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MULTI-DIMENSIONAL LIU PROCESS, INTEGRAL AND
DIFFERENTIAL

CuIiLIAN You*, HuAE Huo, AND WEIQING WANG

ABSTRACT. As a fuzzy counterpart of stochastic calculus, fuzzy calculus
including Liu integral and Liu formula were introduced. In order to deal
with the problems with several fuzzy dynamic factors, Liu process, Liu
integral and Liu formula are extended to the case of multi-dimensional in
this paper.

1. Introduction

The concept of fuzzy set was introduced by Zadeh [22] via membership
function in 1965. In order to measure a fuzzy event, a self-duality credibility
measure was proposed by Liu and Liu [14] in 2002. Later, Li and Liu [10] pro-
vided a sufficient and necessary condition for credibility measure. As a branch
of mathematics to study fuzzy phenomena, credibility theory was founded by
Liu [11] and refined by Liu [12].

In the setting of credibility theory, a fuzzy variable was defined as a function
from a credibility space to the set of real numbers.

As we know that there exist several dynamic fuzzy phenomena in real life,
which are not enough to be described in one time, their evolutionary processes
should be described repeatedly or continuously. Thus fuzzy process was in-
vestigated by many researches such as Kaleva [7, 8, 9], Pearson [16], Ding [3],
Buckley [1], Lakshmikantham and Mohapatra [15]. Corresponding to Brown-
ian motion, a fuzzy process was introduced by Liu in a seminar during summer
holidays of 2007, then a fuzzy integral and a chain rule were given by Liu [13].
Later, the fuzzy process, fuzzy integral and chain rule were renamed as Liu pro-
cess, Liu integral and Liu formula due to their importance and usefulness, just
as Brownian motion, Ito integral and Ito formula. Up to now, many researches

Received March 30, 2012; Accepted December 17, 2012.

2000 Mathematics Subject Classification. 34A12.

Key words and phrases. fuzzy variable; fuzzy process; fuzzy integral.

This work was financially supported by Natural Science Foundation of China Grant
No. 11201110 and 11101115, and Natural Science Foundation of Hebei Province No.
A2011201007, and Outstanding Youth Science Fund of the Education Department of Hebei
Province No. Y2012021.

*Corresponding author.

(©2013 The Youngnam Mathematical Society

13



14 CUILIAN YOU, HUAE HUO, AND WEIQING WANG

have been done in this field. Qin [19] extended Liu process, Liu integral and
Liu formula to the case of complex. Moreover, Dai [2] proved that Liu pro-
cess is Lipschitz continuous and has finite variation. Based on these results,
some applications of Liu process were made. Under the assumption that stock
price is modeled by geometric Liu process, a basic stock model, which is called
Liu’s stock model later was proposed by Liu [13]. For different application
background, two extended stock models were given by Gao [4] and Peng [17],
respectively. By studying Liu stock model, Qin and Li [20] deduced the Eu-
ropean option pricing formula, and it was applied to the problem of trading
strategies by Qin and Li [21]. Gao and Chen [6] extended Liu stock model to
generalized case and obtained the corresponding European option pricing for-
mula. By studying the stock model proposed by Gao [4], the European option
pricing formula was derived by Gao [5]. Besides the application in mathe-
matical finance, Liu process was also applied to fuzzy optimal control and an
optimal equation was obtained by Zhu [23]. Qin [19] studied the production
planning problem by a special fuzzy optimal control system.

In this paper, we will recall some basic concepts in fuzzy process. Then
multi-dimensional fuzzy process and multi-dimensional Liu process will be in-
troduced in Section 2. In Section 3, some properties of Liu integral will be dis-
cussed and then multi-dimensional Liu integral will be introduced. In Section
4, some differential theorems for multi-dimensional Liu process and high-order
differential of function of Liu process are discussed. Finally, in Section 5, a
brief summary is given.

2. Multi-dimensional Liu Process

Similar to stochastic process, a fuzzy process X (t,0) is defined as a dual
function of ¢ and 6 such that X (¢*,0) is a fuzzy variable for each t*, where
t is time and € is a point in credibility space (©,P,Cr). For any fixed point
6 € ©, X(t,0%) is a function of ¢, which is called a sample path of X (¢,6). For
simplicity, we use the symbol X; to replace X (¢,0) in the following section.

A fuzzy process X; is called continuous if the sample paths of X; are all
continuous functions of ¢ for almost all § € ©.

