth continuous, {f~1(Ay)}acr is a family in
S(71). Sice (X, ) is ordinary smooth almost compact, 3
a finite subset I'g of I' such that X = (J,p, F1(Ay).
Thus

Y = f(X) [Since f is surjective]
= (U F(4a))
a€ely

= |J £((F7"(4)))  [By Proposition 3.8 (a)]
a€el’y

c U FE)
a€ly

= U A, [Since f is surjective]
acly

SoY = Uger, Aa- Hence (Y, ) is ordinary smooth al-

most compact. O

The following is the immediate result of propositions 4.2
and 4.3.

Corollary 4.4 Let (X, 7;) and (Y, 72) be two osts’s and
let f : X — Y be surjective and ordinary weakly smooth
continuous. If (X, 1) is ordinary smooth nearly compact,

then (Y, 72) is ordinary smooth almost compact.

The following is the immediate result of Definition 3.7,

Proposition 4.3 and Corollary 4.4.

Corollary 4.5 Let (X, 1) and (Y, 72) be two osts’s and let

f+ X — Y be surjective and ordinary smooth continuous.

(a) If (X, 1) is ordinary smooth almost compact, then so
is (K TQ).

(b) If (X, 71) is ordinary smooth nearly compact, then

(Y, 72) is ordinary smooth almost compact.

Definition 4.6[1] An osts (X,7) is said to be ordi-
nary smooth regular it A = U{F € 2X . 7(F) >
7(A) and F C A} foreach A € S(7).

Result 4.A[1, Proposition 5.4(a)] Every ordinary smooth
almost compact and ordinary smooth regular space is ordi-

nary smooth compact.

The following is the immediate result of Proposition 4.2
and Result 4.A.

Proposition 4.7 Every ordinary smooth nearly compact
and ordinary smooth regular space is ordinary smooth com-

pact.
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