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ABSTRACT. This paper is devoted to study Ricci semi-symmetric lightlike hypersurfaces of
an indefinite cosymplectic space form with structure vector field tangent to hypersurface.
The condition for Ricci tensor of lightlike hypersurface of indefinite cosymplectic space
form to be semi-symmetric and parallel have been obtained. An example of non-totally
geodesic Ricci semi-symmetric lightlike hypersurface in R} have been given.

1. Introduction

A semi-Riemannian manifold is called semi-symmetric if R(X,Y)-R = 0, where
R(X,Y) is the curvature operator act as a derivative on R. Semi-symmetric
hypersurfaces of Euclidean spaces were classified by Nomizu [9] and a general
study of semi-symmetric Riemannian manifolds was made by Szabo [13]. A semi-
Riemannian manifold is said to be Ricci semi-symmetric [4], if the following
condition is satisfied: R(X,Y) - Ric = 0.

It is clear that every semi-symmetric manifold is Ricci semi-symmetric; however
the converse is not true in general. P. J. Ryan [11] raised the following question for
hypersurfaces of Euclidean spaces in 1972; ” Are the conditions R(X,Y) R = 0 and
R(X,Y) - Ric = 0 equivalent for hypersurfaces of Euclidean spaces?”. In his papers
[10, 11], Ryan proved that the two conditions are equivalent for hypersurfaces in
spheres and hyperbolic spaces and for hypersurfaces of Euclidean space with non-
negative scalar curvature. The explicit example of Ricci-symmetric but not semi-
symmetric hypersurfaces in Euclidean space E"*1(n >4) is given in [1, 4]. Also
it is proved in [3] that Ricci-semisymmetric and semi-symmetric conditions are
equivalent for hypersurfaces of 5-dimensional semi-Riemannian space of constant
curvature. The geometry of lightlike hypersurfaces of semi-Riemannian manifolds
was studied in [6]. The lightlike hypersurfaces of semi-Euclidean spaces satisfying
curvature conditions of semi-symmetry type was studied in [12].
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The purpose of the present paper is to study the Ricci semi-symmetric lightlike
hypersurface of indefinite cosymplectic space form with structure vector field &
tangent to hypersurface.

In Section 2, We have collected the formulae and information which are
useful in our subsequent sections. Section 3, is devoted to study the Ricci semi-
symmetric lightlike hypersurfaces of an indefinite cosymplectic space form. Also,
we have given an example of non-totally geodesic Ricci semi-symmetric lightlike
hypersurface in RJ.

2. Preliminaries

An odd-dimensional semi-Riemannian manifold M is said to be an indefinite
almost contact metric manifold if there exist structure tensors {¢,&,7n,g}, where ¢
is a (1,1) tensor field, & a vector field,  a 1-form and § is the semi-Riemannian
metric on M satisfying

21) {¢2XX+77(X)€, no¢ =0, P =0, n(¢) =1
' 9(¢X,9Y) =g(X,Y) —n(X)n(Y), 7g(X,&) =n(X)

for any X,Y € I'(TM), where I'(TM) denotes the Lie algebra of vector fields on
M.

An indefinite almost contact metric manifold M is called an indefinite
cosymplectic manifold if 7],

(2.2) (ﬁx(ﬁ)y = O, and ﬁxf =0

for any X,Y € TM, where V denote the Levi-Civita connection on M.
An indefinite almost contact metric manifold {M, ¢,£,7,g} is called an indefi-
nite cosymplectic space form M (c) if it satisfies [7]

R(X,Y)Z = {{9(Y,Z2)X — g(X, 2)Y + g(X,0Z)8Y — g(Y,9Z)pX
(2.3) +29(X, ¢Y)9Z +n(X)n(Z2)Y —n(Y)n(2)X
+9(X, Z)n(Y)é — g(Y, Z)n(X)E}

for any X,Y,Z € T(TM).
We write as follows:

(2.4) RX,Y,Z,W)=g(R(X,Y)Z,W)

