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a-COMPLETELY POSITIVE MAPS ON LOCALLY
C*-ALGEBRAS, KREIN MODULES AND
RADON-NIKODYM THEOREM

Jaeseonc Heof, UN Cic Ji¥, AND Younag Y1 Kim

ABSTRACT. In this paper, we study a-completely positive maps between
locally C*-algebras. As a generalization of a completely positive map, an
a-completely positive map produces a Krein space with indefinite metric,
which is useful for the study of massless or gauge fields. We construct a
KSGNS type representation associated to an a-completely positive map of
a locally C*-algebra on a Krein locally C*-module. Using this construc-
tion, we establish the Radon-Nikodym type theorem for a-completely
positive maps on locally C*-algebras. As an application, we study an
extremal problem in the partially ordered cone of a-completely positive
maps on a locally C*-algebra.

1. Introduction

One of most elegant approaches to quantum field theory is the algebraic
approach, which works for massive fields as well as massless or gauge fields. In
massless or gauge fields, the state space may be a space with indefinite metric.
Motivated by this physical fact, many people extended the GNS construction
to Krein spaces. In particular, motivated by P-functional, Heo, Hong and Ji [7]
introduced a notion of a-completely positive maps as a natural generalization of
the notion of completely positive maps, and Heo and Ji [8] proved the Radon-
Nikodym type theorem which gives the one-to-one correspondence between
a-completely positive maps and their corresponding positive operators.
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A locally C*-algebra (or pro-C*-algebra) is a complete Hausdorff (complex)
topological x-algebra of which the topology is determined by the collection
S(A) of all continuous C*-seminorms on it. The notion of locally C*-algebras
was first systematically studied by Inoue [9] as a generalization of C*-algebras,
and then Phillips [15, 16] studied locally C*-algebras that are needed for rep-
resentable K-theory of o-C*-algebras. A locally C*-algebra is topologically
x-isomorphic to an inverse limit of C*-algebras. It is known that locally C*-
algebras are useful for the study of non-commutative algebraic topology, pseu-
dodifferential operators and quantum field theory [3, 4, 15].

Main purpose of this paper is to construct a KSGNS (Kasparov-Stinespring-
Gelfand-Naimark-Segal) type representation on a Krein locally C*-module as-
sociated with an a-completely positive map on a locally C*-algebra and es-
tablish a Radon-Nikodym type theorem for a-completely positive maps on
a locally C*-algebra. Non-commutative Radon-Nikodym theorems have at-
tracted a great deal of attention in operator algebras and mathematical physics.
There have been considerable works on non-commutative Radon-Nikodym the-
orems not only for C*-algebras but also for algebras of unbounded operators
[1, 6, 14, 17]. In the proofs of non-commutative Radon-Nikodym type theorems,
it is essential to find the adjoint of a bounded linear operator. However, any
bounded module map between Hilbert C*-modules need not be adjointable. To
overcome this difficulty for a Radon-Nikodym type theorem for a-completely
positive maps on a Krein C*-module, we use the construction [18] of a self-dual
Hilbert C*-module from a general Hilbert C*-module.

This paper is organized as follows. In Section 2, we recall some basic notions
of Hilbert modules over locally C*-algebras and a-completely positive maps on
locally C*-algebras. In Section 3, we introduce a notion of a Krein locally
C*-module as a generalization of a Krein C*-module and construct a KSGNS
type representation of a locally C*-algebra A associated with an a-completely
positive map. The construction leads to a .J,-representation of the locally C*-
algebra A on a Krein locally C*-module. In Section 4, we establish the Radon-
Nikodym type theorem for a-completely positive maps on locally C*-algebras.
As an application, we study an extremal problem in the partially ordered cone
of a-completely positive maps on a locally C*-algebra. Such problems for
completely positive maps on C*-algebras were studied by Arveson [1].

2. Preliminaries and notations

Let A be a locally C*-algebra of which topology is understood as following.
Let S(A) be the set of all continuous C*-seminorms on A, and then for each
p € S(A), the kernel ker(p) = {a € A : p(a) = 0} of p becomes a closed ideal
in A. Then A, = A/ker(p) is a C*-algebra with the norm induced by p. We
denote by qj the canonical map from A onto A, and by a, = qgp(a) the image
of ain A,. Since S(A) can be considered as a directed set with the order p > ¢
if p(a) > g(a) (a € A) for all p > g in S(A), there is a canonical surjective map
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dpq : Ap = Ag such that qpq(ap) = a4 for every a, € A,. Then the set
{Apvaq : Ap — Atpp > q}
becomes an inverse system of C*-algebras and the inverse limit @p A, is a
locally C*-algebra which is isomorphic to A. Let M, (A) denote the *-algebra
of all nxn matrices over A with the usual algebraic operations and the topology
obtained by regarding it as a direct sum of n? copies of A. Then M, (A) is a
locally C*-algebra and it is isomorphic to
m My, (Ap),
P

where p runs through S(.A). The topology on the locally C*-algebra M, (A) is
determined by the family of C*-seminorms {p, : p € S(A)}, where p,([a;;]) =

| lap(aij)] HMTL(.A)'

Example 2.1. We now give some examples of locally C'*-algebras and refer
[15] and its references for more examples.

(1) Every C*-algebra is a locally C*-algebra. A closed x-subalgebra of a
locally C*-algebra is again a locally C*-algebra.

(2) Let C(€2) be the set of all continuous complex-valued functions on a
compactly generated space Q. If we equip C(2) with the topology of
uniform convergence on compact subsets, then C(2) becomes a locally
C*-algebra. Thus, we see that if X is any nonempty subset of the
complex field C, then C(X) is a locally C*-algebra.

