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Abstract – The fractional slot windings are widely used in rotating machine in order to 

increase the flexibility of design and improve the voltage waveform. However, the MMF 
wave of fractional-slot windings are found to contain unique harmonic component, which are 

designated as even order space flux harmonics, fractional number flux harmonics ,or both. 

They may cause stray loss and stator core vibration. This paper proposes new winding 

methods “novel interspersed windings” and “expanded group windings” to reduce these 

harmonics. The advantages of two proposed windings are verified by using numerical 

analysis and measurement test of winding model.  
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1. Introduction 

 

For rotating machines, when the number of slots for 

armature winding is selected, the number of slots per pole 

per phase is usually made in integer number (hereinafter 

referred to as “integral-slot windings”). However, there are 

cases where the number of slots of pole per phase is 

adopted in fractional number (hereinafter referred to as 

“fractional-slot windings”) for many purposes [1][2]. 

Fractional-slot windings have the advantage of 

improving waveform compared to integral-slot windings. 

However, there are unsymmetrical electromagnetic forces 

which are caused by space flux harmonics (MMF) resulting 

from the unequal number of slots per each pole. There are 

fractional number and/or even order space flux harmonic 

components. Then in some cases the electromagnetic force 

produced by these harmonics may cause stray loss and 

stator core vibration [3]. The authors propose new winding 

methods that reduce these space flux harmonics. Authors 

report the review result of two cases. 

(1) 4 pole machine for analysis of even order harmonics  

(2)10 pole machine and 56 pole machine for analysis of 

fractional number harmonics 

  

2. Space Flux Harmonics (MMF) Caused by 

Fractional-slot windings  
 

2.1 Calculation of harmonics components  

 

The armature MMF induced by the distributed windings 

can be evaluated by superposing the flux distribution of all 

the coils belonged to the winding. Fig. 1 shows a magnetic 

flux distribution induced by single coil assuming that the 

permeability of the iron core is infinity [6]. 

MMF distribution by 6 coils is shown in Fig. 2. The 

distribution of Fig. 2 can be expressed as follows. 
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where  is pole pitch ,  is coil pitch, (1) and (2) are 

obtained. 
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(4) gives the flux density distribution induced by single 

coil. The total flux distribution can be obtained by 

superposing by flux distribution of each coil.  

By using  (5), each harmonic can be calculated 

respectively. Here, n=1 means fundamental wave 

component of armature MMF.  
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Fig. 1. Flux distribution of single coil 
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Fig. 2. MMF distribution of 6 coils 
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where q : coil number,   : slot pitch ,  : gap length 

   

2.2 Fractional-slot windings  

 

When the number of armature winding slots of a rotating 

machine is Ns, the number of slots per pole per phase Nspp 

is: 

 

      
mP

N
N s

spp                   (6) 

 

where P  is number of poles, m is number of phases, Ns is 

total number of armature winding slots. 

In many cases, Nspp is selected as integer number 

(integral-slot windings). However, the number of slots is 

limited, depending on the machine size. Nspp becomes 

smaller as the number of poles increases. As the result, the 

voltage waveform is getting worse. Therefore to avoid this 

drawback, Nspp is often selected in fractional number 

(fractional-slot windings) [6]. 

 

2.3 Space flux harmonics   

 

In synchronous machine, the space flux density in the air 

gap can be shown by (7). 

),(),(),( tBtBtB mgamgfmg        (7) 

 

m : mechanical angle,  : angular frequency,  

),( tB mgf  : Flux density by excitation MMF  

),( tB mga  : Flux density by armature MMF 

 

Here, as the excitation MMF of each pole is equal, 

fractional number and even order harmonics are not present 

in ),( tB mgf  . Flux density by excitation MMF in the air 

gap is shown by (8). 
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where p : number of pole pairs  

 

The flux density by armature MMF is as follows.  

(1) If Nspp is integral 

 Fractional number and even order harmonics are not 

generated because MMF per pole is equal.  

(2) If Nspp is fractional  

 Armature MMF per pole is unequal in each pole. 

(2a)Case A, Nspp is fractional and denominator is 2  

Even order space flux harmonics are contained in some 

cases. 

(2b)Case B,Nspp is fractional and denominator is not 2 

Fractional number space flux harmonics are  

contained. 

