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LOCAL AND GLOBAL EXISTENCE AND BLOW-UP OF
SOLUTIONS TO A POLYTROPIC FILTRATION SYSTEM
WITH NONLINEAR MEMORY AND NONLINEAR
BOUNDARY CONDITIONS

JIAN WANG, MENG-LONG SU, AND ZHONG-BoO FANG

ABSTRACT. This paper deals with the behavior of positive solutions to
the following nonlocal polytropic filtration system

up = (|(wm) [P11 (U™ )g)e +ult [ 0112 (€, 8)dE, (2, ¢) in [0,a] X (0, T),

ve=(|(v72) [P27H(U™2) 0 )o + 022 [ ul21 (€, 1)dE (2, 1) in [0,a] % (0, T)
with nonlinear boundary conditions ug|z=0 = 0, Uz|s=a = w11 V712|;—g,
Vz|e=0 = 0, Vz|o=a = u9210922|,—, and the initial data (uo, vo), where
mi,m2 > 1, p1,p2 > 1, l11, li2, l21, l22, q11, q12, 21, q22 > 0. Under
appropriate hypotheses, the authors establish local theory of the solu-
tions by a regularization method and prove that the solution either exists
globally or blows up in finite time by using a comparison principle.

1. Introduction and main results

In this paper, we consider the following system:
(1.1)

up = (J(u™ )P (U™)o)s + u /0" V(€ 0)dE,  (2,1) € [0,a] x (0, T),

Uy = (l(vm2)Z|p2il(’Um2)I)z + vl22/ UIZI (Eat)dga (-T,f) € [0,0,] X (OaT)v
0

Uz|x:0 =0, Um|x:a — u‘]llvq12|m:a7 te (O,T),

Um|z:0 = Oa Uz|z:a = uq21Uq22|$:a; te (OaT)a

u(z,0) = uo(z), wv(x,0)=vo(z), x € [0,al,
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where T' > 0, l11, l12, l21, l22, q11, q12, @21, 22 > 0, mi,ma > 1, p1,p2 > 1.
Let Qr = [0,a] x (0,T], T > 0, z; = max{z,0}. Throughout this paper we
assume that:

(i) uo(x),vo(z) € C?*T2([0,a]) for some 0 < o < 1, ug(z),vo(x) > & > 0;
(1) (Jugy [P~ gy e, (057 P2~ 032 € L2([0, a]) on [0, al;
(ili) wo(z),vo(x) satisfy the compatibility conditions:

u0z(0) =0, uoz(a) = ulvd*(a),

(4) 002(0) =0,  voz(a) = u vi** (a).

Problems of this form arise in mathematical models such as modeling gas or
fluid flow through a porous medium and completely turbulent flow and for
the spread of certain biological populations (see [3, 5, 15] and the references
therein). In the non-Newtonian fluids theory, the pair (p1,p2) is a character-
istic quantity of medium. Media with (p1,p2) > (2,2), which means p; > 2,
p2 > 2, are called dilatant fluids and those with (p1,p2) < (2,2) are called
pseudo-plastics. If (p1,p2) = (2,2), they are called Newtonian fluids. When
(p1,p2) = (2,2) and (mq1,m2) = (1,1) the connection with the flow in porous
media is by now classical. When (m1, ma) > (1,1) and (p1, p2) > (2,2), the sys-
tem models the non-stationary, polytropic flow of a fluid in a porous medium
whose tangential stress has a power dependence on the velocity of the dis-
placement under polytropic conditions (non-Newtonian elastic filtration); it
has been intensively studied (see [16, 17, 21] and references therein). The non-
local growth terms present a more realistic model of a population [6, 10, 14, 18].
The nonlinear boundary conditions in (1.1) can be physically interpreted as a
nonlinear radiation law (see [9]).

In recent years, many authors have studied the global existence or blow-up
of solutions to some parabolic problems with nonlinear boundary conditions.
In [1], G. Acosta and J. D. Rossi considered the global existence of solutions
to the following problem:

ur = Au+ f(u,v),v: = Av + g(u,v), in Q x (0,T),

G =h(u,v), 5L =s(u,v), on 9Q x (0,T),
(e, 0) = uo(w). o(2.0) = wo(@). i

which can be viewed as a heat conduction problem with nonlinear diffusivity,
source and a nonlinear radiation law coupling on the boundary of the material
body.

