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Abstract. A general theorem for absolute summability using quasi f−power increasing

sequence is obtained. This result generalized and improved the result of Bor and Özarslan

[2].

1. Introduction

Let
∑

an be an infinitive series with the sequence of partial sums (sn). By
(C,α) we mean the Cesàro matrix of order α, and σα

n denotes the n-th term of the
(C,α)−transform of (sn), that is

(1.1) σα
n =

1

Aα
n

n∑
v=0

Aα−1
n−vsv.

A series
∑

an is said to be summable |C,α|k , k ≥ 1, if

(1.2)
∞∑

n=1

nk−1
∣∣σα

n − σα
n−1

∣∣k < ∞,

and it is said to be summable φ− |C,α|k , k ≥ 1, α > −1 if (see Balcı [1])

(1.3)
∞∑

n=1

∣∣φn

(
σα
n − σα

n−1

)∣∣k < ∞,

or equivalently

(1.4)

∞∑
n=1

n−k |φnt
α
n|

k
< ∞,

where

(1.5) tαn =
1

Aα
n

n∑
v=0

Aα−1
n−vvav.
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In the special case when φn = n1−1/k, nδ+1−1/k (n ∈ N, k ≥ 1) , φ−|C,α|k −summability
reduces to |C,α|k −summability, |C,α, δ|k −summability respectively. Let (pn) be
a sequence of positive real numbers such that

(1.6) Pn = p0 + p1 + . . .+ pn → ∞ as n → ∞, P−1 = p−1 = 0.

A series
∑

an is said to be summable |N, pn|k , k ≥ 1, if

(1.7)

∞∑
n=1

nk−1 |un − un−1|k < ∞,

where

(1.8) un =
1

Pn

∞∑
n=1

pn−vsv.

For k = 1, |N, pn|k −summability reduces to |N, pn| −summability, and for pn = Aα
n,

|N, pn|k −summability reduces to |C,α|k −summability. By M we denote the set of
sequences p = (pn) satisfying

(1.9)
pn+1

pn
≤ pn+2

pn+1
≤ 1, pn > 0, n = 0, 1, . . . .

It is known that (see Das [4]) for p ∈ M, k = 1, (1.7) holds if and only if

(1.10)
∞∑

n=1

1

nPn

∣∣∣∣∣
n∑

v=1

pn−vvav

∣∣∣∣∣ < ∞.

For p ∈ M, the series
∑

an is summable |N, pn|k , k ≥ 1, if (see Sulaiman [7])

(1.11)
∞∑

n=1

1

nP k
n

∣∣∣∣∣
n∑

v=1

pn−vvav

∣∣∣∣∣
k

< ∞.

Here we give the following definition: For p ∈ M, the series
∑

an is summable
φ− |N, pn|k , k ≥ 1, if

(1.12)
∞∑

n=1

n−k |φnΦn|k < ∞,

where

(1.13) Φn =
1

Pn

n∑
v=1

pn−vvav.
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A positive sequence a = (an) is said to be quasi β−power increasing sequence if
there exists a constant K = K (β, a) ≥ 1 such that (see Leindler [5])

Knβan ≥ mβam (n ≥ m ≥ 1, n,m ∈ N) .

A positive sequence (an) is said to be quasi f−power increasing sequence if there
exists a constant K = K (f, a) ≥ 1 such that (see Sulaiman [8])

Kfnan ≥ fmam (n ≥ m ≥ 1, n,m ∈ N) .

where f = (fn) , f = nβ (log n)
γ
, 0 < β < 1, γ ≥ 0. Recently, Bor and Özarslan [2]

presented the following theorem

Theorem 1.1. Let (Xn) be a quasi-β−power increasing sequence for some
β (0 < β < 1) . Suppose also that there exist sequences (βn) and (λn) ∈ BV0 such
that

(1.14) |∆λn| ≤ βn,

(1.15) βn → ∞, (n → ∞) ,

(1.16)
∞∑

n=1

n |∆βn|Xn < ∞,

and

(1.17) |λn|Xn = O(1). (n → ∞)

If there exists an ϵ > 0 such that the sequence
(
nϵ−k |φn|k

)
is non-increasing and

if the sequence (ωα
n) is defined by

(1.18) ωα
n =

{
|tαn| , α = 1
max

1≤v≤n
{|tαv |} , 0 < α < 1

satisfying the following condition:

(1.19)

m∑
n=1

n−k (|φn|ωα
n)

k
= O(Xm), (m → ∞) ,

then the series
∑

anλn is summable φ− |C,α|k , k ≥ 1, 0 < α ≤ 1, kα+ ϵ > 1.

2. Lemmas

In this section, the following lemmas are needed for our aim.
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Lemma 2.1. If 0 ≤ m ≤ n, pn−v/pm−v is decreasing with respect to v, then

(2.1)

∣∣∣∣∣
m∑

v=0

pn−vsv

∣∣∣∣∣ ≤ max
0≤µ≤m

∣∣∣∣∣
µ∑

v=0

pµ−vsv

∣∣∣∣∣ .
Proof. The proof is similar to that given in [3]. 2

Lemma 2.2. Condition (1.14)− (1.16) implies

(2.2) nβnXn = O(1), n → ∞,

(2.3)
∞∑

n=1

βnXn < ∞.