 

Case A and B will be explained as follows: 

 

(i) Case A; Nspp is fractional and denominator is 2 

 

In case A, authors will explain 4-pole three-phase 

generator with 54 slots (4P-54slots) case as example. The 

number of slots per pole per phase is represented by (9).  
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sppN                 (9) 

 

In three-phase machine, 3n order harmonics of armature 

MMF are zero by superposed three phases consequently. 

Moreover, when the rotating direction is considered. The 

magnetic flux density in the air gap by armature MMF of 

fractional-slot windings can be expressed as follows. 
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Here case A 2p  
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If only fundamental time frequency components are 

considered, by substituting (8)，(10), and (11) to (7), the 

following result are obtained. 
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Fig. 3. Example of fractional harmonics (Case B’ 56P- 

552slots) 

 

where 
2gaB  and 

4gaB are unique space flux densities 

when fractional-slot winding is adopted and may be related 

to an increase in additional stray losses and cause of core 

vibration. 

 

(ii)Case B;Nspp is fractional and denominator is not 2 

 

  Authors will explain fractional number harmonics 

generated by fractional-slot windings using by 10P-54slots 

(Case B) and 56P-552slots (Case B’). Nspp of both cases 

are as follows. 
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sppN            (14) 

 

As the denominators calculated in (6), flux wave changes 

periodically per 5 or 7 poles each case. Fig.3 shows flux 

wave shape of case B’. It can be seen that 1/7
th
 harmonic 

occurred. In case B’, the fractional number harmonic flux 

is shown: 
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2.4 Electromagnetic force  

 

Electromagnetic force per unit area caused by space flux 

in air gap is described in (16).  
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2

1
),(

2

0
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           (16) 

 

The above equation shows energy in the air gap and the 

relation between the coupling force of the stator (armature) 

and rotor (field). 

 

(i) Case A; Nspp is fractional and denominator is 2 

 

The AC component of magnetic force Fac is proportional 

to the AC component of the square of flux density. Here, as 

B1 is larger than other amplitude (B1 >> Bga2, Bga4, Bga5, 

and Bga7), the terms which is not containing B1 can be 

neglected. The (16) can be rewritten as follows:  
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In (17), the most effective component is, 

 tF ma  24cos2  , that is the same as the pole number mode. 

On the other hand, there are unique space electromagnetic 

force components such as  tF ma  22cos1   and 

 tF ma  210cos5  , those terms are caused by even order of 

space flux harmonic component.  tF ma  22cos1   may 

be related to increase vibration of stator core and noise.  
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(ii) Case B;Nspp is fractional and denominator is not 2 

 

Calculation of electromagnetic force ia the same as case 

A and the result is shown below. 
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As to the stator core vibration, the mode of 

electromagnetic force is getting higher, stiffness of core 

becomes higher. Now the most noteworthy frequency is the 

ones close to fundamental frequency wave such as case B 

7/5
th 

,
 
case B’  5/7

th 

In case B’, 5/7
 th 

and fundamental wave interact with each 

other, electromotive force of double frequency   power 

supply is occurred. If this frequency were close to natural 

frequency of stator core, the core resonation may occur.  

 

 

3. Comparison of Integral-slot Windings and 

Fractional–slot Windings  

 

In this part, two cases of four pole machine are 

considered to compare integral-slot windings and 

fractional-slot windings. Fig. 4 (a) and Fig. 4 (b) show the 

slot arrangement of both cases. 

Here case A-1 (4pole-54slots machine), the number of 

slots per pole is 13.5. This means that the number of slots 

per pole is 13 or 14, and the armature MMF differs for 

eachpole. From this winding arrangement, the armature 

MMF contains even order harmonics. Fig. 5 (a) and Fig. 5 

(b) showthe wave form of both cases. 

 

 
48 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21

-W U U U U -V -V -V -V W W W W -U -U -U -U V V V V -W

－ ＋ ＋ ＋ ＋ － － － － ＋ ＋ ＋ ＋ － － － － ＋ ＋ ＋ ＋ －

＋ ＋ ＋ － － － － ＋ ＋ ＋ ＋ － － － － ＋ ＋ ＋ ＋ － － －

U U U -V -V -V -V W W W W -U -U -U -U V V V V -W -W -W  
Fig. 4. (a) Example arrangement of armature winding of 

three-phase, 4-pole, and 48 slots machine (integral-

slot windings). 