(2.5) Ric(X,Y) = trace{Z — R(X,Z)Y'}

where Ric denotes the Ricci tensor on M for X,Y,Z,W e I(TM).
For a (0, k)-tensor field T on M, k > 1, the (0, k¥ + 2) tensor field R-T =0 is
called curvature conditions of semi-symmetry type [4] and given by

(26) (RT)(X1, oo X3, X,Y) = ~T(R(X,Y) X1, Xo, ... Xp)
: o = T(X1, oo, Xpe1, R(X,Y) Xp)
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for XY, X1, X, € T(TM). o
A semi-Riemannian space form M is said to be Ricci semi-symmetric if
R.Ric =0, i.e.,

(2.7) (R(X,Y).Ric)(X1,X2) = —Ric(R(X,Y) X, X2) — Ric(X1,R(X,Y)X2) =0
for any X,Y, X1, Xo € I'(TM).

Let (M, g) be a hypersurface of a (2m + 1)-dimensional semi-Riemannian man-
ifold (M,g) with index s, 0 < s <2m +1 and g = gjp- Then M is lightlike hy-
persurface of M if g is of constant rank (2m — 1) and the normal bundle TM* is a
distribution of rank 1 on M [6]. A non-degenerate complementary distribution
S(TM) of rank (2m — 1) to TM* in TM, that is, TM = TM*+1S(TM), is called
screen distribution. The following result (cf. [6], Theorem 1.1, page 79) has an
important role in studying the geometry of lightlike hypersurface.

Theorem A. Let (M, g, S(TM)) be a lightlike hypersurface of M. Then, there ex-
ists a unique vector bundle tr(TM) of rank 1 over M such that for any non-zero
section E of TM~* on a coordinate neighbourhood U C M, there exists a unique
section N of tr(TM) on U satisfying g(N,E) =1 and g(N,N) = g(N,W) = 0,
YW eT(S(TM)|u)-

Then, we have the following decomposition:

(2.8)  TM =S(TM)LTM", TM = S(TM)L(TM* @ tr(TM)).

Throughout this paper, all manifolds are supposed to be paracompact and
smooth. We denote by I'( ) the smooth sections of the vector bundle F, by | and &
the orthogonal and the non-orthogonal direct sum of two vector bundles,
respectively.

Let V, V and V! denote the linear connections on M, M and vector bundle
tr(TM), respectively. Then, the Gauss and Weingarten formulae are given by

(2.9) VxY =VxY +h(X,Y), VX,Y € I(TM)

(2.10) VxV =-AyX + V4V, VW e I(tr(TM))

where {VxY, Ay X} and {h(X,Y),V4V} belongs to I'(TM) and I'(tr(TM)),
respectively and Ay is the shape operator of M with respect to V. Moreover,
in view of decomposition (2.9), equations (2.10) and (2.11) take the form

(2.11) VxY =VxY + B(X,Y)N

(2.12) VxN=—-AyX +7(X)N

for any XY € T'(TM) and N € T'(tr(TM)), where B(X,Y) and 7(X) are local
second fundamental form and a 1-form on U, respectively. It follows that
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B(X,Y) :g(ﬁXKE) =g(MX,Y),E), B(X, E) =0, and
7(X) =9(V&N,E).

Let P denote the projection morphism of I'(T'M) on ['(S(T'M)) and V*, V*!
denote the linear connections on S(T'M) and STM*, respectively. Then from the
decomposition of tangent bundle of lightlike hypersurface, we have

(2.13) VxPY =V5%PY + h*(X,PY)
(2.14) VxE = -ALX + VE

for any X,Y € I'(TM) and E € T(TM+*), where h*, A* are the second fundamental
form and the shape operator of distribution S(T'M) respectively.

By direct calculations using Gauss-Weingarten formulae, (2.14) and (2.15), we
find

(215)  g(ANY,PW)=g(N.I*(Y,PW));  G(ANY,N) =0,

(2.16) 9(ApX, PY) = g(E, h(X, PY); g(AEX,N) =0,

for any X,Y,W € I'(TM), E € T(TM*) and N € I'(¢tr(TM)).
Locally, we define on U

(2.17) C(X,PY)=g(h*(X,PY),N), MX) =g(VEE,N).
Hence,
(2.18) h*(X,PY)=C(X,PY)E, VYE = \X)E.

