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COMMUTATIVITY OF ASSOCIATION SCHEMES
OF ORDER pq

AKIHIDE HANAKI AND MITSUGU HIRASAKA™

ABSTRACT. Let (X, S) be an association scheme where X is a finite set
and S is a partition of X x X. The size of X is called the order of
(X,S). We define C to be the set of positive integers m such that each
association scheme of order m is commutative. It is known that each
prime is belonged to C and it is conjectured that each prime square is
belonged to C. In this article we give a sufficient condition for a scheme
of order pg to be commutative where p and g are primes, and obtain a
partial answer for the conjecture in case where p = q.

1. Introduction

Let (X, S) be an association scheme (or shortly, scheme) where X is a finite
set and S is a partition of X x X (see Section 2 for definition and [2], [3], [14]
for basic concepts). The size of X is called the order of (X, 5).

Following [14] we shall write the adjacency matrix of s € S as oy, i.e., o5 is
the {0, 1}-matrix whose rows and columns are indexed by the elements of X
and its (z,y)-entry is equal to one if and only if (z,y) € s. Then the subspace
spanned by {0, | s € S} is a subalgebra of the full matrix algebra over a field
F. We call it the adjacency algebra of (X, S) over F, and denote it by F'S. We
say that (X, S) is commutative if CS is commutative where C is the complex
number field.

In group theory it is well-known that any group of prime or prime square
order is abelian (see [13, Thm.A] for the relationship between groups and
schemes). On the other hand, any scheme of prime order is commutative (see
[9]), and any schurian scheme of prime square order is also commutative as
follows (see Section 2 for terminologies):

Theorem 1.1. ([6, Thm.5.9]) Let p be a prime and (X, S) a scheme of order
p?. Then (X, S) is commutative if one of the following conditions holds:

(i) (X,S) is schurian;
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(ii) There exists a thin closed subset T of S with np > p.
(iii) There exists a strongly-normal closed subset T of S with ny < p.

However, it is still open whether or not any scheme of prime square order is
commutative.

Let p and ¢ be primes. It is also known that any group of order pq is abelian
if p < qand ptqg— 1. Though it is natural to expect the similar result for
schemes, there exists a non-commutative scheme of order 15 (see [8] and [10]).
In this article we deal with schemes of order pg where p and ¢ are primes, and
show a sufficient condition for them to be commutative.

The following is our main result (see Section 2, 3 for terminologies):

Theorem 1.2. Let (X,S) be a scheme of order pq where p, q are primes.
Suppose that S has a nice closed subset T which satisfies the following:
(i) nr = p;
(ii) SJT has the same intersection numbers as a schurian scheme;
(iii) 1< gfz— <p-
Then (X, S) is commutative.

It is still open whether any scheme of prime order has the same intersection
numbers as a schurian scheme ([9] and [12]). In other words (ii) as in Theo-
rem 1.2 might be removed. The following theorem deals with the case of p = ¢
in Theorem 1.2:

Theorem 1.3. Let (X,S) be a scheme of prime square order. If S has a
non-trivial nice closed subset, then (X,S) is commutative.

The following gives a sufficient condition for a non-trivial closed subset to
be nice:

Corollary 1.4. Let (X,S) be a scheme of prime square order and T a non-
trivial closed subset of S. Then T is nice and S is commutative if T is flat and
ged(ng,ngr) =1 for somet € T* and s € S\ T.

Under the same notation as Corollary 1.4 it can be easily checked that T is
flat if ‘"TT‘:} < 3 (see [10] for the detail).

In Section 2 we prepare necessary notation to make the paper as self-
contained as possible. In Section 3 we prepare several lemmas from combi-
natorics. In Section 4 we prepare some lemmas to generalize arguments given

in [7]. In Section 5 we prove our main results and corollary.

2. Preliminaries

We use the same notation on association schemes as in [14].