 
54 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21

-W U U U U -V -V -V -V -V W W W W -U -U -U -U -U V V V

－ ＋ ＋ ＋ ＋ － － － － － ＋ ＋ ＋ ＋ － － － － － ＋ ＋ ＋

＋ ＋ ＋ － － － － ＋ ＋ ＋ ＋ ＋ － － － － ＋ ＋ ＋ ＋ ＋ －

U U U -V -V -V -V W W W W W -U -U -U -U V V V V V -W  
Fig. 4. (b) Example arrangement of armature winding of 

three-phase, 4-pole, 54slots machine (fractional-

slot windings: caseA-1) 

As described in the previous section, the 3n order space 

flux harmonic components of armature MMF become zero 

by superposition of three phases consequently. The 

fundamental, 2
nd

, 4
th
, 5

th
,and 7

th
 order harmonic components 

of the space flux by armature MMF are shown in Table 1. 
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Fig. 5. (a) Wave form of integral-slot windings (4pole-

48slots machine) 
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Fig. 5. (b) Wave form of fractional-slot windings (4pole-

54slots machine case A-1) 

 

Table 1. Analysis result of armature MMF 

1 2 4 5 7

Integral-slot windings 48 #1～#11 1.0 0 0 0.0015 0.0063

Fractional-slot

windings (Case A-1)
54 #1～#12 1.0 0.0168 0.0143 0.0049 0.0098

Coil

pitch

Harmonic component  [pu]Slot

no.

 
 

 

4. Proposal of New Winding Method and 

Verification Test  

 

4.1 Novel interspersed windings 

 

As mentioned before, on the fractional-slot windings, 

there exists fractional number and/or even order harmonics. 

These harmonics cause the increase of stray loss and 

resonance with stator core. To avoid those problems, 

authors proposed two new winding methods.  

The armature winding is arranged in three-phase, 60-

degree phase belt. To reduce the space flux harmonics the 

method that one coil is interchanged with adjacent phase 
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coil has been adopted. This method had been called as 

"interspersed one coil windings". The proposal method is 

based on interspersed one coil windings, however either top 

or bottom bar is individually interchanged with adjacent 

phase group. We call the new method as "novel interspersed 

windings". Conventional interspersed one coil windings 

method is adopted in integral-slot windings to reduce space 

flux harmonics of 5
th

 and 7
th

 [7]. In contrast, novel         

interspersed windings can reduce the specified flux 

harmonics of fractional-slot winding. Fig. 6 shows the 

fractional-slot windings, interspersed one coil windings, 

and novel interspersed windings. 

The analysis results on harmonic components of     

armature MMF in fractional-slot windings (case A-1) and 

novel interspersed windings (case A-3) are shown in Table 

2. As shown in Table II, it is clear that the adoption  of the 

proposed winding (Case A-3) can reduce the even order 

harmonics (2
nd

, 4
th

 order harmonics) of armature MMF in 

comparison with those in case A-1. Table 3 and IV show 

that the comparison fractional-slot windings, interspersed 

one coil windings and novel interspersed windings by 

using 10P-54slots (case B) and 56P-552slots (case B'). 

 

 

 
Fig. 6. (a) Fractional-slot windings (Case A-1) 

 

 

 
Fig. 6. (b) Interspersed one coil windings (Case A-2) 

 

 

 
Fig. 6. (c) Novel interspersed windings (CaseA-3) 

Table 2. Analysis result of armature MMF (Case A) 

1 2 4 5 7

Case A-1 54
Fractional-slot

windings
1.0 0.0168 0.0143 0.0049 0.0098

Case A-3 54
Novel interspersed

windings
1.0 0.0045 0.0064 0.0174 0.0091

0.266 0.447 3.553 0.931Ratio (Case A-3/Case A-1)

Slot

no.

Harmonic component [pu]
Winding method

 
 

Table 3. Analysis result of armature MMF (Case B) 

1/5 1 7/5

Case B-1 54
Fractional-slot

windings
0.1073 0.8773 0.0407

Case B-2 54
  Interspersed　one coil

windings
0.1222 0.8188 0.0221

Case B-3 54
  Novel interspersed

windings
0.1180 0.8482 0.0095

Harmonic component [pu]Slot
no.