In [7], Y. Chen considered the following semilinear parabolic systems with
nonlocal source:

ut:Au—i-/va(g,t)df, Ut:Av—l—/Qup(«E,t)dE, (x,t) € 2 x (0,T),

ou Ov
51510, (ZL',t)E(?QX(O,T),
U(:L',O):uo(l'), ’U(SC,O)Z’U()(ZL'),ZL'EQ.
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She obtained some blowup criteria and a blowup rate.
Recently, in [8], L. Du studied the following problem

Uy = Aum—l—upl/
Q
u(z,t) =v(z,t) =0, (x,t) €90 x(0,T),

u(z,0) =uo(x), v(x,0)=uve(z),r €.

o8 (6, 0)dE, v = A+ 0P / W (€, 0)de, (a,1) € Q% (0,T),
Q

And he also get the criteria for solution exists globally or blows up in finite
time. Moreover, if py = 0 or p1 > m; po =0o0r ps > n; ¢ > n, gg > m
and satisfy g2 > p1 — 1, g1 > p2 — 1, he also get the blow-up rates under the
monotone assumption for initial data.

In [20], X. Wu investigate the behavior of positive solutions to the follow-
ing system of evolution p-Laplace equations coupled via nonlocal sources with
nonlinear boundary conditions and the initial data

up = (Jug [P~ ug)y + /a ™ (€, t)dE, (x,t) in [0,a] x (0,T),
Oa

(1.2) vy = (Jve|P2 vy +/ w2 (€, t)dE, (x,t) in [0,a] x (0,T)

0
Uz|x:0 = 0; um|x:a = uqllvq12|x:a7 te (Oa T)a
Um|z:0 = 0; Uw|m:a =y p2 |z:aa te (Oa T)a
u(z,0) = uo(z), wv(x,0)=vo(z), z €0, al.

Under appropriate hypotheses, the authors first prove a local existence result
by a regularization method. Then the authors discuss the global existence
and blow-up of positive weak solutions by using a comparison principle. And
F. Li [13] considered the problem (1.2) with homogeneous Dirichlet boundary
conditions and obtained some necessary and sufficient conditions on the global
existence of the positive solutions.

In [19], the following problem has been intensively studied by S. Wang:

(lul™ ) = (el s, 0<z<1,t>0,
(I ) = ([v2 P>~ g, 0O<az<1,t>0,
(1.3) Uplo=0 =0,  Ugle=1 = Aul10M2 |y, t>0,
Valom0 =0, Vglo—1 = A0 [y, t>0,
u(z,0) =up(z), v(z,0)=wv(x), 0<z<I.

The author proved a local existence result and obtained some necessary and
sufficient conditions on the global existence of all positive (weak) solutions.

Recently, J. Zhou, in [23], considered problem (1.1) with homogeneous Diri-
chlet boundary conditions and obtained some necessary and sufficient condi-
tions on the global existence of the positive solutions. More results for parabolic
equations with nonlinear boundary conditions can be found in [4, 12, 22] and
the references therein.
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However, to the author’s best knowledge, there is little literature on the
study of the global existence and blow-up properties for the system (1.1). This
paper extends their results of the references cited above essentially to non-
Newton polytropic filtration system (1.1). Therefore, this paper is also an
extension of the above results. Due to the nonlinear diffusion terms and dou-
bly degeneration for u = 0, |Vu| = 0 or v = 0, |Vov| = 0, we have some new
difficulties to be overcome. Noticing that the system (1.1) includes the New-
tonian filtration system ((p1,p2) = (2,2)) and the non-Newtonian filtration
system ((my,mg) = (1,1)) formally, so the method for it should be synthetic.
In fact, we can use the methods for the above two systems to deal with it.
First under appropriate hypotheses, we established local theory of the solu-
tions. The method we used is the so-called ‘test function method’ and some
modifications and adaptations of ideas from [19] and [20]. Our proof is based
on argument by the different method of regularization, which involves con-
sidering the regularized problem firstly and making a priori estimates for the
nonnegative approximate solutions by carefully choosing special test functions
and a scaling argument, then obtaining the results based on the estimates by a
standard limiting process. Then we investigate the global existence or blow-up
properties of weak solutions to the problem (1.1) depending on the relations
among the parameters m1, mo, p1, D2, l11, 112, l21, l22, q12, q12, @21, g22. Note that
(1.1) has nonlinear and nonlocal sources u'' [ v!12(&,t)d¢, v'22 [ ul2t (€,)d¢
and nonlinear boundary sources u*v?2, 4919922 which make the behavior of
the solution different from that for that of homogeneous Neumann or Dirichlet
boundary value problems. However, it is difficult to use the same methods as
that in [23] to get the desired result. To overcome these difficulties, we used
some modification of the technique in [19] so that we can handle the nonlinear-
ities. Roughly speaking, the proof consists of several steps. First, we establish
the comparison principle for system (1.1) by choosing suitable test function
and Gronwall’s inequality. Then, we use some functions to control the nonlocal
sources and prove, with the technique in [19], that the control for the nonlocal
sources is suitable. Finally we also need to consider the effect of these nonlinear
terms in the proof of the global existence (blow-up) property of solutions to
(1.1). In this paper we will give some necessary and sufficient conditions on
the global existence of positive weak solutions to (1.1). These results extend
the results of [19, 20] to the general case with nonlocal sources and nonlinear
boundary sources.