(3) The product of C*-algebras with the product topology is a locally C*-
algebra.

(4) Let A be a locally C*-algebra. The unitization A! is the vector space
A @ C, topologized as the direct sum and multiplication defined as for
the unitization of C*-algebras. Then A! is a locally C*-algebra since
Al =lim AL

A self-adjoint a € A is positive if there exists an element b € A such that
a = b*b. Note that a > 0 if and only if for every p € S(A), ap, = qp(a) > 0 in
A,. An approzimate unit for A is an increasing net {ey} of positive elements
of A such that

llealloo = sup{p(ex) :p € S(A)} <1 for all A,

and p(exa —a) — 0 and p(aey —a) — 0 for all a € A and p € S(A). The set
of all bounded elements of A is denoted by

b(A) = {a e A: |lafloc < o0},

which is a C*-algebra with the norm || - ||o and is dense in A. A morphism of
locally C*-algebras is a continuous morphism of *-algebras and an isomorphism
of locally C*-algebras is a morphism that is invertible and such that its inverse
is also a morphism. We refer [5, 9, 12, 15] for more detailed information about
locally C*-algebras.
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Definition 2.2. Let A be a locally C*-algebra, and let £ be a (complex) vector
space which is a right A-module, compatibly with the algebra structure. Then
£ is called a pre-Hilbert A-module if it is equipped with an A-valued inner
product (-,-) : &€ x &€ — A which is linear in the second variable and satisfies
the following properties:

(i) (&, &) > 0, and the equality holds only if £ = 0,

(i) (&, m) = (n,8)",

(iii) (€ na) = (§,n)a.
We say that & is a Hilbert A-module if £ is complete with respect to the
seminorms €], = p((€, €)!/2 for p € S(A).

Throughout this paper, A and £ denote a locally C*-algebra and a Hilbert
A-module, respectively, unless specified otherwise.

For any p € S(A) and N, = {€ € € : p((£,&)) = 0}, we write &, for the
Hilbert A,-module £/N, with (§+ Np)qp(a) = {a+ N, and (+ N,,n+ Np) =
a,((€,m)). We denote by Q,, the canonical map from & onto &, and &, denotes
the image Qp(§). For p > g in S(A), there is a canonical surjective map Qg :
Ep — & such that Qpq(&y) = &, for &, € &. Then {&,,Qpq : & — E4,0 > g}
is an inverse system of Hilbert C*-modules in the sense that

Qpq(§pap) = Qpq(§p)apglap) for &, € Ep, ap € Ay,
<qu(‘fp)a qu(np» = QPq(<‘£pa 77p>) for &y, mp € &p,
QuroQpg=Qpr forp>g>r.
Then the inverse limit @pe S(A) &p is a Hilbert A-module with

(&p)pes(a)(ap)pesia) = (§pap)pes(a) and
((€p)pescay, (Mp)pescay) = ((€p b)) pes(a)
and it is isomorphic to the Hilbert A-module £.

Let £ and F be Hilbert A-modules. A map T : £ — F is said to be
adjointable if there is a map T* : F — & such that (T'€,n) = ({,T*n) for all
g€ & andne F. We denote by L4(E,F) the set of all adjointable maps from
€ into F and write L 4(E) for LA(E,E). The strict topology on L 4(E) is defined
by the family of seminorms {|| - ||, ¢ : p € S(A),{ € £}, where

ITllp.e = IT€lp + 1 T7Elp-
Since T(N,) € N ={n € F : p({n,n)) = 0} for all p € S(A) and T €
L4(E,F), we can define a map (qp)« : La(E,F) = La,(Ep, Fp) by

(ap)«(T)(Qp(€)) = Q) (T(€)) (T € La(E,F),E€E),

where Q;— is the canonical map from F onto F,. We denote by 7}, the operator
(dp)«(T). The topology on L4(E,F) is given by the family of seminorms
{P}pes(a), where

(2.1) P(T) = [[(ap)« (D) = [T ]]-
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Then £ 4(€) becomes a locally C*-algebra. The connecting maps of the inverse
system {La,(Ep, Fp) : p € S(A)} are denoted by (qpg)« : La,(Ep, Fp) —
L 4,(Eq, Fy) and the connecting maps are defined as follows:

(dpa)«(T5)(Qp(€)) = Q74(T1(Qy(€)))  for p > g,

where Q;’; : Fp — Fq (p > q) are the connecting maps of a family {F,} of
Hilbert C*-modules. Then the family {£4,(Ep, Fp), (dpg )+, P > ¢} is an inverse
system of Banach spaces and the inverse limit l'glp La,(Ep, Fp) is isomorphic to
LA(E,F). See [15] for inverse limits of Hilbert C*-modules and Banach spaces.

Let A, B be locally C*-algebras and let F be a Hilbert 5-module. A con-
tinuous linear map p : A — Lp(F) is strict if for some approximate unit {ey}
of A, {p(ex)} is strictly Cauchy in Lg(F). A multiplier algebra M(A) of A is
the set of all multipliers (1,r) where I,r : A — A are morphisms of left, right
A-modules such that

al(b) =r(a)b, l(ab) =1(a)b and r(ab) = ar(b) for all a,bc A.

The strict topology on M(A) is the topology generated by the seminorms ||-{|p.q
(p € S(A), a € A) where

1L 1)[lp,0 = p((a)) + p(r(a)).

The map a — (1,,1,) is @ homeomorphism of A onto the closed ideal of M(.A)
where 1,(b) = ab and r,(b) = ba, and the image of A under this map is dense
in M(A) in the strict topology. Moreover, M(A) becomes a locally C*-algebra
(see [15, Theorem 3.14]).