On the other hand, by using (2.12), (2.13), (2.15) and (2.18), we obtain
ANX) =4(VxE,N) =g(VxE,N) = —=g(E,VxN) = —7(X).
Thus, locally (2.14) and (2.15) become

(219)  VxPY =V%PY +C(X,PY)E, VxE=—AyX — 7(X)E.
Finally, (2.16) and (2.17), locally become

(2.20) JANY.PW) = C(Y,PW);  G(ANY.N) =0,

(2.21) G(ALX,PY) = B(X,PY);  G(ARX,N)=0.

We note that second equation of (2.21) implies that AyX € T(S(TM)) for
X € I(T'M), ie. Ay is I'(S(TM)) valued. On the other hand, from
d(VxE, E) =0, we have

(2.22) B(X,E)=0.

In general, the induced connection V on M is not a metric connection. Since V is
a metric connection, we have
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0= (Vx9)(Y,2) = X(3(Y,2)) —-g(VxY,Z) = 9(Y,Vx Z).
By using (2.12) in this equation, we obtain
(2.23)  (Vx9)(Y,2) = B(X,Y)0(Z) + B(X, 2)0(Y), X,Y € I(S(TM)l),
where 6 is a differential 1-form locally defined on M by 6(-) = G(NV, ).

If R and R are the curvature tensors of M and M, then using (2.12) in the
equation R(X,Y)Z = VxVyZ — VyVxZ — V[x y)Z, we obtain

(2.24) R(X,Y)Z = R(X,Y)Z + B(X, Z)AnY — B(Y, Z)AnX
. +H(VxB)(Y,Z) - (VyB)(X,Z2)+17(X)B(Y,Z) —7(Y)B(X,Z)}N

(2.25) (VxB)(Y.Z) = XB(Y,Z) - B(VxY.Z) - B(Y,VxZ).

3. Ricci Semi-symmetric Lightlike Hypersurfaces in Indefinite Cosym-
plectic Space Form

In this section, we consider Ricci semi-symmetric lightlike hypersurfaces M in
an indefinite cosymplectic space form M (c).
For X € I(T M), we write

(3.1) $X =tX + B(X)N

where tX is the tangential parts of ¢X and [ is the one form on M.
We have following :

Lemma 3.1. Let M be a lightlike hypersurface of a (2m + 1)-dimensional
indefinite cosymplectic space form M (c). Then the Gauss equation of M is given
by
R(X,Y)Z = B(Y,Z2)ANX — B(X, Z)ANY + {{9(Y, 2)X — g(X,2)Y
(3.2) +9(X, 92)tY — g(Y, ¢Z)tX + 29(X, oY)t Z + n(X)n(2)Y
—n(Y)n(Z)X +9(X, Z)n(Y)€ — g(Y, Z)n(X)&}-

Proof. From (2.3), (2.25), (3.1) and comparing the tangential part, we obtain (3.2).0

Theorem 3.1. Let M be a lightlike hypersurface of a (2m + 1)-dimensional
indefinite cosymplectic space form M(c). Then, we have

Ric(X,Y) = ﬁ{*(Qm* Dg(X,Y) — g(tX,9Y) + 29(¢.X, tY)
+9(E,¢Y)g(tX,N) — 29(X, ¢E)g(tY, N) + g(X,Y)
+(2m = 2n(X)n(Y)} + 7 eiB(wi, Y)O (X, w,)

—aB(X,Y)

(3.3)
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where {(w;),i = 1,2,...,(2m —1)} i4s the orthogonal basis of S(TM)
and o = 212211—1 e.C(W;, W;).