Let X be a finite set and S a partition of X x X. For s € S we denote by
s* the set of (z,y) € X x X with (y,z) € s. For z € X and s € S we denote
by xs the set of y € X with (z,y) € s. We denote by 1x the set of (z,z) with
rzeX.
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We say that (X, .S) is an association scheme (or shortly, scheme) if it satisfies
the following conditions:
(i) 1x € S;
(ii) For each s € S we have s* € S;
(iii) For all s,t,u € S the size of xs Nyt* is constant whenever (z,y) € w.
We denote the constant by ag,.
The numbers (asty, | S,t,u € S) are called the intersection numbers of (X,S).
For s € § the number ags+1, is called the valency of s, and denoted by n,.
For the remainder of this section we assume that (X,.5) is a scheme.
For x,y € X we denote by r(x,y) the unique element of S containing (z,y).
Recall that we define o5 to be the adjacency matrix of s € S in Section 1.
For a subset T of S we shall write the sum of o; with ¢t € T as o, the sum of
ny with ¢t € T as ny, and the subspace spanned by {o; | ¢ € T} over a field F
as F'T.
For T,U C S and s € S we denote the coefficient of o4 in ooy by arys,
and we define the complex product of T and U, denoted by TU, to be

{s € S|arys > 0}.
The complex product is an associative binary operation on the power set of .S
(see [13] or [14]). In this article we shall write a singleton {¢} with ¢ € S in the
complex product as t like the notation for a coset in group theory.
We have the following equations on intersection numbers (see [1], [2], [13] or
[14]):
Lemma 2.1. We have the following:
(1) For all s,t € S we have as1,¢ = 05,45
(ii) For all s,t € S we have ngny =), c g Qstuu;
(iii) For all s,t,u € S we have agspy = Gprgeqpr;
(iv) For all s,t,u € S we have NyGsp, = NsQuprs = Nilgryt;
(v) For all s,t € S we have |st| < ged(ng, nt).

For a non-empty subset 1" of S we say that T is closed if TT* C T where
we denote by T™ the set of t* with t € T

Lemma 2.2. ([14, p.17]) Let T be a non-empty subset of S. Then the following
are equivalent:

(i) T is closed;
(ii) TT C T;
(iii) Uept s an equivalence on X.
It is easy to check that {1x} and S are closed. They are called trivial.

Lemma 2.3. ([14, Lem.2.3.4]) For each closed subset T of S and s € S we
have the following:

(i) nrng = arssnrs;

(ii) nrsnr = a(rsyrsnTST-
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(iil) If np = arss, then Ts = s and nr | ng;
(iv) If no = a(rs)rs, then Ts = sT.

For the remainder of this section we assume that 7" is a closed subset of S.

We shall write 7'\ {1x} as T*.

For x € X we denote by xT the equivalence class of (J,ct containing x.
Then it is known (see [13] or [14]) that (zT,{t N (2T x 2T)}ser) is a scheme,
which is called the subscheme of (X, S) with respect to x and T, and denoted
by (Xa S)IT

We call (aspy, | s,t,u € T) the intersection numbers of T, which coincide
with those of (X, S),r for z € X.

Notice that CT is not only a subspace but also a subalgebra of the full matrix
algebra over C, which is isomorphic to the adjacency algebra of (X, S),r via
Ot 7 O¢n\(aT xaxT)-

We denote the set of equivalence classes of | J,ct by X/T. For s € S we
define sT to be

{(&T,yT) | r(x,y) € TsT}.
We denote by S//T the set of sT with s € S. Then it is known (see [13] or [14])
that (X/T,S//T) is a scheme, called the factor scheme of (X, .S) over T

We say that T is thin if ny =1 for each t € T'.

We say that T is commutative (symmetric) if CT is commutative (¢t = t* for
each t € T, respectively). Note that any symmetric closed subset is commuta-
tive by Lemma 2.1(ii).

Lemma 2.4. ([13]) We have the following:
(i) ns = nrns)r;
(ll) Ngr = TLTST/’I’LT,'

(iii) For each s € S we have oros = arssors and 0,07 = asTs0sT.

We say that T is normal in S if Ts = sT for each s € S, or equivalently
or is central in CS by Lemma 2.4(iii). We say that T is strongly-normal if
sT's* C T for each s € S, equivalently, S/T is thin (see [13, Thm. 2.2.3]). For
a positive integer k we say that T is k-equivalenced if ny = k for each t € T*.
We say that T is flat if it is k-equivalenced for some k& and au+s < 1 for all
s,t € TH.

We say that (X,S) is schurian if S is the set of orbitals of a transitive
permutation group of X, or equivalently, (X, S) is a factor scheme of a thin
scheme (see [2]).