The main results of this paper are the following theorems:

Theorem 1.1. All positive weak solutions of (1.1) exist globally if and only if

1 1
11 <1, 122 <1, g1 < —+1—mq, g2 < — +1—my,
P1 P2

1

lialor < (1 —=131)(1 = l22), li2go1 < [1— l11][p
2

+1—m2 — g2,
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1
lorqiz < [p_ +1—m1 —qui][l —l22] and
1

1 1
1221 < (—+1—m1 —qu1)(— + 1 —m2 — q22).
b1 D2

Note. The system of inequalities in Theorem 1.1 is very large, so we give an
example. Let P1 = P2 = %, mip = Mo = %, d11 = Q22 = %, l11 = l22 = %,
lig =l = i, 21 = Q12 = %. Then we can obviously prove that the above
inequalities hold.

Theorem 1.2. All positive weak solutions of (1.1) blow up in finite time if one
of the following inequalities holds:

(B)

1 1
(1) 111>10T122>107"q11>—+1*m1 or qao > — + 1 —meo;
n p2

.. 1 1
(i) g <—4+1-—mi,q02<—+1—ms and
D1 D2

1 1
q12g21 > (— +1—m1 —q11)(— + 1 —ma — q22);
P1 D2
(111) 111 < 1,122 < 1 and 112121 > (1 — 111)(1 — 122);

. 1 1
(iv) 111 <1,g22 < . +1—mg and l12g21 > [1 — lu][p- +1—mo — goal;
2 2

1 1
(v) le2e<1l,gi1 < o +1—my and l21q12 > [p— +1—my —qu1][1 — l22].
1 1

The outline of this paper is as follows: In the next section, we will give
the proof of a weak comparison principle and a simple fact without proof. In
Section 3, we will prove the local existence results by a regularization method.
In Section 4, we will discuss the global existence and blow-up property of
solutions to (1.1) by constructing various upper and lower solutions.

2. Preliminaries
In this paper, we use the following definition of the weak solutions.

Definition 2.1. A pair of functions (u,v) € C(Qr) x C(Q7) is called a super-
solution (subsolution) of problem (1.1) in @ if all of the following hold:
(i) u,v € L>=(0,T;WHe(0,a)) N WH2(0,T; L*(0,a)), (u(zx,0),v(z,0)) >
(<) (uo (@), vo(2));

(ii) For any nonnegative functions ¢1(z,t), pa(z,t) € L*(0,T; W2(0,a))N
L*(Qr),

(21)
/ / ), + / / ) O e e,
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T a
> (@) [ wmer @ nat+ [ wth [t (e e @ dear

// ve(z, t)p2(z, t) d:z:dt—i—// 0™, (z, ) [P2 7 (0™2) (2, 1) pop (@, t)dadt
> (S)/ u® v922 (a, t)pa(a,t) dt+// l”/ L1 (¢ 4)d€) o (a, t)dadt.
0 T

(u,v) is called a weak solution of (1.1) if it is both a supersolution and a
subsolution.

Definition 2.2. We say the solution (u,v) of the problem (1.1) blows up in
finite time if there exists a positive constant T' < +oo such that

lim sup ([|lu(-, )| + [lo(-, )] L) = +oc.
t—T z€[0,a]

We say the solution (u,v) exists globally if

sup  ([Jlu(-t)[lze + [[o(-, )] L) < +o0.
t€(0,+00)

We first give a weak comparison principle.

Proposition 2.1 (Comparison principle). Let (u,v) be a weak solution of
(1.1), (u,v) and (u,v) a subsolution and a supersolution of (1.1) in Qr, respec-
tively, with nonlinear boundary flur Audtv®2 | \u®pd2? | \gdigdz | \g? g9
and nonlocal terms ult [ vh2(€,t)de, v [ u'22 (¢, t)df, [ El” (&, t)dE,
Dl faﬂlﬂ (€,t)d¢ where 0 < A < 1 < X. Then (u,v) < (u,v) < (4,0) in Qr,
if (ug,v0) < (TWo,To) and there exists a positive constant &, such that either

(2.3) /Oa vhede > 6, /Oa u2de >0, wwv>4
or

(2.4) /Oa 2 dr > 6, /Oaﬂl”dx >4, wWuv>0
hold.