Proof. By the definition of Ricci curvature
2m—1
Ric(X,Y) = Y eg(R(X,w;)Y,w;) + g(R(X,E)Y,N)
i=1

From (3.2), we have

Ric(X,Y) = {{-2m - 1)g(X,Y) — g(tX, ¢Y) + 29(¢ X, tY)
+9(E,¢Y)g(tX, N) — 29(X, pE)g(tY, N) + g(X,Y)

3.4 m—

34 +H2m = 20XV )} + S {BOV, YICCX W)
—B(X,Y)C(W;, W)}

Since Z?;nfl e;C(W;, W;) = a, hence (3.3) follows from (3.4). O

From theorem 3.1, we have

Proposition 3.1. The Ricci tensor of a lightlike hypersurface in a (2m + 1)-
dimensional indefinite cosymplectic space form M(c) is degenerate if ¢ = 0.

Proposition 3.2. The Ricci tensor of a lightlike hypersurface in a (2m + 1)-
dimensional indefinite cosymplectic space form M (c) is symmetric if ¢ = 0 and the
shape operator of a lightlike hypersurface of M(c) is symmetric with respect to the
second fundamental form of M.

Proof. For proof (cf. Proposition 3.3 [15]). O

The following corollary is similar to the Corollary 3.3 in [15]:

Corollary 3.1. The Ricci tensor of a lightlike hypersurface in a (2m + 1)-
dimensional indefinite cosymplectic space form M(c) is symmetric if ¢ = 0 and
C(X,AfY) = C(Y, A{ X).

Theorem 3.2. Let M be a totally geodesic lightlike hypersurface of an indef-
inite cosymplectic space form M(c). Then, the Ricci tensor of M is parallel
with respect to V if ¢ = 0.

Proof. The derivative of Ricci tensor is given by

(VzRic)(X,Y) = VzRic(X,Y) — Ric(V4X,Y) — Ric(X,V3Y).



Ricci Semi-Symmetric Lightlike Hypersurfaces 599

Then, from (2.23) and (3.3), we have

(VzRic)(X,Y) = —(2m - 1)[Z(§)9(X,Y) + £{B(Z, X)0(Y)
+B(Z,Y)0(X)}] — (i){g(tX YY) +29(¢X,tY)

+9(E,¢Y)g(tX,N) = 29(X,¢E)g(tY,N)} — ${B(Z,tX)0(8Y)
+B(Z,9Y)0(tX) + g((Vz1) X, ¢Y) + g(tX, (Vz9)Y)

+B(Z,¢Y)g(tX,N) + g(VzE,$Y)g(tX,N)

+9(E,(Vz9)Y)g(tX,N) + g(E, Y )g((Vzt)X,N)

+9(E,9Y)g(tX,VzN) —2B(Z, X)0(¢E)g(tY,N)

(3.5) —2B(Z,9E)0(X)g(tY,N) —29(X, ¢E)g((Vzt)Y,N)
—29(X, 9E)g(tY,VzN) — 29(X,Vz¢E)g(tY,N)

+9(X,Y) + (2m = 2)n(X)n(Y) + B(Z, X)G(Y)

+B(Z,Y)0(X) + (2m — 2){B(Z,§)0(X)n(Y) + B(Z,£)0(Y )n(X)
+9(X,VzEnY) + g(Y,VzEN(X) + B(Z,£)0(Y)n(X)

+9(YV, V2Em(X)} + 7 e (V2 B)(W, Y)C(X, W)

+B(V2WZ, Y)C(X, Wz) —+ B(Wl, Y)C(X VZWZ)

B(W;,Y)(VzC)(X,W;)} — Z(a)B(X,Y) — a(VzB)(X,Y).

Since, M is totally geodesic lightlike hypersurface of an indefinite cosympletic space
form, therefore B(X,Y) =0 and Vx& =0VX,Y € I'(TM). Hence, from (3.5), we
find

(VzRic)(X,Y) = —(2m - 1)Z({)9(X,Y) — Z(§){g(tX, ¢Y)
+29(X,tY) 4+ g(E, ¢Y )g(tX, N) 29(X, 9E)g(tY,N)}
tX

—Ha((Vz) X, 9Y) + g(tX, (Vz¢)Y)

(3.6) +9(VzE,¢Y)g(tX,N) + g(E,(Vz9)Y)g(tX, N)
+9(E, ¢Y)g((Vzt)X,N) + g(E, Y )g(tX,VzN)
—29(X,0E)g((Vzt)Y,N) — 29(X, ¢pE)g(tY,VzN)
—29(X,VzoE)g(tY,N) + g(X,Y) + (2m — 2)n(X)n(Y)}.