Let IT be a partition of X. We say that II is equitable if, for each s € S
and C,D € II, |xs N D| is constant whenever € C. It is easy to check that
{{z} |z € X} and {X} are equitable, and they are called discrete and trivial,
respectively.

The following theorems will be used later in this article:

Theorem 2.5. ([9]) Let (X,S) be a scheme of prime order. Then we have the
following:
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(i) All non-principal irreducible characters of CT are algebraic conjugate;

)
(ii) S is k-equivalenced where k = Iyglj ;
)
)

(i) S is commutative;
(iv) If k > 1, then asy < k for all s,t,u € T*.

Theorem 2.6. ([7]) If |X| is a prime square, then any closed subset of S is
normal in S.

Theorem 2.7. ([11]) If S is flat and |X| is a prime, then {X} is a unique
equitable partition without any singleton.

Lemma 2.8. Forz,y € X, I1, , := {zT Nys | s € S} is an equitable partition
Of (X, S);cT

Proof. Let s1,82 € S such that T Nys; # 0 for i = 1,2 and ¢t € T. It suffices
to show that |zt N (2T Nys2)| does not depend on the choice of z € 2T Nys;.
Since zt C 2T = 2T and (z,y) € s7, it is equal to [zt Nysa| = arsssr- O

Lemma 2.9. Let (X, S) be a scheme of prime order. Then, for all non-negative
integers as with s € S, Y g as0s is singular if and only if a; = a, for all
t,uesS.

Proof. “If’ part is obvious.

Since CS is semisimple and commutative, CS has a basis {e, | x € Irr(S)}
where Irr(S) is the set of irreducible characters of (X, S) and e, is the central
primitive idempotent affording y. Thus,

Zasas = Z bye, for some b, € C

seS xE€Irr(S)

Note that {b, | x € Irr(S)} are the eigenvalues of ) _gas0s.
Suppose that ) g as0, is singular. Then

H(Z asos) = p( Z byex) =by =0

ses X EIrr(S)

for some p € Irr(S).
If i is principal, then

0= ,u(z asng) = Z asMg.

ses seS

This implies that as = 0 for each s € S as desired, since as are non-negative.
If 1 is non-principal, then, by Theorem 2.5(i), b, = 0 for all non-principal

7 € Irr(S), and, hence, ) ¢ as0, is a scalar multiple of the all-one matrix as

desired. |
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3. From combinatorics

Throughout this section we assume that (X, S) is a scheme and T is a closed
subset of S.

Lemma 3.1. For s € S we have the following:
(i) arss =1 if and only if ss* NT ={1x};
(ii) If arss = 1, then |T| < |T's|, and the equality holds if and only if the
complex product ts is a singleton for eacht € T.

Proof. (i) Suppose arss = 1. Let t € ss* NT. Then we can take xz,y,z € X
with (x,y) € ¢, (z,2) € s and (z,y) € s*. This implies that z,y € «T N zs*.
Since arss = |21 N zs*|, it follows from arss = 1 that £ = y, and, hence
t = 1x. Thus, we have ss* N T C {lx}. Since 1x € T and 1x € ss* by
Lemma 2.1(i),(iv), we conclude that ss* N T = {1x}.

Suppose ss*NT = {1x} and (z,y) € s. It is clear that arss > 1 since z €
xlx Nys*. Let z,w € 2T Nys*. Then r(z,w) € TNss*. Since ss*NT = {1x},
it follows that r(z,w) = 1x, and, hence z = w. This implies that arss < 1.

(ii) Suppose arss = 1 and t,u € T. If ts Nus # 0, then t*u N ss* # (), and
t =u by (i) and Lemma 2.1(i),(iv). This implies that {ts |t € T} are disjoint,

and
Ts| = || Jts| = lts| > |T).
teT teT
From this equation it is clear that the equality holds if and only if |¢ts| =1 for
eacht €T ]

Lemma 3.2. For each s € S, if T's = sT, then ng = ngrarpss.
Proof. By Lemma 2.4(iii),
NrNs = GrssNTs = ATssTsT -

Since nrsr = nrngr by Lemma 2.4(ii) and T'sT = T's by the assumption,
Ng = NgTATss- |

Lemma 3.3. Suppose that np = p is a prime and max{n,r | s € S} < p.
Then, for each s € S the following are equivalent: (i) p | ng;(il) TsT = {s};
(iil) T's = {s};(iv) sT = {s}.