Proof. The proof is similar to that given in [8]. 2

3. Results

The following is our main result.

Theorem 3.1. Let (Xn) be a quasi-f−power increasing sequence, f = (fn) , fn =
nβ(log n)γ , 0 < β < 1, γ ≥ 0, such that the sequences (Xn) and (λn) satisfying
conditions (1.14)− (1.17) , and

(3.1)

m∑
n=1

1

nkXk−1
n

(|φn|ωn)
k
= O(Xm), (m → ∞) ,

(3.2)
m+1∑

n=v+1

|φn|k

nkP k
n

= O

(
|φv|k

vk−1P k
v

)

where

(3.3) ωn =

{
Φn, v = n
max {Φv} , 1 ≤ v ≤ n.

Then the series
∑

anλn is summable φ− |N, pn|k , k ≥ 1.

Proof. Let Tn be n-th (N, pn)−mean of the sequence (nanλn) . Then, we have

Tn =
1

Pn

n∑
v=1

vavpn−vλv
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We have, via Abel’s transformation

|Tn| =
1

Pn

∣∣∣∣∣
n∑

v=1

vavpn−vλv

∣∣∣∣∣
=

1

Pn

∣∣∣∣∣
n−1∑
v=1

(
v∑

r=1

rpn−rar

)
∆λv + λn

n∑
v=1

vpn−vav

∣∣∣∣∣
≤ 1

Pn

n−1∑
v=0

Pv |ωv| |∆λv|+ |λn| |ωn|

= Tn1 + Tn2.

Since |Tn1 + Tn2|k ≤ 2k
(
|Tn1|k + |Tn2|k

)
, then in order to complete the proof, it

is sufficient to show that
∞∑

n=1

n−k |φnTnj |k < ∞, j = 1, 2.

Applying Hölder’s inequality,

m+1∑
n=2

n−k |φnTn1|k =
m+1∑
n=2

|φn|k

nkP k
n

∣∣∣∣∣
n−1∑
v=1

Pv |ωv| |∆λv|

∣∣∣∣∣
k

≤
m+1∑
n=2

|φn|k

nkP k
n

n−1∑
v=1

P k
v |ωv|k βvX

1−k
v

(
n−1∑
v=1

Xvβv

)k−1

= O(1)

m+1∑
n=2

|φn|k

nkP k
n

n−1∑
v=1

P k
v |ωv|k βvX

1−k
v

= O(1)

m∑
v=1

P k
v |ωv|k βvX

1−k
v

m+1∑
n=v+1

|φn|k

nkP k
n

= O(1)

m∑
v=1

v

vkXk−1
v

|φv|k |ωv|k βv

= O(1)

m∑
v=1

(
v∑

r=1

|φr|k |ωr|k

rkXk−1
r

)
∆(vβv)

+O(1)mβm

m∑
v=1

1

vkXk−1
v

|φv|k |ωv|k

= O(1)
m∑

v=1

βvXv +O(1)
m∑

v=1

v |∆βv|Xv +O(1)mβmXm

= O(1).
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m∑
n=1

n−k |φnTn2|k =
m∑

n=1

|φn|k

nk
|λn|k |ωn|k

=

m∑
n=1

|φn|k

nkXk−1
n

|λn| |ωn|k (|λn|Xn)
k−1

= O(1)
m∑

n=1

|φn|k |ωn|k

nkXk−1
n

|λn|

= O(1)
m∑

n=1

(
n∑

v=1

|φv|k |ωv|k

vkXk−1
v

)
∆ |λn|+O(1) |λm|

m∑
n=1

|φn|k |ωn|k

nkXk−1
n

= O(1)

m∑
n=1

|∆λn|Xn +O(1) |λm|Xm

= O(1)
m∑

n=1

βnXn +O(1) |λm|Xm

= O(1). 2

Remark 1. (1) It may be mentioned that an improvement to Theorem 1.1 follows

from Theorem 3.1 by putting pn = Aα−1
n , provided from some ϵ > 0,

(
nϵ−k |φn|k

)
is non-increasing, and kα+ ϵ > 1.

(2) One advantage of condition (3.1) is that we have no loss of power of |λn| through
estimation such as by having |λn|k−1

= O(1).

Remark 2. Condition (3.1) does not imply condition (1.19) .

Proof.

m∑
n=1

n−k (|φn|ωα
n)

k
=

m∑
n=1

1

nkXk−1
n

(|φn|ωα
n)

k
Xk−1

n

= O(Xk−1
m )

m∑
n=1

1

nkXk−1
n

(|φn|ωα
n)

k

= O(Xk
m)

̸= O(Xm), for k > 1. 2
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