From (3.6) it is obvious that (VzRic)(X,Y) = 0 if ¢ = 0, which proves the
Theorem. a

Theorem 3.3. Let M be a Ricci semi-symmetric lightlike hypersurface of an
(2m + 1)-dimensional indefinite cosymplectic space form M(c). If ¢ = 0, then,
either M s totally geodesic or Ric(E,ANE) = 0 for E € T(TM>), where Ric is
the Ricci tensor of M and A denotes the shape operator of M.

Proof. Suppose M is Ricci semi-symmetric, then from (2.8), we have

(3.7) 0 = —Ric(R(X,Y)X1, Xo) — Ric(X1, R(X,Y)X>)
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Using (3.3) in (3.7), we find

0= —B(Y, X1)Ric(An X, X) + B(X, X1)Ric(ANY, Xs)
—{9(Y, X1)Ric(X, X2) — g(X, X1) Ric(Y, X2)}

—9(X, ¢X1)Ric(tY, X3) — g(Y, ¢ X1) Ric(tX, X>)

129X, 6Y) Ric(tX,, X2) — (X n(Xy) Ric(Y, X
—n(Y)n(X1)Ric(X, Xa) + g(X, X1)n(Y) Ric(S, Xz

(38) 79(}/3 Xl)n(X)RZC(faXQ) - g(Ya X2)Ric(XlaX
“g(X, Xo)Rie(X1,Y) — g(X, 6Xo)Ric(X1, tY

—g(Y, $Xs)Ric(X1,tX) + 29(X, oY) Ric(X1,t X5
—n(X)n(X2)Ric(X1,Y) — n(Y)n(Xz) Ric(Xy, X

+9(X, Xo)n(Y)Ric(X1,€) — g(Y, Xo)n(X)Ric(X1,€)}
—B(Y, X2)Ric(X1, Ay X) + B(X, X2)Ric(X1, ANY).

— — N N

Putting X; = F in (3.8) and using (2.22), we obtain;

0= —${9(X, pE)Ric(tY, X2) — g(Y, pE) Ric(tX, X>)

12g(X, oY) Ric(tE, Xs) — g(Y, Xo)Ric(E, X)

—g(X, X2)Ric(E,Y) — g(X, ¢X2)Ric(E, tY)

(3.9) —g(Y, 6 Xs)Ric(B,tX) + 29(X, 8Y ) Ric(E, tX»)
—n(X)n(X2)Ric(E,Y) — n(Y)n(X2) Ric(E, X)

“B(Y, X2)Ric(E, Ay X) + B(X, X2)Ric(E, ANY).

Putting Y = E in (3.9), we get;

(3.10) —9(E, $X5)Ric(E,tX) + 29(X, $E)Ric(E, tX5)}
+B(X, X3)Ric(E, ANE).

If ¢ = 0 then from (3.10), we have
B(X, X2)Ric(E, ANE) = 0.

So, if B(X,X3) =0 for any X, Xs € I'(TM), then M is totally geodesic. If M is
not totally geodesic, it follows that Ric(F, AyFE) = 0. O

Hereafter, (R2™*' ¢g,£,1,9,) will denote the manifold R2™*! with its
cosymplectic structure given by
n=dz, & =0z,
B1) § @=n@n—Yl,da'@da'+ YT ' Qo
¢O(Zi:1 Xlaxl + Zaz) = (7X23 Xl’ 7X4a X37 weey 7X2m7 X2m*17 0)7

where (2", z) are the Cartesian coordinates.