Definition 2.3 (cf. [7]). A Hermitian map p : A — Lp(F) is called a-
completely positive (briefly, a-CP) if there is a continuous linear Hermitian
map « : A — A such that
(i) a? =idy, where id 4 is the identity map on A,
(ii) for any approximate unit {ey}aea for A, {a(ex)}rea is also an approx-
imate unit,
(iii) p(adb) = p(a(a)a(b)) = p(alad)) for any a,b € A,
(iv) for any n > 1, ay,...,a, € Aand &,...,&, € F,
> (& plafai) ay)g;) > 0,
ij=1
(v) for any a,az,...,a, € A, there exists a constant M (a) > 0 such that
(p(afaai) aqy)), ., < M(a) (p(afai)"a;)) .,

where (-),, ., denotes an n X n operator matrix,

(vi) there exist a strictly continuous positive linear map p’ : M(A) —
Lp(F) and a constant K > 0 such that p(a(a)*a) < Kp'(a*a) for any
ac A
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The following example shows the existence of an a-CP map which is not
completely positive on the 2 x 2-matrix algebra.

Example 2.4. Let a > 1 be a constant and let D be the set of 2 x 2 diagonal
matrices over the complex field C, i.e.,

=105 )

We define a Hermitian map a: D — D by

(5 )= e w )

For some a;,b; € R with a; > 0 (i = 1, 2), we define a Hermitian map p: D — D

by
z 0 _( aiz+ by 0
P 0 y N 0 azx +boy )

Now, we assume that a1 = a2 and a;(1 — a) = b;(1 +a) (i = 1,2). Then p is
a-completely positive, but is not completely positive. See [7] for the proof and
detailed information about a-completely positive maps.

x,ye(C}.

3. KSGNS type constructions for a-CP maps on locally C*-algebra

Let B be a locally C*-algebra and let F be a Hilbert B-module with a B-
valued inner product (-,-). Suppose that a (fundamental) symmetry J on F,
ie., J=J*=J1, is given to produce a B-valued indefinite inner product

Ema=¢Jn  (&neF).

In this case, the pair (F,J) is called a Krein B-module. Let A be a locally
C*-algebra. A representation 7 : A — Lp(F) is called a J-representation on a
Krein B-module (F, J) if w is a homomorphism of A into Lg(F) such that

m(a*) = m(a)” := Jn(a)*J for all a € A.

Bhatt and Karia [2] gave the Stinespring’s construction for locally C*-algebras
and Joita [10] generalized the KSGNS construction in the context of Hilbert
modules over locally C*-algebras.

Let p be any element in S(A). We say that a linear map 5 on A is p-
continuous if there exists a constant C, > 0 such that p(5(a)) < C, - p(a) for
all a € A. In the following theorem, we give a representation associated with
an a-CP map between locally C*-algebras, which is a generalization of our
KSGNS type representation associated to an a-CP map on a Krein C*-module
[7].

Theorem 3.1. Let A, B be locally C*-algebras and let F be a Hilbert B-module.
If p: A — Lg(F) is a strictly continuous «-CP linear map where « is p-
continuous for each p € S(A), then there exist a Krein B-module (F,,J,), a
J,-representation w, : A — Lg(F,) and an operator V, € Lg(F,F,) such that
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(i) pla) = Vimp(a)V, (so, p(a*) = Vim,(a)’»V,) for all a € A,

(i) m,(A)V,(F) is dense in F,,

(iil) Vymo(a) mp(b)V, = Vymp(ala)*b)V, for all a,b € A.
Proof. First we suppose that B is a C*-algebra as in [10, Theorem 4.6]. Since
p is continuous, there exist a C*-seminorm p € S(A) and a constant C' > 0
such that ||p(a)|] < C - p(a) for all @ € A. Thus, we can find a linear map
pp : Ap — La(F) with p, 0 qp = p. Since « is p-continuous for each p € S(A),
we have that a(a) € ker(p) for all a € ker(p). We denote by «,, the induced
map on A, from «. Then oy, : A, — A, is a hermitian map such that

2

apodp=qpoa and o, =idg,.

We claim that the map p, : A, = Lg(F) is ap-completely positive. Indeed,
forn>1,a1p,...,anp € Ay and §1,...,&, € F we have that

n n

Z<‘£u pp(ap(ai,p)*aj7p)§j> = Z<‘£la Pp (O‘p(q;u (ai)*)Q;u (aj))§j>

i=1 i=1

=3 (6 mplaplaa)a)E)

=3 (6 plala) a)e) 2 0

For all ap,b, € Ay, we obtain that
Pp (ap(a;u)ap(bp)) = Pp (QP(a(a)a(b))) = p(a(a)a(b))
= p(ab) = py (qp(ab)) = pp(apbyp).

We show that the property (v) in Definition 2.3 holds. Let ap, a1,p,...,anp €
Ap,. Then we have that

(sr(antapansranns)) = (0o, alaes) eay))

nxn nXxn

< M(a) (p(a(ai)*aj))

nxn

=M@ (poleslan )

Let p" and K > 0 be as in (vi) of Definition 2.3. We denote by M(A,) the
multiplier algebra of A,. The map q, : A — A, can be extended to a map
qp : M(A) - M(A,) since A is dense in M(A) and

M(Ap) = M(A)/ ker(]| - 1)
By the continuity of p', there is a map pj, : M(Ap) — Lp(F) such that p’ =
p;) oqp and p;) is a strictly continuous positive linear map. Hence we have that

nxn

Pp (ap(ap)*ap) = Pp (qp(a(a)*a)) = p(a(a)*a)
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< Kp'(a*a) = Kpj(apyap).
Therefore, p, is an «,-CP linear map from a C*-algebra A, into a C*-algebra
Lp(F).
By Theorem 4.4 in [7], there exist a Krein B-module (F,, J,), a J,-represen-
tation m, : A, — Lg(F,) and an operator V, in Lg(F,F,) such that
(i) pplap) = Vymp(ap)V, and so py(ay) = Vimy(a,)’»V, for all a), € A,
(i) mp(Ap)[V,(F)] is dense in F,
(iii) Vp*ﬂp(ap)*ﬂp(bp)vp =V mp (ozp(ap)*bp)vp for all ap,, b, € A,.
We define a map 7, : A — Lp(F,) by m,(a) = (mp 0qp)(a) (a € A). Then 7,
becomes a J,-representation of A on F, and we have that

pla) = (ppoap)(a) =V, my(ap)V, =V my(a)V, forac A

Furthermore, the set 7,(A)[V,(F)] = mp(Ap)[V,(F)] is dense in F,.