Proof. Similarly to the proof of Proposition 2.1 in [19]. For small § > 0, let

Hs(z) = min(1, max(g, 0))
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and set p; = Hs(u™! —u™), then according to the definitions of solution and
1ower solution we have

(2.5
/ {(w—u)eHs(u™ —u™)
Qt
(@™ —u™))o[|(u™ el T @™ )e — | (™) [T (U™ ) o] Ydadt

S / H&(le _ uml)[(MQ1ly¢h2>P1 _ (/\UQ21UQ22)P2]|I:adt
0

+/ Hs(u™ —u™) (ul“ /a vhz — gl /a vl”) dzdt.
Q Jo 0

Define

1, x>0,
x@) =19 ¢ z <0,

As in [2], by letting 6 — 0, noticing
// (Hs(u™ — ™)) [[(u™ )P ~H (™ )y — |(u™)e [P~ (u™),]dzdt > 0
t

and x[u™ > u™] = x[u > u], we get

// t (uw — w)ex[u > u]dzdt

< /0 filz, )xu > u|z=qdt

" // xlu > udu (/OGG(w t)(v(z,t) — v(z,t))dz) dadt
+ //t Xl > u]®(z,t)(u — u)(/oa V12 (£, 1)) dadt,

f1 (:C, t) = yPr@12 [(MQII)I)I _ (uq11)p1] + /\Pluplqnplqwo}l’lqm*l(g _ ’U),
1

Gz, t) =/0 lia6v + (1 — &) 7dE, ®(x,t) =/ w4 (1= &ulf~1d¢

0

(2.6)

where

for some 6y > 0 lying between v(a,t) and v(a,t).

Since (0,0) < (4,9) < (u(z,0),v(z,0)) < (u(z,0),v(x,0)),0 <z < a,A <1,
by the continuity of u,v,u, v, there exists a time 7 > 0 such that fi(a,t) <0
for all t € [0,7]. Since (u,v) and (u,v) are bounded in @, it follows from
my,ma, p1,p2 > 1, li2,l11 > 1 that G(x,t), ®(x,t) are bounded nonnegative
functions. Now, if l12,111 < 1, we have G(x,t) < §h2=1 &(z,t) < 6'1~! by the
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assumptions (2.3) or (2.4). It follows that

/Oa(ﬂ — u)4da

=0 < //t(ﬂ —u)ydazdt + 2 //t G(z,t)[v(z, t) — v(z,t)]+dzdt,

where w; = max{w,0} and ¢1,ce are bounded constants. Similarly, we can

prove
| weods
0

<y //t(yv)+dzdt+04 // F(z, t)u(z, t) — u(z, t)] 4 dzdt,

where c3, c4 are bounded constants, and

(2.8)

1
Fla,t) = /O lonféu+ (1 — E)ull=~1de

is a bounded nonnegative function. Now (2.7), (2.8) combined with the Gron-
wall’s inequality show that (u,v) < (u,v) on Q..

Define 7* = sup{7 € [0,T] : (u(z,t),v(x, 1)) < (u(x,t),v(x,t)) for all (x,t) €
Q.}. We claim that 7* = T. Otherwise, from the continuity of u, v, u,v there
exists an € > 0, such that 7* +e < T, fi1(a,t),g1(a,t) <0 for all t € [0,7* +£].
By (2.7), (2.8) and Gronwall’s inequality we have (u,v) < (u,v) on Q ...,
which contradicts the definition of 7*. Hence, (u,v) < (u,v) on Q.

Similarly, we can prove that (u,v) < (7, 7) on Q. This completes the proof
of Proposition 2.1. (I

At the end of this section, we describe a simple fact without proof.

Fact 2.1. Suppose that positive constants A;, B;, C;, D;, i = 1,2 satisfy A1/Ch
< Di/B;y, A3/Cy < Dy/By and that either As/Co € [A1/Ch1,D1/B1] or
Ay1/Cy € [A3/Cs, Do/ Bs] holds. Then there exist positive constants K and
L such that

maX(Al/C’l,Ag/Cg) S K/L S Inin(Dl/Bl,Dg/Bg).

3. Local existence
In this section, we study local existence of solutions to problem (1.1).

Theorem 3.1. Assume (A). Then there exists a time T' > 0 such that (1.1)
has a unique weak solution (u,v) on Qp satisfying (u,v) > (6,0) > (0,0) for
some positive constant 9.
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The proof of this theorem basically follows line by line the proof of Theorem
1 in [19]. However the nonlocal term causes some difficulties, we will give the
outline of the proof by pointing out the differences. Consider the following
approximating problems for problem (1.1):
(3.1)

p1—1

Uet = [(|(U2nl)z|2 +e) 2 P1(ue)ueals + Fi(ue,ve), (2,t) € (0,a) x (0,7,
Vet = [(|(U;n2)z|2 +5)p2771‘1)2(“6)“61]w + Fa(ue,ve),  (x,t) € (0,a) x (0,7),
Uer|o=0 = 0, Uez|z=a = G1(uc(a,t),ve(a,t)), te (0,7),
Vealo=0 =0,  Vez|z=a = G2(uc(a,t),ve(a,t)), te (0,7),
ue(x,0) = ug(x), ve(x,0) = vo(x), x € [0,al.

