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THE RIGIDITY OF MINIMAL SUBMANIFOLDS IN A
LOCALLY SYMMETRIC SPACE

SHUNJUAN CAO

ABSTRACT. In the present paper, we discuss the rigidity phenomenon of
closed minimal submanifolds in a locally symmetric Riemannian manifold
with pinched sectional curvature. We show that if the sectional curvature
of the submanifold is no less than an explicitly given constant, then either
the submanifold is totally geodesic, or the ambient space is a sphere and
the submanifold is isometric to a product of two spheres or the Veronese
surface in S%.

1. Introduction

Let M™ be an n-dimensional closed minimal submanifold in an (n + p)-
dimensional Riemannian manifold N®*P. We denote by S the squared norm
of the second fundamental form of M. If N™*P is the (n + p)-dimensional
unit sphere S"*?  a famous rigidity theorem due to Simons [11], Lawson [8]

and Chern-do Carmo-Kobayashi [1] says that if S < 3175+ then either M is

totally geodesic, or M is one of the Clifford minimal hypersurfaces S* (\/% ) X

S”’k(\/"T_k), k=1,....n—1, orn = 2, p = 2, and M is the Veronese
surface in §*. Further discussions have been carried out by many other authors
[2, 9, 12, 13, 14, 15], etc.

Denote by K the sectional curvature of M. In 1975, Yau [16] proved the
following rigidity theorem.

Theorem 1.1 ([16]). Let M™ be an n-dimensional oriented closed minimal

submanifold in S™P. If Ky > 2’;—__11, then either M s the totally geodesic
sphere, the standard immersion of the product of two spheres, or M is the

Veronese surface in S*.
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Later, Itoh [7] proved that if Ky > oD +1) then M is the totally geodesic

sphere, or the Veronese surface in S*. Recently, Gu-Xu [5] made an improve-
ment of Yau’s rigidity theorem. They obtained the following theorem.

Theorem 1.2 ([5]). Let M™ be an n-dimensional oriented closed minimal
submanifold in S™P. If Ky > % then either M is the totally geodesic
sphere, the standard immersion of the product of two spheres, or M is the

Veronese surface in S*. Here sgn(-) is the standard sign function.

In this paper, we discuss the rigidity of minimal submanifolds in a Rie-
mannian manifold. We assume that the ambient space is locally symmetric
and 0-pinched. We obtain the following theorem.

Theorem 1.3. Let M™ be an n-dimensional oriented closed minimal sub-
manifold in an n-dimensional simply connected and locally symmetric Rie-
mannian manifold N"™P. Suppose the sectional curvature Ky of N satisfies
< Kny<1.If
1 p+2 1) )
Ky>———m-1)2p-1)(p+2)1-90)+ =0——— —— Jsgn(p—1),
w2 - DR D+ 20 -0+ (5 -~ sl 1)

then either M is totally geodesic, or N" TP = S"P gnd M is isometric to the
standard immersion of the product of two spheres or the Veronese surface in

St

2. Preliminaries

Let M™ be an n-dimensional closed minimal submanifold in an (n + p)-
dimensional Riemannian manifold N"*?. We shall make use of the following
convention on the range of indices:

1<ABC,...<n+p; 1<i,jk,...<n;n+1<a,8,7,...<n+p.

Choose a local field of orthonormal frames {e4} in N such that, restricted
to M, the e;’s are tangent to M. Let {wa} and {wap} be the dual frame field
and the connection 1-forms of N, respectively. Restricting these forms to M,

we have
—_ « «@
Wai = g hiswi, hi; = hj;,

h = Zh”wZ@)w]@ea, §=— Zh Cas

a,i,j

(1) Rijp = uszrZ khj1 ?k)

(2) Ropri = Ragri + Z hihiy — hGhG,),
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where h, &, Rijr, Ragri, and Ragcp are the second fundamental form, the
mean curvature vector, the curvature tensor, the normal curvature tensor of
M, and the curvature tensor of N, respectively. We set

S = |h|25 H= |§|a Hoz = (h%)nxn

Then M is minimal if and only if H = 0.
Denote the first and second covariant derivatives of hg; by hiy, and by,
respectively. We have

Z h%kuﬂg = dh% — Z hf‘kwkj — Z h?jw;ﬂ- — Z hfjwﬁa’
k k k 8
= B
Z hijrer = dhiy, — Z hijiwie — Z hiwij — Z hispwri — Z i Waa-
l l 1 1 3

Then

(3) ik — Nirg = —Raijk,

(4) h%kl — h%lk = Z hey i Rmjit + hganmikl — Z hijaﬁkl-
m B

Consider Rm'jk as a section of the bundle NM Q T*"M Q@ T*M Q T*M . Its
covariant derivative Rq;jk is defined by

E Raijriwi
!

= dRaijk - Z Ramjkwmi - Z Raimkwmj - Z Raijmwmk - Z Rﬁijkwﬂa-
m m m B8

Let Rapc p,E be the covariant derivative of Rapcp as a curvature tensor
of N. Restricted to M, Rqijk, is given by

Reijki = Roijri — Z Raﬁjkhiﬁl - Z Raiﬂkhfl - Z Raijﬁhgl + Z Ronijehy-
B B B m

Now we assume that the ambient space N is locally symmetric, i.e., Ragc D,E
= 0. Then we have

(5)  Raiju = Z Ra,@jkhg + Z Raiﬁkh?l + Z Rm’jﬂhgl - Z Ronijihy.
B B B m

The Laplacian Ahg; of h is defined by Ahgy = 57 Ahgy,. Then from (1),
(4), (5) and the minimality of M, we have for any real number a,

Z higOhiy = 4 Z Z hShi Ragij — Z Z h%hiBjRakBk
1,5,00 a,B 1,5,k a,B .5,k

+(1=a)Y > h(hg Rz + hipi Rk

a 4,5,km
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+ay [tr(HoHp)”

+(1+a)d > B (hG Rmijk + o Rk

a 4,5,km
(6) — Y lte(HIHE) — te(HaoHp)?.
a,p
The DDVV inequality proved by Lu [10], Ge and Tang [3] is stated as follows.