We assume that B is a locally C*-algebra. Since p is continuous, for each p €
S(B) there are g, € S(A) and a constant C}, > 0 such that p(p(a)) < Cp - gp(a)
for any a € A, where p is defined as in (2.1). There exists a linear map
Py Ag, = Lp,(Fp) by ppodg, = (dp)« © p, where (ap)s : L&(F) = L, (Fp)
is defined by

(ap)«(T)(Qp(&)) = Qp(T(€)) for any & € F.

Denoting by a, the induced map of A, from «, we have that ay,0qe, = qq,00.

We claim that the map p, o qq, is a-completely positive. To do this, we will
show the ag,-complete positivity of p,. Indeed, for any a1,q,,...,an,q, € Aqg,
and &1 p, ..., &np € Fp, we have that

n

Z (€pi> pp(ag, (ag,.i)" aqg,.5)8p.5) =

i=1

<QP(§1) (pp 0 g, )(alai)"a;)Qyp(&;))

<Qp(§z) (ap)«(p(e(ai)"a;))Qp(E5))

|
M: WM: ﬂM:

N
Il
-

ap (i, plalai)*a;)¢;)) > 0.

For any aq,, by, € Ag,, we obtain that

Pp(aqp (aqp)aqp (bqp)) = (ap)«(p(a(a)a(d))) = Pp(aqpbqp)-

Let ag,,a1,q,,---,0n,q, be elements in A, . Then we have that

(pp(aqp(aqpaiﬁqp)*aqpaj,qp))nxn (( 0dqg,)(a (‘mi)*‘mj))nxn
(( p)s(plalaai)*aay))), .,
M(a) ((ap)«(p(afaz)*ai))),

= M(a) (pP(QQP(a11QP) ajqu’))nxn’
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where M (a) is the positive constant in (v) of Definition 2.3. Let p' : M(A) —
L (F) be a strictly continuous positive map satisfying condition (vi) of Defini-
tion 2.3. Then we can find the map p}, : M(Ay,) — L5, (Fp) which is positive
and satisfies (qp)« o p = p}, © qq,. Then we have that

P (g, (ag,)"aq,) = (dg,)« (p(a(a)*a)) < K - Pé(aZpaqp%

where K > 0 is in (vi) of Definition 2.3. Therefore, the map p, o qq, is a-
completely positive.

By the preceding argument, there exist a Krein B,-module (F, ,Jy,), a J,-
representation 7, and an operator V, € Lg, (Fy,F,,) such that

(1) (ppoag,)(a) =V m,,(a)Vp, for all a € A,
(ii) mp, (A)[V,, (Fp)] is dense in F, ,
(iii) V mp, (@) 7y, (0)V,, =V, 7y, (a(a)*b)V,, for all a,b € A.

For p,r € S(B) with r < p, we have 7(p(a)) < p(p(a)) < Cp-gp(a) for all a € A.
We may assume that ¢, < g,. In the construction of the Krein C*-module, we
know that F, is the completion of the quotient space

AQp Qalg ]:P/ ker((" '>p)a

where ®,14 is the algebraic tensor product and

(ag, ® &p, by, ® Mp)p = <§papp(aqp (aqP)*pr)np>'
We consider the linear map Wy, : Ay, Qalg Fp — Ayq, Ralg Fr defined by

\Ppr(aqp ® &p) = Ay q- (aqp) ® Qpr(&p) = ag, ® &
Let ag,, by, € Ay, and §,,m, € F,. Then we obtain that

<\I’pr(aqp ®&p)s Upr(bg, ® 77p)>
= (44, (ag,) ® Qur (&), g4, (bg,) © Qpr (1))
= <QPT (fp), Pr (O‘qT (qQPQT (aqp )*)quqr (bqp ))Qpr (77p)>
= (Qpr (&), (ar)«(p(a(a)"0)) Qpr(np))
= <QPT (&p): Qpr (pp(ag, (aqp)*bqp)np)>
= qPT(<aqp ® &ps b, ®77p>)-

Hence V¥, induces a linear map from Ay, ®ag Fp/ ker((:,-),) into Ay, ®ag
Fr/ker({-,-),) that can be extended to a linear map, still denoted by ¥,,., from
F,, into F, . Therefore, the set {F,, , By, ¥y, 1 Fp, — Fp,,p > 7} is an inverse
system of Hilbert C*-modules.