We need to control the nonlocal term by applying the technique developed in
[20]. Choose the bounded functions ®;(w), F;(w,z), Gi(w, z) € C>®(R) such
that: ®;(w) = maw™ ™!, Fi(w,z) = wh [ 22d¢, Fy(w, 2) = 22 [ w2 dg,
Gi(w, z) = w202 Go(w, z) = wP 222 for 6 < w,z < M + 1, where M =
[lwo () |loo + ||vo(z)||co- And we assume that there exist positive constants [ and
L such that

0 <1< Q1(w), Po(w), Fi(w, 2), Fa(w, 2), G1(w, 2), G2 (w, 2) < L < +00,

0G1(w,z) 0Ga(w, z) >0
0z = Ow =

for any w, z € R.
First, we claim that there exist a small constant 71 > 0 and a positive
constant C independent of € such that

1(uZ™)alloos [1(v2*2)zlloe < C on Q.

Proof. Choose bounded functions: a;-(z) € C*(R), 0 < p. < al.(z) < pZ! on
R for some 0 < p. < 1 and

aic(2) = (|22 +e) 7 2z for|z| <K+L+1, i=1,2,

where K = |[(ug™)z(2)]lco + [|(v5?) () |lcc- Then consider the following prob-
lem:

(3.2)
et = a1 ((ul")a)]e + Fi(ue, ve), (z,t) € [0,a] x (0,7,
Vet = [a2e ((v7"?)a)]e + Fa(ue, ve), (z,t) € [0,a] x (0,T),
Uer|o=0 = 0, Uez|z=a = G1(uc(a,t),ve(a,t)), t e (0,7),
Vealo=o =0,  Vex|z=a = G2(uc(a,t),ve(a,t)), t e (0,7),
ue(x,0) = ug(x), ve(x,0) = vo(x), x € [0, al.

For (3.2), standard parabolic theory (see [11]) shows that there is a pair of
unique smooth solutions (u.,v.) in the class H?>T#1+8/2(Q) for some 8 €
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(0,1). Obviously, comparison principle holds for (3.2). Therefore,

U (2, 1), ve (2, 1) > 8 >0, ug(w,t),vee(x,t) >0, (2,1) € Qp
and for some constant ¢ € R,
(33)  0<c< (F)(w =), (F)h(w, 2), (F)(w,2), (Fs)h(w,2) < .
In fact, let w = (u),, z = (v"2),, then (w, z) satisfies
@1 (ue)wr — @ (ue)a) (Wl )o)wae — BT (ue)ais((u)s) (we)®
— [ @] (ue)uer + @1 (ue) (F1) (ue, ve)|w — (I)Q(Us)(Fl) (Ue, Ve)Vew =0
((z,t) € [0,a] x (0,T)),
Do (ve )z — (I)g(vg)a%((v ?)e)2os — @2(05)11’2’8((1)?2)96)(,296)2
— [®5(ve)vet + Pa(ve) (F2)s (ue, ve)w — (1)2(7}8)(F2)I1(“6a1)6)“61 =0
((z,t) € [0,a] x (0,T)),
W0 =0, Wlzeq = G1(ue,ve) (t€(0,T)),
Zlo=0 =0, 2|z=a = Ga2(ue,v:) (L€ (O’T))
w(z,0) = (ug")2(2), 2(z,0) = (v5"*)2(x) (2 €[0,al).

Similarly to the proof of Proposition 3.1 in [19], the maximum principle yields
that there exists a small constant 71 > 0 such that

[wlloo < max{|[(ug™ )z lloos [ (05" loos L},

2]l < max{|[(ug" )z loo, [ (vG"*) [loos L}-

Therefore we have
”(u;nl)ﬂﬁnooﬂ”(v;nz)z”oo§K+L+1 On@,rl.

Thus (u.,v.) is a solution of (3.1) in @,,. Setting C = K + L+ 1, we draw our
O

conclusion.
Next, we prove the following energy estimates.
Proposition 3.2. There exists a 72 € (0,T) such that
us(z,t), ve(z,t) <M +1onQ,,

Proof. We may assume that T € [0,1). Let h > M. Multiplying (3.1) by
(ue — h)+ and noting that 0 <! < G1,Fy < L, it is easy to see that

/0 (ue-rt) — h)%de + / / o [P (e — )2 odadt
T
< c/ (ue — h)3 |p=adt + c// (ue — h)3 dzdt
0 T

for some positive constant ¢ independent of . Then similarly to the proof of
Proposition 3.1 in [19], there exists a 75 > 0, independent of ¢, such that

ue <M +1 on@TZ.
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Similarly, we have
ve <M+1 on@m.
This completes the proof of Proposition 3.2. (]

Proposition 3.3. There exists a constant C' > 0, independent of €, such that

// (u2, + %) dedt < C < 400,
T
where T = min{r, 72 }.

Proof. Differentiate the first equation of (3.1) with respect to ¢ and multiply
both sides of the equation by ue¢, integrate over Q1 to get

%/Oaugt(:c,t)dx—l—//T((u;”l)i+5) ;
- l/a (,0)dz

// u™)2 4 ¢) M- Upr(u™)2 + elmu™ M ucipticpucrdadt
T

_1[p( —|—5] (i L2 dzdt

szt

+/O [(( Ug )ac +5) 1;1 (’u’;n )w]tu&‘t(a”t)dt
+ // [(F1)) (e, v )u2, 4+ (F1)5 (e, v )vertieg]dadt.