Example. Let M = (R},g,) be a 7-dimensional indefinite cosymplectic man-
ifold of index 2 with signature (-, -, +, +, +, 4+, +) of the canonical basis
{0x1, 04, ..., 026,02 }. Consider a lightlike hypersurface M of R} given by
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X (ur, ug, uz, ug, us, t) = (ur + V2/u3 + u3, ur, ug, uz, ug, us, t).
Then Rad(T'M) = span{E = \/xg + 23071 — /23 + 23079 + V223073 + V224024 }
and tr(TM) = span{N = 4(%“ —V/22 + 22021 + /22 + 22072 + V223075 +
V224014)}. The screen dlstrlbutlon S(T'M) is spanned by
{Zl = 83:1 + al'g, ZQ = —x46m3 + m33x4, Z3 = (9:557 Z4 = 8x6}J_{§ = 82}

Now, we have

$OE = \/(E% + xiZl + Zs € S(TM),

N = 2” (=23 + 2321+ Z2) € S(TM)

and Doy = span{Zs, Z,}. By direct computations, we obtain

VxZ =V, X =0,VpE =V2E V4, E =N pZy = V22, Vxé =VeX =0,

62222 = 7$3a$3 — x43w4,ﬁxz3 = VZQX = O,ﬁxZLl = V@X = 0,

- 1 x3 1
VEN—TWGQH 2\[\/7 §m6$3— Wa$47

VN =V N =V N =VeN =0,

and

Vz,N = Oxs +

x3
Q\f( 2+m4) 2\/§(x§+zi)ax4’

for any X € I'(T'M). Thus, from the Weingarten formulae, we have

ANE =0,ANZy = ANnZ3 = ANZy = ANE =0,ANnZy = Z,

1
2v/2(x2+23)
A7y =0, A7y = —220, Ay Zy = ApZy = A& = 0.

It is easy to see that M is non-totally geodesic Ricci semi-symmetric lightlike hy-
persurface.



602

Ram Shankar Gupta

References

[1]

B. E., Abdalla, F., Dillen: A Ricci semi-symmetric hypersurface of Euclidean space
which is not semi-symmetric, Proc. Amer. Math. Soc., 130(2002), 1805-1808.

A. Bejancu, Null hypersurfaces of semi-Euclidean spaces, Saitama Math J., 14(1996),
25-40.

F. Defever, R. Deszcz, Z. Sentruk, L. Verstraelen and S. Yaprak, P. J. Ryan’s problem
in semi-riemannian space forms, Glasgow Math. J., 41(1999), 271-281.

F. Defever, Ricci-semisymmetric hypersurfaces, Balkan J. of Geometry and its appl.,
5(2000), 81-91.

J. Deprez, Semi-parallel surfaces in Euclidean space, J. of Geometry, 25(1985), 192-
200.

K. L. Duggal and A. Bejancu, Lightlike Submanifolds of Semi-Riemannian Manifolds
and Applications, Kluwer Acad. Publishers, Dordrecht, (1996).

G. D. Ludden, Submanifolds of cosympletic manifolds, Journal of Differential Geom-
etry, 4(1970), 237-244.

Y. Matsuyama, Complete hypersurfaces with R.S = 0 in E™*', Proc. Amer. Math.
Soc., 88(1983), 119-123.

K. Nomizu, On hypersurfaces satisfying a certain condition on the curvature tensor,
Tohoku Math. J., 20(1986), 46-59.

P. J. Ryan, Hypersurfaces with parallel Ricci tensor, Osaka J. Math., 8(1971), 251-
259.

P. J. Ryan, A class of complex hypersurfaces, Colloquium Math., 26(1972), 175-182.

B. Sahin, Lightlike hypersurfaces of semi-Euclidean spaces satisfying curvature con-
ditions of semi-symmetry type, Turk. J. Math., 31(2007), 139-162.

Z. Szabo, Structure theorems on Riemannian spaces satisfying R(X,Y).R = 0, the
local version, J. Differential Geometry, 17(1982), 531-582.

S. Tanno, Hypersurfaces satisfying a certain condition on the Ricci tensor, Tohoku
Math. J., 21(1969), 297-303.

R. Gunes, B. Sahin and E. Kilic, On lightlike hypersurfaces of a semi-Riemannian
space form, Turk. J. Math., 27(2003), 283-297.



