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A POSTERIORI L*°(L?)-ERROR ESTIMATES OF
SEMIDISCRETE MIXED FINITE ELEMENT METHODS FOR
HYPERBOLIC OPTIMAL CONTROL PROBLEMS

TIANLIANG Hou

ABSTRACT. In this paper, we discuss the a posteriori error estimates of
the semidiscrete mixed finite element methods for quadratic optimal con-
trol problems governed by linear hyperbolic equations. The state and the
co-state are discretized by the order k Raviart-Thomas mixed finite ele-
ment spaces and the control is approximated by piecewise polynomials of
order k(k > 0). Using mixed elliptic reconstruction method, a posteriori
L% (L?)-error estimates for both the state and the control approxima-
tion are derived. Such estimates, which are apparently not available in
the literature, are an important step towards developing reliable adaptive
mixed finite element approximation schemes for the control problem.

1. Introduction

In recent years, there is a growing demand for designing reliable and ef-
ficient space-time algorithms for numerical computations of both linear and
nonlinear time dependent partial differential equations. Most of these al-
gorithms are based on a posteriori error estimators which provide appropri-
ate tools for adaptive mesh refinements. The theory of a posteriori analysis
of finite element methods for parabolic problems is well-developed (see, e.g.,
[3, 4, 19, 22, 27, 29, 36, 40]). Surprisingly, there has been considerably less
work on the error control of finite element methods for second order hyperbolic
problems, despite the substantial amount of research in the design of finite el-
ement methods for the wave problem (see, e.g., [6, 7, 8, 11, 20]). A posteriori
bounds for standard implicit time-stepping finite element approximations to
the linear wave equation have been proposed and analyzed (but only in very
specific situations) by Adjerid [1]. Also, Bernardi and Siili [12] derive rigor-
ous a posteriori L>°(H1!)-error bounds, using energy arguments. We note that
goal-oriented-error estimation for wave problems (via duality techniques) is also
available [9, 10], while some earlier work on a posteriori estimates for first order
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hyperbolic systems have been studied in the time semidiscrete setting [37], as
well as in the fully discrete one [26].

It is well known that finite element approximation of the optimal control
problems has been an important and hot topic in engineering design work, and
has been extensively studied in literature [14, 24, 25, 31, 34, 39]. For the optimal
control problems governed by elliptic or parabolic state equations, a priori
error estimates of finite element approximations were studied in, for example,
[2, 23, 28, 30, 33, 35, 38]. There also exist lots of works concentrating on the
adaptivity of various optimal control problems (see, e.g., [14, 23, 30, 33, 35, 34]).

In many control problems, the objective functional contains the gradient of
the state variables. Thus, the accuracy of the gradient is important in numeri-
cal discretization of the coupled state equations. Mixed finite element methods
are appropriate for the state equations in such cases since both the scalar vari-
able and its flux variable can be approximated to the same accuracy by using
such methods (see, for example, [13]). When the objective functional contains
the gradient of the state variable, mixed finite element methods should be used
for discretization of the state equation with which both the scalar variable
and its flux variable can be approximated in the same accuracy. Recently,
in [16, 17, 18] the authors have done some primary works on a priori, super-
convergence and a posteriori error estimates error estimates for linear elliptic
optimal control problems by mixed finite element methods. However, there
doesn’t seem to exist any work on a posteriori error analysis of mixed finite
element approximation for hyperbolic problems in the literature, especially for
hyperbolic optimal control problems.

In this article, we shall investigate a posteriori error estimates of the semidis-
crete mixed finite element approximation for hyperbolic optimal control prob-
lems. Combining the idea about the elliptic construction of [36] with our hy-
perbolic optimal control problems, we define the mixed elliptic construction
for the state and the co-state variables. Using the mixed elliptic construction
method, we derive a posteriori L>°(L?)-error estimates for both the state and
the control approximation.

The optimal control problem that we are interested in is as follows:

. I 2 2 2
(1) uénKIEU{Q/O (Ip—pdl +lly = yall” + [lu]” | dt

(2) yee(z, t) + divp(z, t) = f(z,t) + u(z,t), z€Q, t € J,
(3) p(z,t) = —A(x)Vy(z,t), x€Q, teJ,
(4) ylx,t) =0, x €N, teJ,

(5) y(2,0) =yo(x), z €,

(6) yi(x,0) = y1(z), =€,

where the bounded open set Q2 C R? is a convex polygon with the boundary
0Q, J = [0,T]. Let K be a closed convex set in U = L2(J; L*()), f,ya €
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L3(J; L3(2)), pa € (L*(J; L*(2)))?, yo € H*(2) and y; € H'(Q). We assume
that the coefficient matrix A(z) = (a;;(2))ax2 € WH(Q; R?*2) is a symmetric
2 x 2-matrix and there are constants ci, ca > 0 satisfying for any vector X € R?,
a1l X][g: < XPAX < ]| X||%2- K is a set defined by

T
K= uEU://udmdtZO .
0o Ja

In this paper, we adopt the standard notation W™P?(Q) for Sobolev spaces
on Q with a norm || - [, given by [[v[[, , = 32, <.m ||D%}H’£p(m, a semi-
norm | - mp given by [v[f, =37, HD“UH’EP(Q). We set WP () = {v €
Wm™P(Q) : v|gg = 0}. For p = 2, we denote H™(Q) = W™2(Q), H*(Q) =
Wo2(Q), and ||+l = | llm2, -1 =11- llo2.