Using Holder’s inequality, we have
(3.4)

/Oa W2, (z, )z + // (a2 + &) 25

T
= my(my — 1) // (u™)2 + )7 " py (™) + Ju™ 3 ucpue)*dadt
T

“Hpr(u™)2 + elmu™ a2 dadt

szt

a T .
+ [ oo+ 2 [ (@2 + 95T ) aa,
0 0

+2 // [(F1)) (ue, ve)u2, + (F1)y (e, ve )vepue| dadt.

Using ue(z,t), ve(x,t) > § and the boundary conditions in (3.1), we know that
there exists ¢ € [0,a) such that

)11 412 )421422
2 b UEI (:L'at) Z 2 9

Ueg (T, 1) > (x,t) € [xo,a] x [0,T].

Hence, we have

(3.
//T«um To)B

_1[p1 (UZH )i ] m1 ! gztdxdt > C/ / sztdxdt
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for some positive constant ¢ independent of ¢.
Then, (3.4), together with (3.5), gives

(3.6) / (z,t)dx + c/ / w2, dadt
T
= c// Uer)?dadt —|—/ u?,(x,0)dz + c/ [uZ, +v%](a, t)dt
T 0

+ 2// [(F1)] (ue, vg)ugt + (F1)5(te, ve ) veptiey | dzdt

with the help of the boundary conditions and Young’s inequality.
Similarly, we have

a T ra
(3.7) / v, (z, t)dr + c/ / v2, dadt
0 0 Jxzo

a T
= c// (ver)?dadt —|—/ v (2,0)dz + c/ [u2, +vZ](a,t)dt
T 0 0

+2 // [(F2)] (e, ve)uctver + (Fo)5(ue, vg)vgt]dzdt.

Using Sobolev’s inequalities, we have

T
c/ [uZ, +v%](a,t)dt

(3.8) <7 / / w2, +v2)dadt + c(n / / u?, + vZ)dadt

for any positive constant 71 independent of . Noticing (3.3) and using Young’s
inequality again, we obtain

// [(Fl)/lugt + (F1)yvettie]dadt < c// (ugt + v?t)d:cdt,
T T

(3.9) // [(Fo)502, + (F2))uetve]dadt < c// (u?, + vZ)dzdt.

Combing (3.6)-(3.9), we have

/ (w2, +02)(x t)da < / (w2, + %)z, 0)da + C / / (u, + v2)dadt.
0 0 T

By the Gronwall’s Lemma, we obtain the desired results.
Therefore, by compactness arguments and the standard monotonicity argu-
ment, it follows that (up to extraction of a subsequence):

(te,ve) = (u,v) a.e. for (z,t) € Qr,
(Ueg, Vez) = (ug,v;)  weakly star in L=(Qr),

(uet, Vet) = (ug,ve)  weakly in LQ(QT),
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"3

a1 ((ul™)y) = w1 weakly star in L=(Qr),

ase((v
We show that wy = [(u™);[Pr =1 (u™),, wy = |(v2),[P2 71 (v™2),.
From Proposition 3.2, we have

"3

2)z) = wy  weakly star in L®(Qr).

lim / w|(u?1)m|p171(u?1)m(u?1 —u™)dadt =0,
Qr

n—oo

where 1) € Cé’l(QT),z/J > 0.
Then similarly to the proof of Theorem 1 in [17], we have

/ Y(wy — |(um1)m|p171(um1)m)dzdt =0.
Qr

Thus wy = |(u™),[P* =1 (u™),. Similarly, wy = |(v™2),[P2~1(v™2),.
The proof of Theorem 3.1 is completed by a standard limiting process.
The uniqueness of the solution is obvious. In fact, assume that (ug,v1),
(ug, v2) are two nonnegative solutions of (1.1), using Proposition 2.1 repeatedly,
we can get u; = ug, v1 = vy a.e. in Q. O

4. Proof of the theorems

In this section we will discuss the global existence of solutions to problem

(L.1).
We will divide the proof of Theorem 1.1 and Theorem 1.2 into six lemmas.
Throughout this section we denote

__ D
pi+ 1
and choose \, A satisfying A > 1 > A > 0.

=1,2

Ti ) 4y

Lemma 4.1. Forlyy > 1 orlae > 1 orqip > p%Jrlfml or (ag > p%+1—m2,
the solution (u,v) of (1.1) blows up in finite time.

Proof. Without loss of generality, assume [1; > 1. Consider the single equation

2= (|2l TH ™ )a)e + adh2, (#,t) € [0,a] x (0,7),
Z:n|x:0 - 0; Z:n|:n:a - Aé‘qmzqu |z:a; t> Oa
z(2,0) = uo(x), z € [0,qal.