Definition 1. (Liu [13]) A fuzzy process X, is said to have independent incre-
ments if Xy, — Xy, Xo, — X4y, -+, X, — Xy,,_, are independent fuzzy variables
for any times to < t1 < --- < tr. A fuzzy process X; is said to have stationary
increments if, for any given s > 0, Xy, s — X; are identically distributed fuzzy
variables for all ¢.

As a special fuzzy process, Liu process was defined by Liu [13].

Definition 2. (Liu [13]) A fuzzy process C; is said to be a Liu process if

(i) Co =0,

(ii) C; has stationary and independent increments,

(iii) every increment Cyys — Cs is a normally distributed fuzzy variable with
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expected value et and variance o2t2 whose membership function is

-1
7r|x—et>)
z)=2|14+exp| ——— , —00 < x < 400.
) =2 (14 oxp (Tt

The Liu process is said to be standard if e = 0 and ¢ = 1. Dai [2] stated
Liu process is Lipschitz continuous and has finite variation.

An m-dimensional fuzzy process is defined as a function from T x (6, P, Cr)
to the set of m-dimensional real vectors. Next, the definition of a multi-
dimensional Liu process is given.

Definition 3. If Cy;, i = 1,2,--- ,m are Liu processes, then C; = (Cy, Cay,
. ,C’mt)T is called an m-dimensional Liu process.

Especially, an m-dimensional Liu process C; = (C1¢, Cat, - -+ , Cpn) T is said
to be standard if C;; are standard Liu processes for all i.

A fuzzy process X; = exp(C) is called a geometric Liu process if C; is a
Liu process. Geometric Liu process is expected to model stock prices. Multi-
dimensional geometric Liu process is introduced to model stocks prices when
there exist several stocks in the market at the same time.

Definition 4. Let (Cy;,Cay, -+, Cput)T be an m-dimensional Liu process, and
a;; fuzzy processes for i = 1,2,--- ,n and j = 1,2,--- ,m. Then the fuzzy
process
T
m m m
X:=|exp Zalejt , €Xp Zangjt o, exp Zanjcﬁ
j=1 j=1 j=1

is called an n-dimensional geometric Liu process.

In the following two sections, we will discuss multi-dimensional Liu integral
and multi-dimensional Liu differential, which are the extensions of Liu integral
and Liu differential.

3. Multi-dimensional Liu Integral

Let C; be a standard Liu process, and let d¢ be an infinitesimal time interval.
Then dCy = Ciqqt — CY is a fuzzy process, where dC} is a normally distributed
fuzzy variable with

E[dCy] =0, VI[dC,] = dt?, E[dC?] =dt?, V[dC?]~T-dt*.

Definition 5. (Liu Integral, Liu [13]) Let X; be a fuzzy process and let C;
be a standard Liu process. For any partition of closed interval [a,b] with

a =1t <ty < -+ <tgpp1 = b, the mesh is written as A = max [tiv: — ti|-
7

Then the Liu integral of X, with respect to C; is defined as follows,

b k
/Xtdct = iiI—I>102Xti . (Cti+1 - Ctl)
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provided that the limitation exists almost surely and is a fuzzy variable. In
this case, X; is called Liu integrable.

When there exists a multi-dimensional fuzzy process in a fuzzy dynamic
system, it is natural to consider how to define the multi-dimensional integral?
Next, we will define a multi-dimensional Liu integral as follows:

Definition 6. (Multi-dimensional Liu Integral) Let Cy = (C1¢, Cat, - -+ , Cpnt) ¥
be an m-dimensional standard Liu process, and let V"**™ denote the set of nxm
matrices vy = [v;5], where each entry v;;; is a Liu integrable fuzzy process.
Suppose a < b. If v; € V"™, the m-dimensional Liu integral is defined, using
matrix notation

Vit V12t Ulmg dCyy

b b V21t V22t - U2mt dCoy4
/ v dCy = / . . . .
v v : : : :

Unlt Un2t e Unmt det

as the n x 1 matrix whose ith component is the following sum of Liu integrals:

m b
Z/vijtdcjt'
=1

Remark 3.1 Let C, = (C14,Cay, - -+, Cpnt) be an m-dimensional standard Liu
process. Suppose a < b. If v; = (v1g, var, -+, Umt), where v;; are Liu integrable
fuzzy processes, the integral has the form

b m 0
/vtdCt = Z/vitdC,»t.
a =1y

Remark 3.2 Let C; be a standard Liu process. Suppose a < b. If vy =

(v1g,Vag, - ,vne) T, where vy are Liu integrable fuzzy processes, the integral
has the form
b b b b T
/vtdCt = /vltdCt,/vgtdCt,---/vntdCt
a a a a

4. Multi-dimensional Fuzzy Differential

Just like the role of Ito formula, Liu formula provides us with a tool to
compute fuzzy calculus. In this section, some chain rules for fuzzy differential
will be discussed.