We denote by L*(0,T; W™P(Q)) the Banach space of all L*® integrable func-

1
tions from .J into W P(Q) with norm [[v[| s (s;wm.e(q)) = (fOT ||U||§Vm,p(mdt) :
for s € [1,00), and the standard modification for s = co. Similarly, one can
define the spaces H'(J; W™P(Q)) and C*(J; W™P()). The details can be
found in [32]. In addition C denotes a general positive constant independent
of h.

The plan of this paper is as follows. In Section 2, we shall construct the
semidiscrete mixed finite element approximation for the optimal control prob-
lems (1)-(6), then we introduce some projection operators and define mixed
elliptic constructions. Using mixed elliptic reconstructions, we derive a pos-
teriori error estimates of mixed finite element approximation for the control
problem in Section 3. Finally, we give a conclusion and some future works.

2. Mixed methods of optimal control problems

In this section, we shall construct the semidiscrete mixed finite element
approximation for the hyperbolic optimal control problem (1)-(6). To fix the
idea, we shall take the state spaces L = L?(J;V) and Q = L*(J; W), where V
and W are defined as follows:

V = H(div; Q) = {v € (L*(Q))*,divw € L*(Q)}, W = L*(Q).
The Hilbert space V is equipped with the following norm:
. 1/2
vl £ (aivi2) = (||”H3,sz + ||d1V”||(2),Q) .

Let a = A™1, we recast (1)-(6) as the following weak form: find (p,y,u) €
L x @ x K such that

. 17
(7) uglKHClU{§/O (Ilp — pall® + lly — yall® + ||U||2)dt},
(8) (ap,v) — (y,divw) =0, Yo eV, teJ,
(9) (yttaw>+(dlvpaw):(f+u7w)7 VwEWa tEJv
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(10) y(:C,O) - yO(z)a Vel
(11) yi(x,0) =y1(z), Ve

It follows from [31] that the optimal control problem (7)-(11) has a unique
solution (p,y,u), and that a triplet (p,y,u) is the solution of (7)-(11) if and
only if there is a co-state (g,z) € L x @ such that (p,y,q, z,u) satisfies the
following optimality conditions:

(12) (ap,v) — (y,dive) =0, YveV, teJ,
(13) (yet, w) + (divp,w) = (f + u,w), YweW, t € J,
(14) y(x,0) = yo(x), VzeQ,
(15) yi(x,0) =y1(z), Ve,
(16) (ag,v) — (z,divw) = —(p — p4,v), VoeV, teJ,
(17) (2e¢, w) + (divg, w) = (y Ya,w), YVweW, telJ,
(18) z2(x,T)=0, VzeQ,
(19) zt(x, T) =0, Ve,

T
(20) /0 (u+z,a—u)dt >0, VaeK,

where (-, -) is the inner product of L?(12).

Due to the special structure of our control constraint K, we are able to derive
an important relationship between the optimal control v and the optimal co-
state z. This relationship is a key to our analysis.

Lemma 2.1. Let (y,p, z,q,u) be the solution of (12)-(20). Then we have u =
max{0,z} — z, where

T
s fOT Jq zdxdt
Jo Jq 1dzdt

denotes the integral average on 2 x J of the function z.

Let 75, be regular triangulations of Q. h, is the diameter of 7 and h =
max h,. Further, let £, be the set of element sides of the triangulation 7Tj
with T'p, = U &, Let Vi, x W), C V' x W denote the Raviart-Thomas space [21]
associated with the triangulations 7y, of Q. Py denotes the space of polynomials
of total degree at most k (k > 0). Let V(1) = {v € PX(1) +x - Pp(7)},
W (r) = Pi(7). We define

hi={vp €V :V71€EThuvnl €eV(r},
Wy, := {wp, € W : ¥ 7 € Thywp|, € W(T)},
Ky = L*(J;Wy,) N K.
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The mixed finite element discretization of (7)-(11) is as follows: compute
(Ph,Yn,un) € L2(J; V) x L?(J; W) x K, such that

ot

(21) min {—/ (lpn = pall* + llyn — yall* + ||Uh||2)dt},
un€Kp | 2 0

( ) (aph,'uh) — (yh,divvh) =0, Yv,eVy, teJ,

(23) (Yn,tt, wn) + (divpy,, wr) = (f +un,wp), Y wp € Wi, t € J,

( ) yh(ZL',O):yg(l'), Vel

(25) yn(z,0) = yi(x), YoeQ,

where yg (z) € W, and y'(x) € W), are two approximations of 3o and y;. The

optimal control problem (21)-(25) again has a unique solution (pg, yn,up), and

that a triplet (py,, yn,un) is the solution of (21)-(25) if and only if there is a

co-state (qn, zn) € L%(J; V') x L?(J; Wy,) such that (pn, yn,qn, 2n, un) satisfies
the following optimality conditions:

(26) (apn,vn) — (yn,divep) =0, Yo, €V, te€J,

(27) (Yn,ee, wr) + (divpy,, wp) = (f + un,wr), Y wy € Wy, t € J,

(28) yn(,0) = yg (), Ve,

(29) yne(r,0) = yi(z), Ve,

(30) (agn,vn) — (2, diveor) = —(pr, — pa,vn), Vo €V, tE€J,
(31) (zh,et, wp) + (divgy, wn) = (Yo — Ya, wp), YV wp € Wy, t € J,
(32) zp(x,T) =0, VaeQ,

(33) znt(x, T) =0, YaeQ,

T
(34) / (uhﬁLzh,ﬁhfuh)dtZO, Vup € Ky
0

Similar to Lemma 2.1, we can derive the following relationship between the
control approximation u; and the co-state approximation zj:
(35) up, = max{0,Zx} — zn,

fUT Jo zndzdt

T [idedt denotes the integral average on 2 x J of the function
0 Q

where Z, =
Zh-
In the rest of the paper, we shall use some intermediate variables. For any

control function uy € Kj, we define the state solution
(p(un), y(un), q(un), z(un))
satisfies
(36) (ap(up),v) — (y(up),dive) =0, Yo eV, te
B7)  (yulun),w) + (divp(un), w) = (f +un,w), YweW, tel,
(38) y(un)(z,0) =yo(z), Yz €Q,
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(39) ye(un)(,0) = y1(z), Ve,

(40) (ag(up),v) — (z(up), divo) = —(p(up) —pa,v), Vv eV, teJ
(41)  (zu(un), w) + (divg(un), w) = (y(un) — ya,w), YVwe W, t € J,
(42) 2(up)(z, T) =0, Ve,

(43) ze(up)(x, T)=0, VzeQ,

where the exact solutions y(uy) and z(up,) satisfy the zero boundary condition.
Define the errors as follows:
ey = y(un) — yn, €p =p(un) — Ppn,
ez = z(un) — zn, €q =q(un) —qn.

Then, from (26)-(27), (30)-(31), (36)-(37) and (40)-(41), the above errors satisfy
the following equations

(44) (aep,v) — (ey,dive) = —r1(v), Vv eV,

(45) (ey, 1, w) + (divep, w) = —ro(w), Y w e W,

(46) (ceq,v) — (e, divo) = —(ep,v) —r3(v), Vv eV,
(47) (210, ) + (diveq,w) = (e, w) — ra(w), ¥ w e W,
where the residuals ri-ry are given as follows:

(48) r1(v) := (ap;,,v) — (yn, dive),

(49) ro(w) := (ynu, w) + (divpn, w) — (f + up, w),
(50) r3(v) := (aqn,v) + (Pr, — Pa,v) — (2, divw),

(51) ra(w) := (2,0, w) + (divgy,, w) — (yn — ya, w).

We now introduce mixed elliptic reconstructions g(t),2(t) € H}(Q) and
p(t),q(t) € V of ypn, zp, and pp, qp, for t € [0, T], respectively.

For given yp, zn, pn and gp, let mixed elliptic reconstructions g(t), Z(t) €
H} () and p(t),q(t) € V satisfy

(52) (a(® —pn),v) — (§ — yn,divo) = —r1(v), YveV,

(53) (div(p —pn),w) = —r2(w), YweW,

(54) (a(q@ — qn),v) — (2 — zp,divw) = —(p — pn,v) —r3(v), Vv eV,
(55) (div(g —gn),w) = (§ — yn,w) —ra(w), YV weW.

Since r1(vy) = r3(vy) = 0V vy € Vi, ro(wy) = ra(wp) = 0V wy, € Wy,
we note that y, and p; are standard mixed elliptic projection of § and p,
respectively, z, and qp are nonstandard mixed elliptic projection of Z and q.

Using mixed elliptic reconstructions, we now rewrite:

€p = ®—pr) — (@ —plun)) = Tp — &ps
ey = (U —yn) — (G —y(urn) :==ny — &,
= (g —qn) — (@ —q(un)) =ng — &,



MIXED METHODS FOR HYPERBOLIC CONTROL PROBLEMS 327

e: = (2= 2n) — (2 — 2(un)) == 1. — ..