We know from [18] that z blows up in finite time. Since v > § by the comparison
principle, thus (z, ) is a subsolution of (1.1) and (u,v) blows up in finite time
if l37 > 1. O

Lemma 4.2. For g1 < p% +1—mq, a2 < p% +1—mo and q12g21 > (p—l1 +
1—mq — qll)(pl2 +1—mo — g22), the solution (u,v) of (1.1) blows up in finite
time.
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Proof. Notice that the solutions of (1.3) are just subsolutions of (1.1). The
blow-up result for the solutions of (1.3) (see [19]) yields the blow-up of solutions

to (1.1).

Lemma 4.3. Forli; < 1, loo <1 and liglay > (1 — 111)(1 — 122), the solution

(u,v) of (1.1) blows up in finite time.
Proof. We choose k; > 0,7 = 1,2 such that

Denote w; =

c= max{57ﬁ,57é},b = min{

—kilin — kalio+ k1 +1 <0,
—kilay — kalog + ko +1 < 0.

(c — bt)~% and

C—kllu—kzl12+k1+1

a a

c—kll21—/€2122+k2+1

1{31 ’ k2

A routine calculation yields:

wiy = kyb(c — bt) M < afc — bt) TRl kel = g0 / wh'? (&, t)de.
0

wi (z,0) < ¢ < minug(z) < up(x).

Similarly, we have

Hence, by the comparison principle we have that (u,v) > (wy,ws). Therefore,

war < w2 / W' (€, 1)dE,  wa(x,0) < vola).
0

(u,v) blows up in finite time. The proof is completed.

Lemma 4.4. Forlj; <1, g2 < p% +1—mg and l12go1 > [1 — 111][1%2 4+1—

ma — qa2], the solution (u,v) of (1.1) blows up in finite time.

Proof. Tt is easy to prove that by Fact 2.1 there exist positive constants ki, ko >

0,81 > my, B2 > my satisfying

Set

1—
B1(1—l1) Sk Bali2
mi ma

k1

:O’

kafopa — kapa — kzé -1>0,

m2
]<31ﬂ —k — ]<31M - kzﬁ(hz <0,
miq mq mo

kzé kg — ke Bagze K B <o.
mo mao miq

wy = [d(1 4+ 277) + (c — bt) R )P /m = [§y]Br/m
wy = [d(1 + 277 ) + (c — bt)~k2]B2/m2 = [g,]P2/m2
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where b, ¢, d > 0 satisfy

1 m] 1 _m2
chaX{le(S k151,2k26 k‘zﬁz}’

1 1
d < min{ —c R ek
14+a™ 1+am

)

)\(ﬂl/ml ia% 2ﬁ1/m1*1)*1ck1ﬁ1/m1*klfklﬁlqn/ml*kzﬁzqm/mz

1
Po 1 L B2 g 4, —ko—k —k
_( ) c 2B2/mo—ka—kaB2qaz2/m2 1[311121/7711}’

b < min{Aa(klﬂl/ml)flffﬁl,

1 B2 _ _ _ ko B2

Computing directly, we obtain

w1t = ﬂl [Sl]m_l_ klb(c—bt) klil,

mi

1 1
B1 [51]51_165—13’"1“ )

my
(W™ ) -

B1l 2112

(™), +ut [“ubee.one > s [ 5% € nag

> alc— btf)fkl(’%ll71)71“71
b1

51

> P o (e — p) R G —D k-1
miq

= Wit

and
mo p2 “ no 1 p2(B2—1
((w5=1)™), +2 [ i > (3 72> “{[SalF V),

> (Bad ) [S: ]pz(ﬁz 1)

8
> &kzbww Yo — bty ~helmg ket
ma

> Wat.

Then we have

wy < (((w}"l) P erll“ l” (&, t)dg,
(4.1)

l21§t

NN

war < (((w5?).)"
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Noting that on the boundary

1 1 1
wiala, 1) = Dhd—atr[5,)0/m =t < DLy Zgmmmtgdh (¢ — pryhatoa/mi
1 1 1 1

S Aw({ll w¢2112 .
Similarly, we have
(4.2) waz(a,t) < dwf wg.
Under the assumptions of a, b, k; and f3;, we have that for x € [0, 1],

(4.3) wi(2,0) < (d(1 +a™1) + ¢ F)A/m < 5 < o (a),

(4.4) wa(,0) < (d(1+ a7 ) + ¢ F2)P/m2 < § < ().

From (4.3)-(4.7) and the comparison principle, it follows that (u,v) > (wy, ws).
This shows that (u,v) blows up in finite time. O
Lemma 4.5. Forlss < 1, g11 < pll +1—m1 and l21g12 > [p—l1 +1—-—mq —
q11][1 — la2], the solution (u,v) of (1.1) blows up in finite time.