From the proof of Theorem 4.6 in [10], we obtain the following isomorphisms

Lp(F,F,) = Lglﬁgp (Fp,Fp,) and Lp(F,) = Lglﬁgp (Fp,)s
P P
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where F, = I'an Fp,- Since ¥y, 0V, =7V, oQ, holds for every p,r € S(B)
with p > r, we have that
(Vpp)pes(zs) € @EBP(fpafpp)-

p

Since W o7y, (a) = 7, (a)o Wy, for all a € A, we obtain that (7, (a)),cs) €
@p Ls,(Fp,). The map m, : A — @p Lp,(Fp,) given by

mp(a) = (7,,(0)) e s(m)

is a continuous representation of A on F,. From the equality
((ap)s © p)(a) = (pp 0 ag,)(a) =V, 7y, (a)V,,,
we obtain that p(a) = V;7,(a)V,, where V, = (VPP)pGS(B)'
from the density of m,, (A)[V,, (Fp)] in F,, that the closure of 7,(A)[V,(F)]
is F,.
By the relation V' m,, (a)*m,, (b)V,, = V) 7, (a(a)*b)V,, (a,b € A), we
have that

Moreover, it follows

Vinp(a) m,(b)V, = (Vp”; Tp, (a(a)*b)V,

o =V m,(aa)*b)V,.

Pp)peS(B) p
Since 7,, is a J,-representation of A, we also have that

Tp(a”) = (mp, (a*))pes(zs) = (mp, (a)Jp)pes(B) = mp(a)”,

which implies that 7, is a J,-representation. O

The quadruple (F,, J,, 7,, V,) satisfying (i) and (iii) in Theorem 3.1 is called
the Krein quadruple associated with an a-CP map p. If, in addition, (ii) is
satisfied, then such a quadruple is said to be minimal. The following theorem
says that such a minimal quadruple is unique up to unitary equivalence.

Theorem 3.2. Let A, B, F and p be as in Theorem 3.1 and let (F,, J,, 7y, V)
be the minimal Krein quadruple. Suppose that F' is a Hilbert B-module and
W e Lp(F,F'). If 7 : A — Lp(F') is a continuous J,-representation such
that

(i) pla) = W*n(a)W for all a € A,
(i) m(A)[W(F)] is dense in F',
(iii) W*m(a)*m(b)W = W*n(a(a)*b)W for all a,b € A,
then there exists a unitary operator U € Lg(F,, F') such that
W =UV, and n(a) = Un,(a)U*  for all a € A.

Proof. The proof is the same as that of [10, Theorem 4.6], so we omit it. O
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4. Radon-Nikodym type theorem for a-completely positive maps

In this section we prove the Radon-Nikodym type theorem for a-CP maps
on locally C*-algebras, which may regarded as a generalization of the results in
[8]. In the proof of non-commutative Radon-Nikodym type theorems concerned
with Hilbert space structure, it is essential that a bounded linear operator on
a Hilbert space has an adjoint. However, any bounded module map between
Hilbert C*-modules need not be adjointable. To overcome this difficulty for
a Radon-Nikodym type theorem, we use a construction of a self-dual Hilbert
C*-module from a Hilbert C*-module, which is similar to that in [18]. A Radon-
Nikodym type theorem for completely positive maps on locally C*-algebras can
be found in [11], whose proof is similar to ours for a-CP maps.

Throughout this section, we assume that A is a locally C*-algebra and F
is a Hilbert C*-module over B. We denote by F# = Homg(F,B) the set
of all bounded B-module maps of F into B. Then F# naturally becomes
a right Banach B-module with the (canonical) action of B on F# given by
(T - b)(€) = b*T(€). Note that each £ € F gives rise to the map £# € F#
defined by £#(n) = (&,n) for n € F. Since the map ¢+ : F — F# given by
(&) = €% is an isometric B-module map, we can regard F as a submodule of
F7# by identifying with «(F). We call F self-dual if F = F#, that is, every
bounded B-module map T : F — B is of the form ({r,-) for some element
&r e F.

For reader’s convenience, we review some results about self-dual Hilbert C*-
modules, see [13] for more details. Let £ be a Hilbert B-module. In the case of
a von Neumann algebra B, the B-valued inner product on £ extends to E# x £#
in such a way as to make £7 into a self-dual Hilbert B-module. Furthermore,
any bounded B-module map T : £ — F extends uniquely to a bounded B-
module map T:% 5 F# I Eis self-dual, then Bg(€, F) = Lp(E, F), where
B (&, F) is the space of all bounded B-module maps of £ into F. In particular,
we have that Bg(€) = Lz(E). We briefly review a construction of a self-dual
Hilbert C*-module from given Hilbert C*-module. We refer [18] for a detailed
information of the construction.

Let B** be the enveloping von Neumann algebra of B and let F be a Hilbert
B-module. The algebraic tensor product F ®,1,B** becomes a right B**-module
with the multiplication (£®a)b = £®ab. If we define a B**-valued inner product
[-,-] on F® B** by

do&®aiy @b =3 > ai(& )b,
i=1 j=1 i=1 j=1
then (F ®alg B**)/ ker[-, -] becomes a pre-Hilbert B**-module containing F as

a B-submodule, since the map & — £ ® 1 + ker[-, ] is isometric. Let F be the
Hilbert C*-module completion of (F ®aig B**)/ ker[-, -] with respect to the norm

~ ~

induced by [-,-]. We denote by F the self-dual Hilbert B**-module (F)#* (see
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[13, Theorem 3.2] for the self-duality of F). We will consider F as embedded
in F without making distinction.

Remark 4.1. Now, we recall the unique extension of operators in Bg(&,F) or
Bg(F, F#) to operators on a self-dual Hilbert module as follows;

(1) For each T in Bg(€, F), we have the inequality
Y T&®any Té@a d G®a, Y Goal
i=1 i=1 7 i=1 i=1

SO that T can be extended uniquely to a bounded B**-module map T
from € into F. Then by [13, _Proposition 3. 6], T extends uniquely to
a bounded B**-module map T from & to F with | T| = || T|. Indeed,

L\ )

we first consider the map ()" F — & defined by ((7)%(0))(¢) =

[C,fﬂﬁ, (C€F, £ €&). We define a map T = (T ) ) € = F by
(D)) = [ (D)l ek ceF).