Let P, : W — W), be the orthogonal L?(Q)-projection into W} [5], which
satisfies:

(56) (Phw —w,x) =0, weW, x € Wy,
(57) | Pow — wllo,q < Cllwlleqght, 0<t<k+1,if weWnWH(Q),
(58) | Pow — w||— < Cllw||h™ T, 0<r, t<k+1, if we H(Q).

Next, recall the Fortin projection (see [13] and [21]) II, : V — V,, which
satisfies: for any g € V

(59) (le(th - q)awh) = Oa v qc V; Wh € Wh;
(60) llg —Tngllog < Ch7llgllrg, 1/qg<r<k+1, ¥VqgeVn(Wri(Q))?
(61) ||div(g — ITng)|lo < Ch||divq|l,., 0 <7 <k+1, Vdivg € H"(Q).

We have the commuting diagram property
(62) divolly, = P,odiv:V — W, and diV([ — Hh)V 1L Wy,

where and after, I denotes identity operator.

3. A posteriori error estimates

In this section we study a posteriori error estimates for the mixed finite
element approximation to the hyperbolic optimal control problems.
Let (p,y,q,2,u) and (pn,Yn,qn, 2n,ur) be the solutions of (12)-(20) and
(26)-(34), respectively. We decompose the errors as follows:
P —pn =p —p(un) +p(un) — pn :=rp + ¢p,
Y—yn =y —y(un) + y(un) —yn :=ry + ey,
q—qn=q—q(un) +q(un) —qn :=rq + €q,
z—zp=2—z(up) + z(up) — zn =1, + €.
) a

From (12)-(13), (16)-(17), (36)-(37) and (40)-(41), we derive the error equa-
tions:
(63) (arp,v) — (ry,dive) =0, Yo eV,
(64) (ry.ee, w) + (divrp, w) = (u —up,w), YweW,
(65) (arg,v) — (ry,dive) = —(rp,v), Yv eV,
(66) (rat,w) + (divrg, w) = (ry,w), Vwe W.

Lemma 3.1. Let rp, 1y, 7q and 7, satisfy (63)-(66). Then there is a constant
C > 0 independent of h such that

(67) 7pll oo (g522(02)) + I7y,tll oo (s522(0)) < Cllu — unllL2(s;02(02)),

(68) 7yl oo (2 )y + 17zl oo (sn2 )y < Cllu— unllL2(;02 ()
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Proof. Letting t = 0 and v = 1,(0) in (63), since r,(0) = 0, consequently we
find that 7,(0) = 0. Differentiate (63) with respect to ¢, we obtain

(69) (arp¢,v) — (ry,dive) =0, Vo eV.

Setting v = rp, and w = ry ; as the test functions and add the two relations of
(69) and (64), we have

(70) (arp,t,7p) + (ryee, 7yt) = (u = Un, 7y 1).

Then, using e-Cauchy inequality, we derive

1d
2dt
On integrating (71) with respect to time from 0 to ¢, using the Gronwall’s
lemma, the assumption on A and 7,(0) = 0, we have

(71) (lazrpll? + llry,ell*) < Cliw = unl|* + Cllry,e|*.

(72)  ryelloee ez + I7plle (rin2@)) < Cllu = unllL2 (2
Since r,, — r,,(0) = fot ry.sds, using (72), we have

(73) Iyl < Cllrydl
We integrate (66) with respect to time from ¢ to 7' and use the symbol:

(74) () = / (s)ds
to obtain
(75) —(rat,w) + (divig, w) = (7, w), Y we W.

Choose w =7, in (75) and v = 74 in (65) respectively, then add the resulting
equations to get

222 < Cllu —up|lp2 (502 (0)-

1d 1 . .
(76) 52Ul + a2 7gl?) = (7ysr2) = (7 7):
Note that
(77) 7yl < Cliryllzzcr;z20))-

Integrating (76) with respect to time from ¢ to T', using Cauchy inequality and
Gronwall’s lemma, we arrive at

(78)  lrzllzeo(rsz2) < Cliryllrzcrrza)) + ClirpllLzirz@))-
By (72), (73) and (78), we derive (67) and (68). O

Now, let us derive the a posteriori error estimates for the control wu.

Lemma 3.2. Let (y,p, z,q,u) and (Yn,Ph, Zh,qh, ur) be the solutions of (12)-
(20) and (26)-(34), respectively. Assume that (up + zp)|» € HY(7) and that
exists w € Ky, such that

T
/ (up + zp, w — u)dt
0

T
< C/ thluh+Zh|H1(T)HU*Uh”L?(T)dt'
0 T
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Then we have
(79) v —unllr2(re2) < Cm + Cllzn — z(un)l L2(,L2 ()

where )
3

T
n = (/ Z hf—'“h + Zh|§11(7_)dt>
0 T
Proof. Tt follows from (20) and (34) that
T
=gy = [ (0= =)
T T
:/ (quz,u—uh)dtJr/ (up, + 2zp, up — uw)dt
0 0
T T
+ / (zn — z(up), u — up)dt + / (z(up) — z,u — up)dt
0 0