Proof. By Lemma 2.4(ii), npsr = ngrny. By the assumption,

p | nrer and p? { npgr. (1)
On the other hand, by Lemma 2.3(i),(ii),
nrsT = NS TSI . (2)

A(Ts)Ts ATssA(Ts)Ts
Suppose that p | ns. Then, by (1) and (2), p? | ATssQ(Ts)Ts- SOINCE

arss < nr =p and arsTs < NT =P,
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it follows that
P =0arss = Q(Ts)Ts-
By Lemma 2.3(iii),(iv),
NrsT = NTs = Ns.

Since {s} C T'sT, it follows that T'sT = {s}.

Suppose that TsT = {s}. Then ns; = nrsy = ngony = pngr. Thus, (i) and
(ii) are equivalent.

Suppose T's = {s}. Then, by Lemma 2.3(i),(iii), p | ns. Therefore, (iii)
implies (i). Similarly, (iv) implies (i).

Clearly, (ii) implies (iii) and (iv). This completes the proof. O

Lemma 3.4. If np = p is a prime and max{n,r | s € S} < p, then T is
normal in S and {s € S| pfns} is closed.

Proof. Suppose that T' is not normal in S. Then T's # sT for some s € S. By
Lemma 3.3, T's # {s}. By Lemma 2.3(ii),(iv), arss < nr and a(rg)rs < nr.
Since nyr = nrsr/nr by Lemma 2.4(ii), it follows from Lemma 2.3(i),(ii) that

nrnsnr nsnr
nsT = = ,
NTaTss(Ts)Ts ATssQ(Ts)Ts

which is a positive integer divisible by np = p, a contradiction. Thus, T is
normal in S.

Let w,v € {s € S| p{nst and w € wv. It suffices to show that p ¢
Nyw. Suppose the contrary, i.e., p | ny,. By Lemma 3.3, TwT = {w}. By
Lemma 2.1(iv), p | lem(nyx, ny) | GurwoTo-

We claim that

Aurwy = Qu*Tu* Ay ) TTyT -

Since TwT = {w}, Tw*T = {w*}. Let (z,y) € v. Then
Qe = |zu* Nyw™*| = |zu* NyTw*T| = Z |zu* Ny T
i=1

where yTw*T is a disjoint union of {y;T | i = 1,2,...,n,r}. Note that
au* Ny T # 0 if and only if xTu*T Ny, T # (), since T is normal in S. Since
|zu* Ny, T| = ayrry+ whenever zu* Ny, T # 0, it follows that

Ay wy = |{Z | Tu* N yi T # @Hau*Tu* = Q(y*)TwToyT Qu*Tu* -

Thus, the claim holds.

Since p { n, and ag«)ry,ror < nyr < p, it follows from the claim that
D | Qurryr. Since aryy = ey < p, it follows from Lemma 2.3(iii) that
p | nyx = n,, a contradiction. This completes the proof. (I

We define St to be the set of s € S with args = 1.
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Lemma 3.5. Suppose that T is normal in S. Then
{owos|teT,se€Sr}={on|uesS}
if and only if S =\ U{T's | s € Sr} and |T's| = |T| for each s € Sr.

Proof. Suppose that the former condition holds. Let v € S. Then o, = 010,
for some ¢t € T and s € Sp. This implies that {u} = ts C T's. Thus, S =
U{T's | s € Sr} holds. Since ts is a singleton for each t € T and s € Sp by the
assumption, it follows from Lemma 3.1(ii) that |T| = |T's|.

Suppose that the latter condition holds. Let u € S, s € Sy and t € T with
u € ts. By Lemma 3.1(ii), ¢s is a singleton. Thus, {u} = ts.

We claim that ass,, = 1. Otherwise, we can take z,w € xt N ys* with
(z,y) € v and z # w.This implies that r(z,w) € t*t N ss*. It follows from
Lemma 3.1(i) that r(z,w) = 1x, and, hence, z = w, a contradiction.

By the claim, we have o, = 0105.