 

 

Table 4. Analysis result of armature MMF(Case B) 

1/7 5/7 1 5 7

Case B'-1 552
 Fractional-slot

windings
0.0318 0.0620 0.9461 0.0297 0.0113

Case B'-2 552
Interspersed one

coil windings
0.0315 0.0435 0.9188 0.0109 0.0024

Case B'-3 552
Novel interspersed

windings
0.0287 0.0496 0.9325 0.0228 0.0118

Slot
no.

Harmonic component [pu]

 
 

 
Fig. 7. Flux distribution of Case B’ model 

 

Table 5. Analysis result of armature MMF using FEM 

(Case B’) 

1/7 5/7 1 5 7

Case B'-1 552
Fractional-slot

windings
0.0035 0.0343 1.00 0.0258 0.0293

Case B'-3 552
Novel interspersed

windings
0.0032 0.0278 1.00 0.0323 0.0227

Slot
no.

Harmonic component [pu]

 
 

As shown in Table 3 and 4, in multi poles case, if both 

top and bottom coils were interchanged adjacent phase 

group as interspersed one coil windings, the fundamental 

component becomes small. In this case, it might be required 

to redesign larger core size to prevent saturation of flux. 

However if the novel interspersed windings is adopted, it 

could reduce the amplitude of the specified harmonics 

without reducing fundamental component. 

Fig.7 and Table 5 show the results of analysis of Case B’ 

using FEM. The reduction of specified harmonics by using 

novel interspersed windings is confirmed. 

 

4.2 Expanded Group Windings 
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In fractional slot-windings, the coils are arranged some 

group. For 10Pole-54Slots case，Nspp is 1+4/5, so the 

distribution of coil is 1 2 2 2 2, repeatedly. In this case, the 

group consists of 9 coils. However, in the proposed method 

18 coils are arranged in one group.   

 

Table 6. Analysis result of armature MMF (Case B 10P-54

slots expanded group winding case) 

1 2 5 7 7/5

Case B-1 54
Fractional-slot

windings
1.00 0.00 0.0198 0.0219 0.0464

Case B-3 54
  Novel interspersed

windings
1.00 0.00 0.0249 0.0082 0.0112

Case B-4 54
  Expanded group

windings
1.00 0.0231 0.0190 0.0201 0.0107

Slot
no.

Harmonic component [pu]

 

 

Table 6 Analysis result of armature MMF harmonics 

component This method is called as“expanded group 

windings”, it can reduce the unbalance of MMF. Table VI 

shows the harmonics component 10pole-54slot machine  

(Case B). According to this table, specified harmonics 

can be reduced. 

 

4.3 Effect of harmonics 

 

As described in the previous section, for the fractional-

slot winding machines, stray loss may increase due to even 

order harmonics. When 2
nd

 and/or 4
th

 even order harmonics 

are included, eddy currents by such harmonics will cause 

heating of rotor surface in solid rotor machines such as 

turbine generators and salient 4pole machines. The effect of 

the non-synchronous component of armature MMF 

components is evaluated by the equivalent negative phase 

sequence current. (19) shows the equivalent negative phase 

sequence current. 

 

   
n

nneq II
n

I 2

1

2

12
2

            (19) 

 

Where: I2eq : equivalent negative phase sequence current 

Ik   : current of k
th
 harmonic 

 

The evaluation results of equivalent negative phase 

sequence component for case A-1 and A-3 are shown in 

Table 7.  

In the evaluation of the effect of negative phase sequence 

current, such as pole surface loss, MMF harmonics on the 

rotor surface should be considered. The armature MMF on 

the rotor surface can be expressed as (20) considering the 

decay in the air gap [9]. 

Table 7 also includes the results calculated by (19). From 

this table, it can be concluded that the novel interspersed 

windings are able to reduce the equivalent negative phase 

sequence component. 
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1
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                  (20) 

where g : gap length n : wave length of nth harmonics 

 

Table 7. Analysis result of equivalent negative phase 

sequence current   

1 2 4 5 7

Case A-1 54
Fractional-slot

windings
1.0 0.0168 0.0143 0.0049 0.0098 0.0284 0.0239

Case A-3 54
Novel interspersed

windings
1.0 0.0045 0.0064 0.0174 0.0091 0.0277 0.0203

Slot

no.
Winding method

Harmonic component [pu]
I2eq I'2eq

 

 

4.4 Experimental verification of space flux (armature 

MMF) 

To verify above theory, two winding models were 

prepared for fractional-slot windings (Case B-1) and   

novel interspersed windings (Case B-3) shown in Fig.8. 