T T
S/ (uh+zh,w7u)dt+/ (zn — z(up), u — up)dt
0 0

T
+ / (z(up) — z,u — up)dt
0
(80) :le+12+13.
From the assumption above, it easy to see that
T
I = / (up + zp, w — u)dt
0

(81) < OO + 6llu— uhH%Z(J;LZ(Q))a

where § is an arbitrary small positive number, C(6) is dependent on 1. More-
over, it is clear that

T
I :/ (zn — z(up),u — up)dt
0

(82) < CO)lzn = 2(un)lT2s;2200)) + Ol — unll7z( s p20)-
Now we turn to I3. Note that
y(z,0) — y(un)(2,0) = y¢(2,0) — yi (up)(z,0) =0

and

2(x,T) — z(up)(z,T) = ze(x, T) — z¢(up)(x,T) = 0.
Then from (12)-(13), (16)-(17), (36)-(37) and (40)-(41), we have

T
I3 :/ (u— up, z(up) — z)dt
0

T
- / (@ = ylun))ee, 2(un) = 2) + (divip = p(un)), 2(un) — 2) ) dt



330 TIANLIANG HOU

T T
+A W@pww%ﬂwﬂqﬂt+A (p(un) — p.p — plun))dt
=A () = 2)2ey = ylwn)) + (v = ylun), divia(un) - @)) )dt
T
+ /0 (p(un) —p,p — p(up))dt

= [ (@0w) =22 ~pun)) + () = 9.y = ylun)) )
(83) <0.
Thus, we obtain from (80)-(83) that which proves (79). O
Remark 3.1. Let w in Lemma 3.2 be such that w = 7°u, where

TU(t) | zer = /U(x,t)dx/|7'|, Vovel,

where |7| is the measure of the element 7. Then it follows that w € K}, and

T
/ (up + zp, w — u)dt
0

T
= / (up + zp, ™0 — w)dt
0

= / (up + zn — 7(up + 2n), 7w — up) — (v —up))dt
0

IN

T
C/ Zh‘r'uh+Zh|H1(T)HU’_uh||L2(T)dt‘
O T

Hence, the assumption in Lemma 3.2 is satisfied.
From the equations (52)-(55), we can see that:

Lemma 3.3. Let mized elliptic reconstructions g, p, Z and q satisfy (52)-(55).
Then the following properties hold true:

(84) ap=—-VYy, og+p—ps=—VZ.
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Using (52)-(55) in (44)-(47), we derive the error equations:

(85) (ap,v) — (&,divw) =0, Vv eV,

(86) (&y ey w) + (divép, w) = (y e, w), VweW,

(87) (abq,v) — (&, dive) = —(&,v), Yv eV,

(88) (&2t w) + (divég, w) = (&, w) + (N2, w), YV w e W.

Lemma 3.4. Let & and & satisfy (85)-(86). Then we have the following
estimates:

1€l oo (g;22(0)) + 1§yl oo (7:22 ()
< ClIny,e O + lImy.eell L2 (5;02(0)) + I (0) ]|

(89) + llyr =yl + 1AV + pr (0)])),
1€yl Lo (7;22(02))

(90) < Cllyo = yo | + llvr = vi'll + Iy OV + Iy el L2 (:L2))s
1€p.ll Lo (1;22(0)) + [€y,ttll Lo (1:2(0)

< O(||div(AVyo) + divpa(0) | + [|divn, (0)|]
+ [1AVY1 + .t ()| + [|72p.: (0)|
(91) + 1yt O + el 22 (522 ())-
Proof. Firstly, we differentiate the equation (85) with respect to ¢, and obtain
(92) (ap.i,v) — (&yt,dive) =0, Yo eV.

Choose v = &, and w = &, ; as the test functions and add the two relations of
(92) and (86). Then, using e-Cauchy inequality, we derive

1d

1 1 1
(93) 55(”0@&:”2 F11€y,e1?) < Syl + §||§y,t||2-

On integrating (93) with respect to time from 0 to ¢, using the assumption on
A, we find that

t t
eyl + 16517 < € [ lmlPds+C [yl
(94) + C|&y,¢(0)]I* + C1&(0)]1*.
Applying the Gronwall’s lemma to (94), we get
€y, tll o (s;22(02)) + [1pll oo (7,22 ()
(95) < C([[€y O + 1€ O + 7y 22l 22 (5;22(2)))-
Note that

1€ () < [lp(un)(0) —pn(O)]| + [l (0)|
(96) < [|AVyo +pn 0)]| + (|7 (0) -
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Integrate (86) with respect to time from 0 to ¢ and use the symbol:

t
97 b(t) = d
(97) o) / o(s)ds
to find that
(98) (‘Ey,ta ’LU) + (diVép, ’LU) = (yil — Y1, ’LU) + (ny,taw)a VweW.