Let £, F and H be Hilbert C*-modules over B. Then we have that

ST = ST for all T € Bg(E,F) and S € Bs(F,H) and that (T) e

it T e Lg(E,F).

(2) For any T € Bg(F,F*), we can naturally extend to an element T €
B+« (F,F) as follows:

T (Z &® ai>
=1

Hence we extend it again to an element T = (T)u € By (f ).

<)

Zm@bj Zza bj.
j=1

=1 j=1

We refer [18] for more details of these two extensions.

Let (F, J) be a Krein C*-module over B. We extend J to J on the algebraic
tensor product F ®a1e B** as follows:

j(Zfi ®ai> = ZJ(&) ® a;.
i=1 i—1

If the pair (F,J) is a Krein B-module, then the indefinite inner product [, ] 7
on F ®alg B** defined by

[F,G); = [F f(G)} ., FGeFaB”

gives the Krein B**-module structure. Then the pair (F,J) becomes a Krein
B**-module. Moreover, we can easily see that the induced map J by J is again

a (fundamental) symmetry on F and so (F,J) becomes a Krein B**-module.
From the construction of above extensions, we obtain that any J-representation
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m of A on a Hilbert B-module F induces a j—/r\e/presentation 7 of A on a self-
dual Hilbert B**-module F given by 7(a) = 7(a). Hence an a-CP linear map

p from a C*-algebra A to a Lg(F) induces a J,-representation 7, of A on a
self-dual Hilbert B**-module ./7};.

Now we extend the results in [8] and [18] for a strictly continuous a-CP
map from a locally C*-algebra A into a C*-algebra B. In the remaining of this
section, we assume that « is p-continuous for each p € S(A).

We denote by a-CP(A, F) the set of all strictly continuous a-CP maps of A
into Lg(F). We define a partial order < on a-CP(A, F) as follows:

01 < o <= P2 — @1 € a-CP(A, .7:) for ¢1, o € a—CP(A, .7:)
Let (Fi, Ji, i, Vi) (i = 1,2) be minimal Krein quadruples associated with ¢; €
a-CP(A, F), which is constructed in Theorem 3.1.

Theorem 4.2. If ¢1,¢2 € a-CP(A, F) with ¢1 < ¢2, then there is a bounded
B-module map S from Fo into F1 such that SVo =Vi, SJy = J1.S and
Sma(a) = mi(a)S for all a € A.

%oreover,NS extends uniquely to a bounded B**-module map S from F> into
F1 with ||S]| = ||S]|-
Proof. By Theorem 3.1, there exist a Krein B-module (F;, J;), a J;-represen-
tation m; of A on F; and an operator V; € Lz (F,F;) such that

bila) = Vimla)Vi and Vim(a) m(b)Vi = Vomala) b)Vi (i = 1,2).
We define a bounded B-module map S : Fo — F1 by
(4.2) S(ma(a)Val) =m(a)Vi& (a€ A, £€F).
Since ¢1 < ¢, it immediately follows from the definition that ||S|| < 1. Tt is
easy to see that SV = V;, SJo = J1S and Sma(a) = m1(a)S for all a € A (see
the proof of [8, Lemma 3.3] for more details). Hence, we can extend S to a
bounded B**-module map S from Fy ®a1g B** into F1 ®a1g B**. Moreover, S
maps ker[, ]2 into ker[-,-]; since ¢1 < ¢o. By continuity, we extend S again
to a bounded B**-module map, still denoted by S, from F; into F;. By [13,
Proposition 3.6], S is uniquely extended to a B**-module map S from F3 into
Fi. O

Let T = (§)*§ If we extend o to mo as a j;—representation of A on j-'vg,
then

Tma(a) = m3(a)T and a(a) = ,I};*T%E(a)f/; for all a € A.

Indeed, we obtain from the equation (4.2) that S73(a) = 71(a)S for all a € A,
which also implies (S’)*%vl(a) = T2(a) (S)* for all @ € A. Thus, we can easily
get Tma(a) = m2(a)T. Moreover, we have that for all a € A

Vi Tws()Vs = V3 (8)" S7a(a)Va = ' (8)'71(a)3Vs = 61 ().
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For any ¢ € a-CP(A, F), we denote by mg(A)" the commutant of 74(A) in
Lp+(Fy). If a self-adjoint operator T' € m,(.A)" commutes with J, and if
%*Tﬂ(a)%|f € L(F) forallac A,

then the restriction of T' to Fy is a B-module map T‘}_¢ from Fy into ff.
Indeed, for all a,b € A and &, 7 € F, we have that

(Trg @)V, mo (0)Vgn) = (T74(a) Vit 7o () Vo)
= (& V5 TR (ala) B)Von)
which implies that (T'mg(a)Veé, ms(b)Vgn) € B since the set mg(A) [Vy(F)]
spans a dense submodule of F,. Therefore, the range of the restriction T| 7, is
in ff.
Let C*(¢, F) be the C*-subalgebra of Lg«= (./7};) generated by
{T € T(A) : Ty = J,T and V, Trgp(a)Vy| , € CB(}')} .

Let (Fy,Jp,mp,Vy) be a minimal Krein quadruple associated with ¢ € a-
CP(A, F) which is constructed in Theorem 3.1.

Proposition 4.3. If T € C*(¢,F) is a positive operator, then the linear map
or : A— Lp(F) defined by

¢r(a) = Vy Tmg(a)Vel 5
is a strictly continuous a-CP map from A into Lg(Fy). If T < I]f_.;, then
or < 9.