Theorem 4.1. (Liu Formula, Liu [13]) Let C; be a standard Liu process, and
let h(t,z) be a continuously differentiable function. If fuzzy process X, is given
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by dX; = updt + v,dCy, where us, vy are absolutely integrable fuzzy process and
Liu integrable fuzzy process, respectively. Define Yy = h(t, Xy). Then

oh oh
dY; = = (1, X,)dt + 5 (£, X;)d X,

Example 4.1: The requirement that A(t,z) is a continuously differentiable
function in Theorem 4.1 is necessary, otherwise the result does not always
hold. For example, let C; be a standard Liu process, and let

1
2 .
h(t,z) = T sm<x2), z#0
0, z = 0.

oh 22 sin )z cos L , x#0
gr 22 - 22
or —o.

Then

In this case,

0, C, =0,
t
Oh
Xo = I (5,C)ds = 0,
0=0. [ Grecods=0

and
L on ¢ a! 1
; %(S,Cs)dCS = /0 2C sin (Os) — cos (Q) dCy = oo,

since 2z sin(1/22%) — (2/x) cos(1/2?) is unbounded. That is,

L on L on
X # Xo —l—/o E(S,Cs)ds—i—/o %(S,CS)dCS,

which is equivalent to

oh oh
dX; # —(t,Cy)dt + —(t,Cy)dCy.
t#ﬁt(’ +) +3z(’ +)dCy
When there exist multiple fuzzy processes in a dynamic system simultane-
ously, how do we compute the fuzzy differential? Theorem 4.2, Theorem 4.3
and Theorem 4.4 will answer this question. Here, we use the notation dY; to

denote (dYy,dYa, - - ,det)T.

Theorem 4.2. Let C; be a standard Liu process, and let h(t,x) = (hy(t, ),
ho(t,z), -+ hy(t,x))T, where hi(t,x), i = 1,2,--- ,p are continuously differ-
entiable functions. If fuzzy process X is given by dX; = uidt + v,dCy, where
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ug, vy are absolutely integrable fuzzy process and Liu integrable fuzzy process,
respectively. Define Y = h(t, X;). Then

aahl (t, X;)dt + aah (t, X,)dX,
¥y, Ohy Oho
dYy, 5 ——(t, Xp)dt + — o (t X)d X
dYt = . =
dy,
Pt oh, oh,
7 P, X )dt+ =2 o P (¢, X,)dX,

Proof. Clearly, Y;; = h;(t, X;) for each i by the assumption of Y;. It follows

from Liu formula that
h; h;
dY;; = 88 (t, Xp)dt + % (t, X¢)dX;.

The theorem is proved. O

Next, m-dimensional Liu process is taken into consideration.

Theorem 4.3. Let (C14,Co,++ ,Cmt)T be an m-dimensional standard Liu
process, and let h(t,x1,x2,- - ,x,) be a multivariate continuously differentiable
function. If fuzzy process (Xit, Xot, -+, Xnt)T is given by

dX1: = uedt + v114,dC1 + - - -+ V1 dC s

ant = untdt + Unltdclt +- 4+ 'Unmtdcmt

where w;,v;; are absolutely integrable fuzzy processes and Liu integrable fuzzy
processes, respectively. Define Yy = h(t, X1¢, Xot, -+, Xnt). Then

dY;

h
= E(taXltaX%a" Xt dt-l‘z t X, Xog, o, X )d X

Proof. Denote X; = (X14, Xos,--- , Xns)T. Indeed, each X;, is a continuous
fuzzy process by Theorem 3.2. Thus each X4 is bounded on [0,¢], i.e. there
exist M; > 0, such that |X;s| < M; for all s € [0,¢] and i = 1,2,--- ,n. As
continuous functions, Oh/dt and Oh/0x; are uniformly continuous and bounded
on [0,t] x [-My, My]X---x[—M,, M,] for all i. It follows from Taylor’s theorem
that

ht, XT) = h(0, XT) +ZAht (t;, X7 )

8h
J J
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where 0h/0t,0h/0x; etc. are evaluated at the points (t;, X1¢;, Xot;, -+, Xnt;),

n
Aty =tin —t;, Rj=o| |Io42+) |6X,2 |,

i=1

AX;; = X,

itjy1 X t

I Ah(t.Wth;) = h( J+1’XZ—‘+1) h(tJ’XZ:)

for all i and j. Denote A = sup; At;. If A — 0, it follows from the definition
of Riemann integral that