Since u is arbitrarily taken and we can take s € Sy and t € T with u € ts
by the assumption, {0, | u € S} C {005 | t € T, s € Sr} holds. The converse
inclusion also holds since ts is a singleton and ays,, = 1. O

We say that T is nice if T is normal in S and one of the properties as in
Lemma 3.5 holds.
Remark that both {1x} and S are nice.

Lemma 3.6. IfT is nice and s € St, then we have the following:
(i) s* € Sr;
(ii) For each t € T there exists a unique t* € T such that ts = st®;
(iii) For each t € T we have o¢(0s05+) = (0505« )0¢.

Proof. (i) Since ny = ng- and ngr = n(yry«, (i) follows from Lemma 3.2.

(ii) Since T is normal and apss = asrs = 1, the properties as in Lemma 3.5
are equivalent to {os0y | t € T,s € Sr} = {0y, | v € S}. This implies that
there exists t* € T such that ts € st®. Since st® is also a singleton, ts = st®.
Suppose ts = st’ for t' € T. Then s*sN#'(¢t°)* # 0. By (i) and Lemma 3.1(i),
t’ = t%. Therefore, the uniqueness of ¢* is proved.

(if) By (i),

t(ss™) = (ts)s™ = (st*)s" = s(t°s™) = ss*(t*)°
Note that, by Lemma 3.1(i), ¢ is a unique element in t(ss*) N7 and (t°)% is
also a unique element in it. Thus, t = (ts)s*‘ Since 0103 = Ops = Ogps = Og0ys
by Lemma 3.5, it follows that

*

01(0505+) = 04505+ = 050705 = 0501°S™ = 0505+ 0(1s)s* = 05050y
O
Proposition 3.7. Suppose that T is nice and ny is a prime. Then, for all

u, 81,82 € Sp\ T with § < Tunsyse < Tu, if 05,05, centralizes CT, then oy,
also does.
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Proof. Let u, s1,s2 € St be as in the statement of the proposition. Note that
05,05, = Zaslsg(tu)atu + Z Agi55000
teT veS\Tu
Let t; € T. Then, by the assumption,
O4,05,05, = Og,05,0¢, .
Since T' is normal in S, the right or left multiplication of o;, leaves each
of C(Tu) and C(S \ Tw) invariant. This implies that o;, commutes with

ZteT Agy s, (tu)gtu-

Note that oy, = o0, by Lemma 3.5 since T' is assumed to be nice. Since
T is commutative by Theorem 2.5(iii) and t;u = wu(t1)" by Lemma 3.6(ii), it
follows that

Oty E sy s (tu)Otu = Oty § Qs 59 (tu)0t0u

teT teT
= ( E aslsz(tu)o't)atl Oy = ( E aslsg(tu)at)aua(tl)“
teT teT

On the other hand,
(Z Ag, s, (tu)atu)ah = (Z aslsz(tu)at)auatl .

teT teT

Note that ), ; s, s,(tu)0¢ is a linear combination of the adjacency matrices

in T' with non-negative integral coefficients. Since §§ < TuN ss* < T, it is not

a scalar of o. Thus, we can apply Lemma 2.9 to obtain that ), 1 as, s, (tu)0tu
is invertible.
Therefore,

Oult, = OuO (4, )u-

Let (z,y) € u. Then the submatrix of o, induced by 2T x yT is a permutation

matrix since u € Sy and T is normal in S, especially, it is invertible. This

implies that the submatrix of o;, induced by yT x yT' coincides with that of

Oy« Since (z,y) € w is arbitrarily taken, o, = 0,)«, implying that o,

commutes with o,,. Since ¢; is arbitrarily taken, the proposition holds. O

Lemma 3.8. For all s1,s2,u € St, if Tu C s152, then ny < n(,yr. Moreover,
if the equality holds, then nt = a(s )7 (sy)TyT-

Proof. By the assumption, (0s,0s,)s7,yr has no zero entry where (z,y) € u.
Since

(O'sl Usz)xT,yT = Z (Usl)xT,zT (Usz)yT,zT
2TeX/T

and there are exactly as,)r(s,)r, 7 nNONZETO permutation matrices in the sum-
mation, it follows from s1, s, u € St that

ny < a(sl)T(Sz)TUT < n(sl)T.

This completes the proof. (I
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Proposition 3.9. Suppose that T is nice and both ny and ngyr are primes
with 1 < % < ngp. Then CT is in the center of CS.