Proof. The proof is similar to that of Lemma 4.4. O
Lemma 4.6. For i1 < 1,105 <1, g11 < p% +1—m, g2 < p% + 1 —mo,
liglor < (1 —11)(1 = l22), liagar < [1 — 111][]%2 + 1 —me — g2, larqiz <
[p—ll +1—my —qu][l —l22] and qi2g21 < (p—ll +1-—my— Q11)(1%2 +1—mg—q22),
the solution (u,v) of (1.1) exists globally.

Proof. First, it is easy to prove that by Fact 2.1 and (B) there exist I1,l3 > 1
such that

pl(p%+1im1 7(111) q12pP2
Iy — l2 >0,
mip1 — 1 mop2 — 1
1
pz(p—2 +1—mg2— go2) g1
lo — 12> 0,
map2 — 1 mipr — 1
1-1 l
pl( 11)l1 __ Pp2t12 Iy >0,
mip1 — 1 maopo2 — 1
1-1
(4'5) p2( 22)l n2p1 I, > 0.

9 —
mop2 — 1 mip1 — 1

Denote w; = [d;(1 + J:%) + e”i(t*‘l)]migifl = [Si] mizifl,i = 1,2, where [; > 0
satisfy (4.5) and

—1 — 1 __paa -1 — _1 __ma
dyp = P T S Omara T, dy = Mab2 — = a3 QmaPiT
b1 P2
1> max{In(di (1 + a7 )) /1y, In(d2 (1 + a7 )) /I,
PL\p—1dmitdy (1+ dipra™
mipr — 1 Lt (mapy — )"
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b2 jp2 =
P2 \p,—14my d (1 dapoa™
maps — 1 loTy (map2 — )12
mip1 — 122 917511“71111)11 +717)1%)2117122172 ’amgpg — 122 9275112171222)l2+72111p211111
pily Dala
mip1 — 1 mopa — 1
L In(max ug(z)), Mep2 — 2 In(max vo(z))}.
lip1 l2p2
By the choices of dy, ds and [ we have
(4.6) S < 2eh (D g,y < 9ella(tHD),

By direct computations and (4.6) we have, for (z,t) € (0,a) x [0, 4+00),

pilly L t+1
Wy = Sy elh (),

mipr — 1
mipidi ML) a1y
wm™ — S et ,
( 1 )I (m1p1 _1)7_1 1
mip1dy _p
((@i))™), = (G ) (SR,

= (G VIR (PR T S L U N L

mip1r — 1)T1 (mlpl - 1)71

mip1di p1 amp=1 1 p1di L
_ (M@ ypgmmetlg i@t
((m1p1—1) 1) ! ( 1+(m1p1—1)7'1x1)

miprdi  \p1 gt Lo i (141) pidy
< S 2et 14+ —F—
( (mip1 — )1 ) L ( (mipr — )T )
l p1lly W ll1(t+1)
T 2mapr -1
1
=—w
2 1t
@ pilig palia
wllu/ l12 (5 t)d& [Sl]mlp171 / [SQ]mgpg Td¢
0 0
< [S]PHTT 2qet (D) el P S
< 1 mplly Sﬁ—leul(tﬂ)
-2 mip1 — 1 1
1
= §w1t7
ie.,
(47) we = ((@r)e)”) + ol [ b de,
0
Similarly, we have
(1) wa = (((5),)”) +uf [ ol (e e,
x 0

53

)



54 JIAN WANG, MENG-LONG SU, AND ZHONG-BO FANG

And
wlzlm:O = 0; w21|z:0 = Oa
Wiy = p1dy Sﬁ_laﬁfl
(m1p1 — 1)7’1 L
_ p1dy a%_lS”il:llil Snfquﬁl Spyizﬁllflf —15— o2y
(mipr — 1)1 1 2 1 2
d a%71 P24d12
> gz PLET o-5iiiiy
(m1p1 — 1)7‘1
p1(1—qun—mi)+1 P2q12
exp I — L)lI(t+1)
{l mip; — 1 maopy — 1 I }
> wiwit _di o ami L
(mlpl - 1)71
(4.9) = witwi?, z=a, t >0.
Similarly, we have
(4.10) wop > M wd?, x=a, t>0.

For x € [0,a], we have
(4.11)

wi(x,0) = [d1(1+ ZC%) + e”l]ﬁ > el T > max uo(z) > uo(z),
(4.12)

1 i P2 Ily —22
wa(x,0) = [do(1 + 272 ) + "2 m2r2=T > e ?m2r2—1 > maxvg(z) > vo(z).

From (4.7)-(4.11), we see that (wy,ws) is a supersolution of (1.1) with \, which
means that solutions of (1.1) exists globally. (]

Combining Lemmas 4.1-4.6, we see that Theorem 1.1 and Theorem 1.2 are
true.

Acknowledgements. The authors express their deepest thanks to the review-
ers and the editor for their careful reading and valuable suggestions.
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