Lemma 2.1 (DDVV Inequality). Let Bi,..., By, be symmetric (n X n) real
matrices. Then

S B B < (ZHB BE

r,s=1

where the equality holds if and only if under some rotation all B,’s are zero
except two matrices which can be written as

0 u 0 0 w0 0 - 0
w0 0 -+ 0 0 —pu 0 - 0

BT:P 0 0 O 0 Pt, BS:P 0 0 0 0 Pt,
0o 0 0 --- 0 0 0 0o --- 0

where P is an orthogonal (n x n)-matriz. Here ||-||* denotes the sum of squares
of entries of the matriz and [A, B] = AB — BA is the commutator of the
matrices A, B.

In the proof of the theorem, we also use the following Berger’s inequalities.

Lemma 2.2 ([4]). Let N be an (n + p)-dimensional Riemannian manifold
satisfying a < Kn < b. Let {ea} be a local orthonormal basis. Then

(1) Rapep < %(b —a) for all distinct A, B,C, D.

(2) Racpe < %(b — a) for A 7é B.

3. Proof of the main theorem

To prove Theorem 1.3, we first give some estimates.
For a fixed a, we choose {e;} such that hf; = A#d;;. Then

4y > hGihG Ragis

B 4.4,k
S SN R
ﬁ#a i#k

Y

——1— DL

B#a ik
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Y

=20 =03 Sl = 1O + (0 — DALY

B#a ik

4 N 4 )
_ g(1 —6)(n—-1)2(p— 1)trHo% — 5(1 —8)(n—1)2 Z tng.
BFa
Then we have
_ 8 B
(7) 4y Y hhiRagi; = —3(1=9)(n-1)>(p-1)8
a,B 1,5,k

Since (tr(HoHpg)) is a symmetric (p x p)-matrix, we can choose the normal
frame fields {e,} such that

tr(HoHg) = ttH2 - §up.

Then
— Z Z h%thakBk = — Ztr(Hang) Z RakBk
a,fB 1,5,k a,B k
= = t(H2)Y Rakak
a k
(8) > —nS.
We also have
_ _ 1 _
Z h%(hff@kRmijk + hoyi Rmkjr) = 3 Z()\O‘ — M) Rikik
i,7,k,m ik
1 [e% @\2
> 50 ;(A - %)
= nétr(H?).
Hence
(9) S b (W Rk + hiyi Rokji) > ndsS.

a ij5,km
Similarly, we have
(10) Z Z b (P Bamigr + P Rmkjk) 2> nKminS,
a ig,km

where Ky is the minimum of the sectional curvature at a point.
On the other hand, by a direct computation and the DDVV inequality, we
obtain

1
> tr(HZHP) — tr(Ho Hp)? = 5 > tr(HoHg — HgH,)?
o o,

%sgn(p -1) ( Z trH§)2

IN
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1
(11) = §Sgn(p —1)52%
We also have
S?
(12) > ltr(HoHp)]? > —
a,f p
Proof of Theorem 1.3. For any 0 < a < 1, from (6)-(12) we have
ST hg AR > 72(1 —8)(n—1)2(p—1)S —nS + (1 — a)nés
1,7,
(1—a) a\ q2
(13) +(1 4 a)nKminS+ | — ngn(p -1)+ » S=.

Take a = &5 - sgn(p — 1). From (13) we have

(14) AS DSOS (1) +Zh°‘Aho‘

a 4,5,k 1,5,0
2 ZZ z]k 5)(”’71)%(1)71)57”’9
a 4,5,k
+(1—pi2 -sgn(p — 1))ndS
+(1+ > i 5 -sgn(p — 1))nKminS
p
> ZZ z]k +TLS|:<1+p+2 'Sgn(p1)>Kmin
(e} ’L,_],
8 1 p
(15) —3—n(1—6)(n—1)2(p—1)—1+(1— 2-sgn(p—1))5].

It follows from our assumption and the maximum principle that S is a constant.
Hence >, ; (h,)* = 0 and all the inequalities in (7)-(12) are equalities.

Let
Z Z RS (Rakikj + Reaijik)-

a 1,5,k

Since (7)-(12) are equalities, from (5) we have

(16) A=-21-6)(n—1)2(p—1)S —nS + ndS.

We let
w= Y>> (W Rajij + b Raigi )
k o i,
Then

divw = Z Z Z(hf‘kéam + h; Raiji )k
k a 1,7
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- Z Z hei(Rakikj + Raiji)
o ik

(17) = —A
By (16) and (17) we have

0 / [—2(1 = 68)(n —1)% (p — 1)S — nS + néS]du

(18) - /M[fQ(n —1)2(p—1) —n](1 - 8)Sdp.

Since the integrand of (18) is non-positive, we have (1 —4)S = 0. Hence S =0

or 6 = 1. If S = 0, then M is totally geodesic. If § = 1, then N = S"*P,

and our assumption reduces to Ky > zfgsgn(p — 1). From Theorem 1.2 we

see that either M is the totally geodesic sphere, the standard immersion of the
product of two spheres, or M is the Veronese surface in S*. This completes the
proof of Theorem 1.3. O
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