Table VIII shows the detail specification of two models. To 

measure the flux density of the air gap, a dummy inner core 

was installed in the inner side of the stator core. According 

to flux measurement results (Table IX), the effective of 

novel interspersed windings can be confirmed. 

 

4.5 Vibration caused by even order or fractional number 

harmonics  

 

As shown in Table III and Table IV, fractional harmonics 

of case B (10P-54slots) and case B’ (56P-552slots) is not 

large compared with the fundamental component. However, 

there is on case that electromagnetic force by these 

fractional harmonics causes vibration to the stator 

depending on the natural frequency of stator core. 

 

 
Fig. 8. Verification model 

 

To verify this matter, a resonator model made of steel 

with similar natural frequency of electromagnetic force was 

manufactured. In advance, the natural frequency of 

resonator was adjusted close to 100Hz. 100Hz MMF is 

made by 7/5th harmonics excited by 50Hz power source. 
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Vibration measurement test by using case B-1 and B-3 

model were conducted. Figs. 9 and 10 show the resonator 

model used. 

 

Table 8. Specification of the verification model 
Case B-1 Case B-3

core outer
diameter
core inner
diameter
core length
pole No.
phase No
slot No
Nspp

parallel No

coil
connection

Fractional-slot
windings

Novel interspersed
windings

Y*1

3
54

1+4/5

φ800

φ450

30
10

 

 

Table 9. Experimental results of armature MMF 

1/5 1 7/5

Case B-1 54
 Fractional-slot

Windings
0.0950 1.00 0.0630

Case B-3 54
  Novel interspersed

Windings
0.1250 1.00 0.0130

Slot
no.

Harmonic component [pu]
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③

②

 
Fig. 9. Vibration measuring on the resonator 

 

 
Fig. 10. Verification model with vibration measurement test 

 

Table 10. Reduction ratio of vibration 

CH1 CH2 CH3 CH4 CH5 CH6 CH7 CH8

Case B-1 54  Fractional-slot windings 42.7 84.7 35.3 72.7 42.6 76.8 30.7 76.4

Case B-3 54 Novel intespersed windings 5.1 9.9 4.2 8.5 4.8 9.6 3.9 9.3

0.12 0.12 0.12 0.12 0.11 0.13 0.13 0.12

Slot
no.

Ratio (CaseB-3/CaseB-1)

Vibration Value [m/s2/N]

 
 

In the vibration test, the models as shown in Fig.9 were 

excited to measure acceleration response at each 

measurement point as shown in Fig.10. The measurement 

results were frequency decomposed using the FFT analyzer 

to get the amplitude of electromagnetic vibration 

components of 100 Hz. Table 10 and Fig.11 show the 

vibration measurement results, it is clear that vibration was 

reduced by adopting the novel interspersed windings. 

 

 
(a) Case B-1                     (b) Case B-3 

(Fractional-slot windings)   (Novel interspersed windings) 

Fig. 11. Vibration measurement results 

 

 

5. Conclusion 
 

Conventionally, fractional-slot windings are widely used 

in rotating machine in order to improve waveform and 

flexibility of design. However, the fractional number and/or 

even order harmonics caused by fractional-slot winding is 

responsible for vibration in stator core and additional stray 

losses.  

Authors studied the MMF harmonics due to fractional-

slot windings, and proposed two winding methods“novel 

interspersed windings”and“expanded group windings” 

Authors investigated these effects and the following 

result has been obtained.  

  (1)It is possible to reduce the designated fractional 

number   and even order flux harmonics by application of 

the proposed windings.  

(2)The advantage of this proposed winding methods were 

verified by using analytical calculation and model winding 

test.  

Accordingly, it gives more options on the selection of the 

number of slot at the designing stage and reducing the 

probability of stator core vibration and additional losses. 

Authors are now investigating the other winding methods to 

reduce the influence of the even order and fractional 

number harmonics.  
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