Proof. In the same way as in the proof of [8, Proposition 3.1], we can prove
that ¢ is a-CP, so that we omit its proof. Also, we can easily see that T' < I]’_:;

implies ¢ < ¢. We only need to show that ¢ is strictly continuous. Let {ey}
be an approximate unit for A. For any £ € F we have that

lor(ex = orle)él = ||V T[Faler) = Falen)] Vi |

= H%TH [T (ex) — mo(e,)] Vi -

Since the net {my(ex)Vs} is Cauchy in Fy, {¢r(er)} is a strictly Cauchy net.
This completes the proof. O

For any ¢ € a-CP(A, F), we introduce two sets as follows:
[05 ¢]a = {1/} € Q_CP(Aa ‘F) : 1/} S ¢}a
0,1]g ={T € C*(¢, F) : 0<T < I },

where (Fy, Jp, Ty, Vy) be a minimal Krein quadruple associated with ¢. We
now consider the map T +— ¢p from [0, ]y to [0,¢]n. Then it is not hard to
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show that the map is affine. To show the injectivity, let T € [0, 1], such that
¢ = 0. Then we have that

Vy T7g(a)Vy| - =0 forallac A,

which implies that 0 = (T'mg(a) V€, my(b)Vyn) for any a,b € A and &,n € F.
Since the set {my(b)Vyn : b € A,n € F} spans a dense submodule of Fy, we
have that T‘J__¢ =0 and so T'= 0. In fact, since T‘}_¢ € Bg(f¢,ff), by (2) in

Remark 4.1, it can be extended to an element T‘}.qb € Bp== (j-';, .ﬁ) with

Ty (Somon)] (Sswen ) =33 u [l @] aom

i=1 j=1
for any z;,y; € Fg¢ and a;,b; € B with 1 <7 < n,1 < j < m. From the
equality

(7], @) (u3) = (T((@i @ Is)#)) (95 © Ls--)
= (T((w: ® Ip==)*), (y; © Ip=)¥),

we obtain that
n n #
() (o)
i=1 i=1

— . —
Hen(fthe map 7:|\f¢ can be extended to T|f¢ = (T|}_¢) in B« (Fp). For any
T € Fy and ¢ € Fy, we have that

()" ) © = (= T ©) = 7))
= (T*(1), ¢*) = (T*(")(©),
which means that 7/:’\]_.: = T*. Hence, if T’]_.¢ =0, then T7* =0 and so T = 0.
Theorem 4.4. Let ¢ € a-CP(A, F). Then the map T — ¢r is an affine order
isomorphism of [0, I]g onto [0, @]q.

Proof. We have already proved that the map T +— ¢r is affine and injective.
Now, we prove that the map is onto, i.e., each element ¢ € [0, ¢],, is of the form
1 = ¢p forsome T' € [0, I]4. Let (Fy, Jy, Ty, Vip) be a minimal Krein quadruple
associated with ¥. By Theorem 4.2, there exists a bounded B-module map S
from Fy to Fy such that

Moreover, S extends uniquely to a bounded B**-module map S from ./7; to
Fyp with ||S]| = ||S||. By defining T := 5*S, we have that 0 < T < Iz . The
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preceding argument before Proposition 4.3 shows that the operator T' commutes
with J, and 7y (a) for all a € A. Therefore, we have that

Vy Trg(a)Vi = Vi 8" Stp(a)Viy = Vi §*7(a) SV, = Vi 7y (a) Vi,
this implies that
or(a) =V TTh(a)Vy| - = ¥(a)| = ¥(a) € Ls(F)

for all a € A and so ¢ = ¢r. Thus, the map T — ¢ from [0, ], to [0, ¢]s is
surjective. We can also see that ¢, < ¢r, whenever Ty < Ty in C*(¢, F), s
that the map preserves the order relation.

An element ¢ € a-CP (A, F) is said to be pure if for every ¢ € a-CP(A, F),
1 < ¢ implies that 1) is a scalar multiple of ¢. Equivalently, ¢ € a-CP(A, F)
is pure if the only possible decompositions of ¢ are of the form ¢ = ¢1 + o
(¢; € a-CP(A, F)) when each ¢; is a scalar multiple of ¢.

Corollary 4.5. Let ¢ € a-CP(A,F) be unital. Then ¢ is pure if and only if
[0, 1] only consists of scalar multiples of I, .

O o

Proof. We give the proof by a modification of the proof of Corollary 3.5 in [8].
We first assume that ¢ € a-CP(A, F) is not pure, that is,

¢ =Ap1+ (1 — N for some 0 < A < 1,
where ¢1,¢2 € a-CP(A, F) with ¢1 # ¢a. Let (Fy, Jp,Ts, V) be a minimal
Krein quadruple associated with ¢ € a-CP(A, F). Since ¢ — A1 = (1 — A)¢o is
in a-CP(A, F), we have the inequality A¢; < ¢, that is, A1 € [0, #],. Hence,
by Theorem 4.4, there is T € [0, I], such that A¢1 = ¢r. Moreover, since ¢ is
not pure, A¢; is not scalar multiple of ¢. Thus T is not scalar multiple of I 7

Conversely, assume that [0, ] contains 0 < T' < Iz which is not a scalar
multiple of 1 7 For any 0 < A < 1, we define two linear maps ¢; and ¢- from
A into L (F) by
B1(a) = A1V, TRa(a) Vs .

Baa) = (1= N7, (e~ D@V
Then it follows that ¢1,¢p2 € a-CP(A, F) and ¢ = A1 + (1 — N)¢a. Since T is

not a scalar multiple of I 7 the map ¢ is not pure. O

From now on, let A be a unital locally C*-algebra. For a fixed positive
operator P € Lg(F), we denote by a-CP(A, F; P) the set of ¢ in a-CP(A, F)
such that ¢(14) = P. We can get the following theorem about extreme points
by modifying the proof of Theorem 3.8 in [18] and we also refer [1, Theorem
1.4.6] for a similar result.