Set w =7, in (98) and v = &, in (85). Then add the resulting equations and
use Cauchy-Schwarz and Young’s inequalities to obtain

2+ 1&ll®)-

d 1z
99) (&l + o &%) < Clllvt = val* + lImy.e|

Integrating with respect to time from 0 to ¢, we arrive at

(100) 1€, < CUIE O + [y =yl + el z2(r:2209))-
Let t =0 and w = &, 4(0) in (86), we can derive

(101) 1€y.66(0) | < C(|[divep(0)] + [Iy.2¢ (O)]])-
Differentiating the equations (85) and (86) respect to ¢, we get

(102) (adp tt,v) — (&yut,dive) =0, Vv eV,

(103) (Ey it w) + (divép s, w) = (Ny,10, W), ¥V w € W.

Choosing v = &+ and w = &, 1 as the test functions and add the two relations
of (102)-(103), using Cauchy inequality, we find that

1 1 1
(104) a2 & il” + 1€y.l?) < Sllmyeeell® + §||€y,tt||2-

d
57
Integrating (104) with respect to time from 0 to ¢, using Gronwall’s lemma, we
arrive at

€.l oo (7:22(2)) + 1y.etll Lo (7:22(02))
(105) < C(1€y,6£(0) + 1p,t (O + Nmy,eell L2(5;22(2)))-
Note that
[[divép (0)[] < [|div(p(us)(0)) — divps (0)]| + [[divn, (0)]|
(106) < ||div(AVyo) + divps (0)|| + [|divn, (0)]]

and

1€p,6(0) | < [l (un)(0) = Pt (O)[| + [[7p,: O)
(107) < [1AVY1 +Pnt (0 + (7.6 (O)]]-

Combining (95)-(96), (100)-(101) with (105)-(107), we complete the proof. [
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Lemma 3.5. Let &, and &g satisfy (87)-(88). Then we have the following
estimates:

1€l oo (r;22(0)) + €28l Lo (L2 (02))
< C(1&+(D) + [|Apn(T) — Apa(T) + qn(T)||
& (D + e (D) + 1€p.el 25,22 (02))
(108) + 1€yl 2 (rs2200)) + 1nz.etll 22 5i2))
1€ 2o (7322 ()
< Cllépll 22 @)) + Inzell2(rsz2 )
(109) + (D) + 1€yl 2712 (02)))-

Proof. We differentiate the equation (87) with respect to t, and obtain

(110) (alqt,v) — (&2 p,dive) = —(&1,v), YV EV.
Choose v = —§; and w = —§. + as the test functions and add the two relations
of (110) and (88). Then, using e-Cauchy inequality, we derive
1d, 1
—5 7l &ll* + 16401%) < CCllme,uel® + 1€:.1* + l1€a
(111) + 1€l + l1&p.el1* + 11y 11%)-

On integrating (111) with respect to time from ¢ to T, using the assumption
on A, we find that

T
€261 + [1&1* < C/ (1&p.el” + N1Egl* + 1€ 17 + Nl eell® + [1€2.011%) ds
t

(112) + O (& (D7 + 16 (D)%)

Applying the Gronwall’s lemma to (112), we get

[€y.ell oo (rn2 () + €l Lo (7322 02))
< Ot (T + 1€ (T + 72,6l L2222
(113) +1mp.ell 22 (riz2 () + Imyllz(L2))-
Observe that
1€ ()| < llg(un)(T) — qn(T)| + |Ing(T)]|

< [[An(T) = pa(T)) + gn(T)| + [Ing(T)|
(114) + CUI& M+ lnp (T)])-

Integrate (88) with respect to time from ¢ to T and use the symbol (74) to
get

(115) —(&a, w) + (diqu,w) = (gy,w) — (Matyw), YweW.
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Set w = 7, in (115) and v = &; in (87). Then add the resulting equations to
obtain

1d
2dt(

Integrating with respect to time from ¢ to 7', similar to (78), we get

(116) I&17 + a2 ql®) = (4, &) — (692 &a) = (et &)

1621l < CUIgyll 220 + 1€pll L2522 ()
(117) +[1€:(T)) (@))-
By use of (113), (114) and (117), we derive (108) and (109). O

From (52)-(55), we derive the error equations:

(118) (amp,vr) — (ny,divey) =0, Yo, € Vi,
(119) (divnp,wr) =0, YV wy, € Wy,
(120) (ang,vr) — (02, divey) = —(1p,vp), Y v, € Vy,
(121) (divng, wn) = (ny,wn), YV wy € Wi,

To prove the main theorem, we need the following a posteriori estimates of

Nys Myt My.tts Ny.tits Ty Tp,ts Tp.tts AiVIlpy Nz N2ty 1z,00 and ng related to the
mixed elliptic reconstructions (52)-(55).