Proof. For short we shall write nr, ng)r and % as p, g and k, respectively.

By Theorem 2.5(ii), S//T is k-equivalenced.

Let s1, 89 € St such that {s1,s2} is not contained in T

We claim (sys2) \ T # 0. Assume the contrary, i.e., s1so C T. Since T is
normal in S,

(TSlT)(TSQT) = T(Slsg)T Q T.
Applying Lemma 2.1(1),(ii) for (X/T,S//T) we obtain that
(s2)" = ((s1)7)* and n(s )1 = n(eyr = 1,

which contradicts the assumption k& > 1.

We claim that, for each u € Sy, TuN s152 < T'u. Suppose the contrary, i.e.,
Tu C s182. Then, by Lemma 3.8, n(,,yr > p. By the assumption of 1 < k < p,
k = ne,yr = p. It follows from Lemma 3.8 that a(s r(s,)ryr = k, which
contradicts Theorem 2.5(iv). Therefore, the assumptions on s, s2,u given in
Proposition 3.7 are satisfied.

Lemma 3.6(iii) and the first claim show the existence of v € Sr \ T such
that o, centralizes CT

Proposition 3.7 shows that, for all s1, so,u € St with Tu N sisy # @, if both
of oy, and o, centralizes CT', then so u does. Since Sy C |J;2, Tu’, it follows
that each element of {0, | s € St} centralizes CT. Since T is commutative by
Theorem 2.5(iii), the proposition follows from Lemma 3.5. |

4. From modular representation

Throughout this section we assume that (X,.5) is a scheme, T is a normal
closed subset of S and F'is a field.

Lemma 4.1. ([5]) The F-linear map ¢ : 'S — F(S)/T) defined by

s

Os — OgT

ngr

is an F-algebra homomorphism.
Lemma 4.2. If T is nice, then ¢ : F'S — F(S)/T) as in Lemma 4.1 is onto.

Proof. For each s € S we can take u € Sy such that T'sT = TuT since T is
nice. By the definition of ¢ and Lemma 3.2, we have

Ns
o(oy) = OuT = 0,7 = 04T

ngr

This implies that ¢ is onto. ]

Lemma 4.3. ([7, Thm.3.5]) If S has the same intersection numbers as a
schurian scheme of prime order, then FS = F[o,] for each s € S*.
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Proof. Suppose that the characteristic of F is equal to ng. Then, by [7,
Thm. 3.5], F'S = F|o,] for some s € S*. By the assumption, the group of
permutations of S which preserve the intersection numbers acts transitively on
St Thus, F'S = F[o,] for each s € S*.

Suppose that the characteristic of F' is zero or prime to ng. Then F'S is
semisimple by [6, Thm. 5.4], and o, has |S| distinct eigenvalues in a splitting
field of F' by the assumption and [6, Thm. 5.3]. This implies that {¢* | i =
0,1,...,]S| — 1} are linearly independent, and, hence, F'S = F[o]. a

For the remainder of this section we assume that

(i) F is of characteristic p where p is a prime;
(ii) T is a nice closed subset of valency p;
(iii) ¢: F'S — F(S)T) is the F-algebra homomorphism as in Lemma 4.1.

Note that FT is a subalgebra of F'S, and we shall denote by Rad(FT) is the
Jacobson radical of F'T. In [4, Cor. 3.5],

Rad(FT) = @) (o0 — mso1,). (3)
teTt

The following is something to generalize arguments given in [7].

Lemma 4.4. We have the following:
(i) kerp = Rad(FT)(FS);
(ii) If SJT has the same intersection numbers as a schurian scheme of
prime order, then F'S = (FT)F|[os] fors € S\T.

Proof. (i) Since ¢ is an algebra homomorphism, we have, for each t € T

Uz ni

ooy —nio1, ) = EO}T - nt(n(

X )O'(lx)T =0.
1x)T

It follows from (3) that Rad(FT)(FS) is contained in kerep.
We claim that

1S)T|(|T| — 1) < dim(Rad(FT))(FS).