¢

oh B oh T oh T

atAt ;a( X)) A ]H/at(s,Xs)ds a.s.
0

Since dh/dz;(t, X 1) are continuous functions, it follows from Theorem 3.1
that

oh oh

t
oh
.. T T .
%AXU pr (tj, X )AXZ]%/axi(s,Xs)de a.s.
0

When At; — 0, we have ZRJ- — 0.
J

In fact, since

Rj =0 |Atj|2+Z|AXij|2 y
i=1
there exist a; = o(At;) and 3;; = o(AX;;) such that R = a; Atj+ > Bij AXyj.
i=1
Then

AXZJ = Xitj+1 - Xitj == uitj Atj + Z 'Uiktj Athj — 0,

k=1
when A — 0.
Thus, we have

ZR]‘ = Z (OéjAtj + Zﬁ”AXU>
J

j i=1

<D gDt Y 0> 1Bl AX]
j =1
< Z|O‘J|At +ZZ|BU||UN |At; +ZZZ|U2M |1Bi5 1| AChkt |

=1 J i=1k=1 j

— 0,
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when A — 0. Hence

t
h n
h(t, XT) = h(0, X7 + / ‘Z (s, X1)ds + )dXis,
0 i—1
which is equivalent to the expression
dx—@(tx X dt+z tX X , Xt )d X,
t — 8t s X1ty A2t nt 1ty A2ty " nt 1t
O
Example 4.2: Let C; = (Cy4,Co, -+ ,Cuy)T be an m-dimensional standard

Liu process. Fuzzy processes X1; and Xo; are given by

)

dXq: = uredt + v11:dC1 + - - - + V1 dCpy
dXor = ugedt + v21:dCy + - - - + V2 dCrny

where u;¢, v;5+ are absolutely integrable fuzzy processes and Liu integrable fuzzy
processes, respectively. Then we have

d(X14 Xot) = X1:dXor + Xopd X4

More generally, in a fuzzy dynamic system, when there exist multiple fuzzy
processes and the Liu process concerned is multi-dimensional, in this case, we
have multi-dimensional Liu formula.

Theorem 4.4. (Multi-dimensional Liu Formula) Let Cy = (Cyy, Cap, -+, Cput)T

be an m-dimensional standard Liu process, and let h(t,x1,22, -+ ,x,) = (h1(t,
T1,T2, " ,.’En), h2(t,$1,1’27 e ,(En), e ,hp(t7$1,$2, e 7xn)>T where hl(ta X1,
Xa, e, Tn), © = 1,2,--+ ,p are multivariate continuously differentiable func-

tions. If fuzzy process (X1s, Xot, -+, Xnt) T is given by

dX1¢ = ugedt +v11¢dCry + - - - + V1edCpng

dXpt = Upedt + v51:dC1e + - - - 4+ VpedCine
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where i, vije are absolutely integrable fuzzy processes and Liu integrable fuzzy
processes, respectively. Define Yy = h(t, X1¢, Xot, -+, Xnt). Then

Oh

3251 (t, X1ty Xot, -+, Xog)dt + Z 3 (t, X1e, Xog, -+, Xt )d Xy

Oh oh

8152 (t, X4, Xog, oo+, X dt+z 2(t, X14, Xoty -+ Xnt)d X
ay, =

ohy,

ot —2(t, Xu1g, Xog, -+, Xpp)dt + Z P (t, Xue, Xog, -+ Xne)d Xy

P’I"OOf, Since Yt = h(t, Xlt; th, e 7Xnt)7 }/jt = hJ(t, X1t7 th, e 7X'nt) fOI'
each j. It follows from Theorem 4.2 and Theorem 4.3 that

Oh,; Oh;
dYjs = TZ(taXlihXQh s, Xpe)dt + ; D2 (t, Xue, Xog, -+, Xne)d X
The theorem is proved. ([l

Example 4.3: Let C; = (C14,Ca,C3)T be a 3-dimensional standard Liu
process, and let X; = (t + Cyy + Cos + Cs¢,C%, — C1:C34) 7. Tt follows from
multi-dimensional Liu formula that

dx Xmt dt + dClt + dCQt + d03t
t = = )
dXo —CdCly + 2C2dCay — CpydCyy

5. Conclusions

In this paper, multi-dimensional fuzzy process was proposed, especially the
multi-dimensional Liu process. Meanwhile, Liu integral and Liu formula were
extended to multi-dimensional case.
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