Lemma 3.6. For Raviart-Thomas elements, there exists a positive constant
C which depends only on the coefficient matrix A, the domain ), the shape
reqularity of the elements and polynomial degree k such that

l[nyl* < C(”hHmin{l’k}(Qh,tt + divpp, — f — up)|?
(122) + iy Ihap, — Vw7,

Iel? < € (IO (-4 vy, = £ = )l
(129 + i hlepns = Vo] ).

Il < 0 (I8 (0 + v — £ = un e
(124) + wgél%h |h(cpn, e — Viws)|| )

Hny,tttHQ < C(|h1+min{1’k} (yh,tt +divp, — f — Uh)tttH2

wp €W,

(125) 4+ min ||h(aph et — Vawn)| )



(126)

(127)

(128)

(129)

(130)

(131)

(132)

(133)

MIXED METHODS FOR HYPERBOLIC CONTROL PROBLEMS 335
Ip]|? < C(W;J(aph O[5, + 7 curly(opp)]?
s+ divpn — f — uh>|2),
Inpall? < € <|h%J<aph,t )25, + 1B curly (o)
st + divpn — f uh>t||2>,
[ C(”h;J(aph,tt 5, + 17 curly (opp.) ||

+ [|h(yn, e + divpy, — f — Uh)tt|2);
||diV77pH2 < Cllyn,u + divpy, — f — up|?,

In:|]> < C(”hHmi”“”“}(Zh,tt + divgy, — yn +ya)||® + [0y
Flpl? + min [h(agn +pn —pa— vhwh>||2),
wp €W
Ineall? < c(m”min“’k} (onst + divan — yn + ya)ell? + [l
+ el + min [A(agn. +Phs — pas — vhwh>|2),
wp €Wy
72,661 < C(Ilh”‘“m“”“}@h,ﬁ + divgn — yn + ya)ee | + ny.eel|®
+ ||77p,ttH2 + min Hh(a%,tt + Ph,tt —Pdtt — vhwh)|2)a
wp €W

Imal® < c(|h<zh,tt T divgn — yn + y)|> + b curlu(agn +pr — pa)|?

2
o,I'y, >

1
+ g 1* + el + 1102 T ((agr +pr —pa) - B)]

where J(v-t) denotes the jump of v -t across element edge E for allv € V with
t being the tangential unit vector along the edge £ € T'y,.

Proof. Based on the tools developed in [15, 18], it is straight forward to derive
a posteriori error estimates for ny, My, NMy,tt, My,ttt, Mp> Mp,ts Tp,tt> divilp, 12,
Nat, Nzt and ny. Here we only discuss the proof of L?mnorm estimate 7,.
Now, we appeal to Aubin-Nitsche duality arguments. Thus, we consider ® €
HY(Q) N H%(Q) as the solution of the elliptic problem:

(134)

—div(AV®) = T, in Q,
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which satisfies the following elliptic regularity result
(135) [2]l2 < C|[¥].
By using (134) and the definition of II,, integrating by parts appropriately,
and the property (84), we obtain
(0, ¥) = (12, —div(AV®))

= (2, —div(AV®)) + (25, div(AV®))

= (zp,div(II,(AV®))) + (AVZ, V)

= —(@+ Ap — Apa, V) + (zp, div(II,(AVD)))
— (19, V®) — (Anp, V&) + (2, div(Il,(AV®P)))
— (agp, + pr — pa, AVD).

Using (120), integrating by parts and
(136) (Vhwn, (I —11;)(AV®)) = 0,
we now arrive at
(12, V) = (divrg, ® — Py @) + (1y, Ph®) — (Anp, V)
— (aqn +pr —pa — Vaws, (I —11)(AVP))
= — (2n,ut +divgn — yn + Ya, ® — Pp®) + (1, @) — (Amp, V)
— (aqn +pn —pa — Vawn, (I —11;,) (AV®))

IN

C<Ilh”mm{1’k}(2h,tt + divgn —yn + ya) [ @12 + [y | 2]
+ [ Anp [V + [Ih(agn +Pr — pa — Vhwh)llllAV‘I)h)
= C(”hl*m“‘{l’k} (zhae + divgn = yn + ya) || + lInyll + 7]l

(137) + Ih(agn +pn —pa - vhwh)|>||<1>||2.

Using elliptic regularity (135) in (137), we obtain

(nza\l/)
]

= C(|h1+mi“{1’k} (2n.1e + divgn — yn +ya) |l + lInyll + ll7p]l

(138) + min ||h(aqh+phpdvhwh>|>.
wp €Wy,

Now, taking supremum over ¥, we obtain estimate (130). O

Remark 3.2. In (130), we can replace miny,, ew, ||h(agr +pn —pa— Viwp)|| by
Hh(aqh +pn —Pd+ thh)” or by Hh(aqh +pPn —Pd+ Vhlh(zh»H, where Ih(zh>
is an improved version of zj, which is obtained by post processing zp. Similar
places can be found in (122)-(125) and (131)-(132).
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Collecting Lemmas 3.1-3.6, we finally derive the following main results:

Theorem 3.1. Let (p,y,q, z,u) and (Pn, Yn,qn, zn, un) be the solutions of (12)-
(20) and (26)-(34), respectively. Then the following a posteriori estimates hold
forte[0,T]:

lu —unllL2(5L2(0)
SC@+MﬂW+MﬂmumyHmm@wm+M®l
T llgo — 21+ o — gl + Iy O] + Il 2oy
(139) -+ 14T+ 2uO + O+ Ialzzazcon )

ly — yh||Loo(J;L2(Q))

(140) < C(llu — unllz2(rz2@)) + Iyl 2o (7;0202)))5
p —PhHLoc(.];LZ(sz))

(141) < C(llu — unlz2(r;229)) + 1pllL(7:22(2)));
12 = znll Lo (5222

(142) < C(llu —unlr2(s;2)) + 10l L (7:20)))

where 11 is defined in Lemma 5.2 and the estimates for ny, My, Ny.it, Mp, M=
and 1, are given in Lemma 3.6.

Theorem 3.2. Let (p,y,q, z,u) and (Pn, Yn,qn, zn, un) be the solutions of (12)-
(20) and (26)-(34), respectively. Then there is a constant C > 0 independent
of h such that

(143)  lu —unllzoe(rir2) < Cllz = znll L (102 (0))
llg — ‘IhHLOC(.];LQ(Q))
<O (I = sz + lzzcszsy + (D)

+ | Apn(T') — Apa(T) + qn(T)|| + [02,¢ll 2202 02))
+ 11 ()| + gl oo (12 (02)) + || divag (0) |
+ ||div(AVyo) + divpn (0)|| + |AVy1 + P« (0) ]|

(144) + 19,6l + l172y,1(0) | + Iny,tttlLZ(J;m(m)),

where 1 is defined in Lemma 3.2 and the estimates for 1y, Ny+, Mytt, Myttt
Nps Np,t> diVilp, N2, Nzt, Nz and ng are given in Lemma 3.6.

Proof. From Lemma 2.1 and (35), we have
(145) lw — unllLo(s;22(0)) < Cllz = 2nllLee(s;22(0)
(146) [(w —un)ille(rie20) < Cll(z = zn)tllL2(s;22(0)-
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Differentiating the equations (63) and (64) with respect to t, we have
(147) (arp it,v) — (Ty4t,dive) =0, Vo eV,
(148) (ry,eee, w) + (divep ¢, w) = ((u — up), w), ¥V we W.
Since 7,4(0) = 0, let ¢ = 0 and v = 7,,4(0) in (69), we find that rp(0) = 0.
Moreover, we have divr,(0) = 0. Set ¢t = 0 and w = 7, 44(0) in (64), we derive
(149) 73,66 (O} < [[(w = un)(O)]| < Cllz = znllLoe (5:22(2))-

Now, choose w = ry 4 in (148) and v = rp; in (147), respectively. It is easy to
see that

l[7p,¢l %OC(J;LQ(Q)) + Hry,ttH%“(J;LQ(Q))
<Oz = 2l i (in20)) + 12172052200
(150) + HnZ,t”QL?(J;L?(Q))) + 5||7”z,t||2L2(J;L2(Q))a

where § is an arbitrary small positive constant.
Finally, we differentiate the equation (65) with respect to ¢, we get

(151) (arg.t,v) — (a4, dive) = —(rp1,v), YV eEV.
Since r,(T) =0, let t =T and v = r4(T") in (65), we find that
1

(152) lazrg(T)[| < Clirp(T)]-
Selecting v = —r4 and w = —r ; as the test functions and add the two relations
of (151) and (66), we can obtain that

1d, 1
(153) =5 llladrgl? 4 [rel®) = (rpasra) = (rys 7).

Integrating (153) from ¢ to T', using (149), (150), (152), e-Cauchy inequality and
applying Gronwall’s lemma, we can easily obtain the following error estimate

H%H%wu;m(n)) + ||r27t||%°°(J;L2(Q))

< 5H7"z,t|\%2(J;L2(Q)) + C(HZ - ZhH%oo(J;p(sz)) + HTp(T>H2

(154) + ng,tH%Q(J;L?(Q)) + ||772,t||2L2(J;L2(Q)) + |Ty||2L2(J;L2(Q)))'

For sufficiently small ¢, substituting the estimates for &, ; and r, in (154), we
can derive (144). O

4. Conclusion and future works

In this paper, we derive a posteriori error estimates for the semidiscrete
mixed finite element solutions of quadratic optimal control problems governed
by hyperbolic equations. Our posteriori error estimates for the linear hyper-
bolic optimal control problems by mixed finite element methods seem to be
new. In the next work, we shall discuss a posteriori analysis for a completely
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discrete mixed approximation and design the adaptive mixed finite element al-
gorithms. Furthermore, we shall consider a posteriori error estimates of mixed
finite element methods for more complicated optimal control problems governed
by wave equations.
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