We can choose a subset &/ C Sp such that S is a disjoint union of T'u with
u € U since T is nice. It suffices to show that {(o; — nyo1, )os | s €U, t € T}
is linearly independent. Suppose that

Z cs(or —mio1 )os = 0.

teT? scl
Thus,
g CtsO10g — E ( E cesnt)os = 0.
teTt seld SES teTt

Notice that {ow0s | t € T,s € U} are distinct and linearly independent by
Lemma 3.5. Therefore, the coefficients ¢;s are zero.
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On the other hand, since ¢ is onto,
dim(kery) = |S| — |S/T).
Since T is nice, |S| = |T||S//T| by Lemma 3.5. It follows from the claim that
IS/T|(IT] — 1) < dim((FS)(Rad(FT)) < dim(kery) = [S)T|(|T| — 1).

This implies that the equality holds and the two spaces are equal.
(ii) Let s € S\ T. Since F(S)/T) = Flo,r]| by Lemma 4.3 and ¢ is onto by
Lemma 4.2, F'S = (FT)F[o,] + kerp. By (i),

FS = (FT)F[o,] + Rad(FT)(FS)

Applying Nakayama’s Lemma for FT-modules we conclude that F'S = (FT)F o).
O

Proposition 4.5. Suppose F'S = (FT)F[o,] for some s € S and ngyr is a

prime with ‘7;5////TT|:11 < p. Then (X,S) is commutative if and only if CT is in
the center of CS.
Proof. The “only if” part is obvious. Suppose that CT is in the center of CS.

By Lemma 4.4(ii), F'S is commutative.
Let s; € Sy for ¢ = 1,2. Since T is assumed to be nice, it follows from

Lemma 3.2 that ns, = n(,)r for : = 1,2. Since ngyr is a prime, it follows
from Theorem 2.5(ii) that ST is k-equivalenced where k = r;s////;l:ll Thus,

ns, € {1,k} for i = 1,2. Therefore, we conclude from the assumption and
Theorem 2.5(iv) that each coefficient of any non-diagonal adjacency matrix in
05,05, is less than p, and hence,

05,05, = 05,05, mod p if and only if 04,05, = 05,05,

Let ui,us € S. By Lemma 3.5, 0,, = 0,05, for some t;,t5 € T and
S1,82 € St.

Since CT' is in the center of CS, ¢; commutes with s; for 4,5 = 1,2. The
above equation with the fact that F'S is commutative shows that o, commutes
with o,,. This completes the proof. (Il

5. Proof of our main results
5.1. Proof of Theorem 1.2

It is a direct consequence of Proposition 3.9, Lemma 4.4 and Proposition 4.5.

5.2. Proof of Theorem 1.3

By Theorem 1.1, (X, S) is commutative if S//T is thin. Thus, we may assume
that ST is k-equivalenced for some 1 < k < p — 1. By Proposition 3.9, CT is
in the center of CS.
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Let F be a field of characteristic p. Then, by [7, Thm. 3.5], F(S/T) = Flo4r]
for some s € S\ T. Applying Proposition 4.5 with the fact that CT is in the
center of CS we obtain that S is commutative.

5.3. Proof of Corollary 1.4

Suppose that T is a flat non-trivial closed subset. Since T is non-trivial,
it follows from Lemma 2.4 that np = p, and T is normal by Theorem 2.6.
Applying Theorem 2.7 for (X, S),r for z € X we obtain from Lemma 2.8 that
I, :={ysnNaT | s € S} is trivial or has at least one singleton where y € X.
We shall write r(z,y) as r for short.

If 11, , is trivial and r € S\ T, then ap,, = ny. By Lemma 2.3(iii), nr | n,.
By Lemma 3.4, {s € S| p{ns} is closed and r ¢ {s € S | p { ns}. This
implies that each element of S\ T has valency divisible by p. By Lemma 3.3,
TsT = {s} for each s € S\ T. In this case it can be easily checked that (X, .S5)
is commutative by a direct computation. Thus, we may assume that II, , has
at least one singleton for all 2,y € X. This implies that S = |J, sp I's.

Let t € T% and s € Sy \ T. Then, by Theorem 2.5(ii),

_p—1 _ _ p—1
S T T syt
Since ged(ng, ns) = 1, it follows from Lemma 2.1(v) that ts is a singleton for

each t € T. By Lemma 3.1(ii), |T's| = |T| for each s € Sp. Thus, T is nice.
Therefore, we conclude from Theorem 1.3 that (X, .S) is commutative.

Ty
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