Theorem 4.6. Let ¢ € a-CP(A, F; P). The followings are equivalent:
(i) the map ¢ is an extreme point in a-CP(A, F; P);
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(ii)) T — %*T%b: is a one-to-one mapping from [0,1]y into Lg(F);
(i) T — %*T% is a one-to-one mapping from C* (¢, F) into Lg--(F).
Proof ( ) = (iil) We assume that ¢ is an extreme point in a- CP(.A F; P) and

V¢ TV, = 0 for some T € C*(¢, F). Since the map T V¢ TV, preserves
adjoint, we can assume that T is self-adjoint. Choose positive real numbers
1, A such that

3
ZI~ <l + Mg, < 1z
If we put W = pT + A1 7 then we have that
Vo WV = Vs TV + AV Vg = AP,
so that iP < A\P < %P. This implies that 0 < A < 1. If ¢; and ¢ on A are
defined by
1(a) = Vo Wig(a)Vy| . and  gs(a) = Vi (I = W)T5(a)Vs) 1,
then we have that ¢ = ¢ + ¢2 and that A=t¢1, (1 —\)"Lee € a-CP(A, F; P).
Since ¢ is an extreme point in a-CP(A, F; P), we have that
Al =(1-N) "=
The equality ¢1 = A¢ implies that ‘A/;*Wﬂ(a)f/; = A%*ﬂ(a)% for all a € A.
Hence we obtain from Theorem 4.4 that W = )\I}.;, so that T'= 0.
(iii) = (ii) Suppose that the map T ‘A/:;Tf/; is injective on C*(¢, F). To
show the injectivity of the map T +— ‘A/;*Tf/:q F, we assume that
\A/;*T%h- =0 for some T € [0,1].

Since %*T/V:H; is an operator in Lz (F), by the construction (1) in Remark 4.1,
we can easily see that ‘A/;*Tf/; is the unique extension of ‘A/;*Tf/a F. Therefore,
we have that ‘A/;*Tf/; = 0, which implies that 7" = 0.

(ii) = (i) Suppose that the map T — f/\;*Tf/;b: is injective on [0,I]y. For
any ¢1,¢2 € a-CP(A, F; P), let ¢ = Ap1 + (1 — N)¢a with 0 < XA < 1. Since
¢ > A1 in a-CP(A, F), there exists an operator Ty € [0, 1], such that

A1 (a) = %*Tlfr;(a)f/; for all a € A.

Hence we have that /\f/\d:*f/; =\P = )\E(lA) = ‘A/;*Tlf/\;, which implies that
T = )\I}.;. Therefore, we have that ¢1 = ¢ and ¢o = ¢. (I

Lemma 4.7. Let ¢ €a-CP(A, F) with the minimal Krein quadruple (Fy, Jy,
T, Vp). If S is in the commutant ¢(A)’, then there exists an operator T €
o (A) such that

TJy=JsT, TVy=VsS, ViT=SV].
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Proof. The proof is a slight modification of the proof of [1, Theorem 1.3.1], but

we sketch a proof for the reader’s convenience.
Leta; € A, § € Fwithi=1,...,n. We see that

> mola) Vil
1=1
Fn)

and Vs, = I, ® Vg with the

> mo(ai)VeSé
i=1

Now let 7, =C"® F, S, = I, ® S € Lp(
identity I, in C". We denote by 74 »

<[]

mplar) mplaz) -+ my(an)
7T¢,n =

Then V7% , 70 Ven € L5(Fn) has the operator matrix (Vg (a;)* g (a;) V)
which commutes with S’. If we put 2, = & @ -+ - ® &, € F,, then we have that
2

<IsJ?

2

> mola)Veli

i=1

> molai)ViSé;
i=1

The operator T : Y"1 | my(a;i)Ve&i — iy me(a;)VpSE extends uniquely to
an adjointable operator on Fy and T'Jy = J4T'. By taking a = 14, we obtain
that TVy§ = VuS¢ and ViTrg(a)Veé = SVjimy(a)Ve€, which implies that
V3T = SVj. Moreover, T' commute with mg(A). O

The following corollary is a generalization of Corollary 1.4.7 in [1].

Corollary 4.8. Let ¢ be an extreme point of a-CP(A, F; Ix) with the minimal
Krein quadruple (Fg, Jp, 74, Vy) and let Z be the center of A. Assume that
d(2) Co(A) and Jy € mp(Z)'. Then ¢(az) = pla)p(z) for anya € A,z € Z.

Proof. Since ¢ € a-CP(A, F;1r), we have that V'V, = ¢(1a) = Ir. Thus,
Vi is an isometry and V,, V" is a projection in L(Fy). For any z € Z, we have
o(z) € ¢(A)'. By Lemma 4.7, there exists T' € my(A)" such that T'J, = J4T,
TVy = Vyd(2) and V;T = ¢(2)V;. Hence we have that

(4.3) TV,V; = Vsd(2)Vi = VViT.
On the other hand, it follows from assumption that m4(z) € m4(A) and
7(2)Jp = Jyme(2). Hence, we can easily see that m4(z) € C*(¢, F). Moreover,

by Theorem 4.6 we have that V;m;(2)Vy = ¢(2) = V;TV,, which implies that
T4(z) = T. Then, by (4.3), T5(z) commutes with %\7;*, and then

plaz) = Vo my(a)me(2)Ve = Vo m4(a)VoVy m4(2)Vs = d(a)d(2).
Hence we get the equality ¢(az) = ¢(a)p(z) for a € A and z € Z. O
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