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Abstract

In this paper, we investigate the properties of fuzzy Galois (dual Galois, residuated, and
dual residuated) connections in a complete residuated lattice L. We give their examples.
In particular, we study fuzzy Galois (dual Galois, residuated, dual residuated) connections
induced by L-fuzzy relations.
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1. Introduction

A Galois connection is an important mathematical tool for algebraic structure, data analysis,
and knowledge processing [1-10]. Hajek [11] introduced a complete residuated lattice L that
is an algebraic structure for many-valued logic. A context consists of (U, V, R), where U is a
set of objects, V' is a set of attributes, and R is a relation between U and V. B€lohldvek [1-3]
developed a notion of fuzzy contexts using Galois connections with R € LX*Y on L.

In this paper, we investigate properties of fuzzy Galois (dual Galois, residuated, and dual
residuated) connections in L and give their examples. In particular, we study fuzzy Galois
(dual Galois, residuated, and dual residuated) connections induced by L-fuzzy relations.

Definition 1.1. [11, 12] An algebra (L, A,V,®,—,0,1) is called a complete residuated
lattice if it satisfies the following conditions:

(Cl) L = (L,<,V,A,1,0) is a complete lattice with the greatest element 1 and the least
element 0;

(C2) (L,®,1) is a commutative monoid;

C) xo0y <L ziffa <y — zfora,y,z € L.

Remark 1.2. [11, 12] (1) A completely distributive lattice L = (L, <,V,A = ®,—,1,0) is

a complete residuated lattice defined by

x%y:\/{zhc/\zgy}.

In particular, the unit interval ([0,1],V,A = ©®,—,0,1) is a complete residuated lattice
defined by

:c—)yz\/{z|x/\z§y}.

(2) The unit interval with a left-continuous t-norm ®, ([0, 1], V, A, ®, —,0,1) , is a complete
residuated lattice defined by
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ac—)y:\/{z|ac®z§y}.

In this paper, we assume that (L, A, V,®, —,0, 1) is a com-
plete residuated lattice with the law of double negation, i.e.,

a = a** wherea = a — 0.

Lemma 1.3. [12] For each z,vy, z,x;,y; € L, we have the
following properties.

) Ify <z (zoy) <
z—=x<y— .

(x©®z2),r >y <z — z and

Q) z0y<zAy<aVy.

3) 2= (Nier %) = Nier(z = y;) and (V;p
Nier (@i = y).

4) x— (Vier vi) > \/ier(x — Yi)-

&) Nier=i) >y > Vier(zi = 9).

6) (z0y) mz=2x—>(y—=2)=y— (z = 2).

Ti) >y =

(7 $®($_>y)<y,$—>y§(y—>z)—>(a:—>z),and

(8)y§x—>(x®y)andx<(m—>y) Y.

9 zr—oy<(xez)— (yo2).

(10) (x =) O (y = 2) <z — 2

1) z =y =1iffz <y.

12) x »y=y* — z*.

13) (zoy)=z—y*=y—zandzr > y=(zOy*)*"
(14) Nier 77 = (Viep i)™ and Vep 27 = (Ajer i)™
Definition 1.4. [4, 7] Let X denote a set.
X x X — Lis called:

A function ex :

(E1) reflexiveif ex(z,2) = 1forallz € X,

(E2) transitive if ex(z,y) © ex(y,2) < ex(z,z), for all
z,y,2 € X, and

(E3) ifex(z,y) = ex(y,z) =1, thenz = y.
If e satisfies (E1) and (E2), (X, ex) is a fuzzy preorder set. If e

satisfies (E1), (E2), and (E3), (X, ex) is a fuzzy partially order
set (for simplicity, fuzzy poset).

Example 1.5. (1) We define a function

x:LXxILX 5L

as

erx(A,B) = )\ (Ax) = B(x)).

rzeX
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Then, (L,
).

erx ) is a fuzzy poset from Lemma 1.3 (10,

(2) If (X,ex) is a fuzzy poset and we define a function
ex (z,y) = ex(y,z), then (X, ex') is a fuzzy poset.

2. Fuzzy Connections and Relations in Complete
Residuated Lattices

Definition 2.1. Let (X, ex) and (Y, ey ) denote fuzzy posets
and f: X - Y and g : Y — X denote maps.

(1) (ex, f,g,ey) is called a Galois connection if for all x €
X,yeY,

ey (y, f(z)) = ex(x,9(y)).

(2) (ex, f,g,ey) is called a dual Galois connection if for all
reX,yey,

ey (f(x),y) = ex(9(y), ).

(3) (ex, f,g,ey) is called a residuated connection if for all
reX,yey,

ey (f(x),y) = ex(z,9(y))-

4 (ex, f,g,ey) is called a dual residuated connection if
forallx € X,y €Y,

ey (y, f(x)) = ex(9(y), z).

(5) f is an isotone map if ey (f(z1), f(z
for all z1, 29 € X.

2)) > ex(z1,72)

(6) f is an antitone map if ey (f(x1), f(x2)) > ex(z2,21)

for all 1,29 € X.
(7) fisanembedding mapifey (f(x
for all z1, 29 € X.

1), f(z2)) = ex(z1,22)

If X =
(ex, f,g,ev). (X, (ex, f,g)) is called a Galois (resp. residu-

Y and ex = ey, we simply denote (ex, f,g) for

ated, dual Galois, and dual residuated) pair.

Remark 2.2. Let (X,ex) and (Y, ey) denote a fuzzy poset
and f: X - Y and g : Y — X denote maps.

(D) (ex, f,g,ey)is a Galois (resp. dual Galois) connection
iff (ey, g, f,ex) is a Galois (resp. dual Galois) connec-
tion.
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(2) (ex, f,qg,ey) is a Galois (resp. residuated) connection
iff (e, f,g,e5") is a dual (resp. dual residuated) Galois
connection.

(3) (ex, f,g,ey) is aresiduated (resp. dual residuated) con-
nection iff (e;,l,g, /s e;{l) is a residuated (resp. dual
residuated) connection.

4) (ex, f,g,ey) is a Galois (resp. dual Galois) connection
iff (ex, f, 9, 6;1) is a residuated (resp. dual residuated)
connection.

() (ex, f,g,ey)isaresiduated connectioniff (ey, g, f, ex)

is a dual residuated connection.

Theorem 2.3. Let (X, ex) and (Y, ey ) denote a fuzzy poset
and f : X - Y and g : Y — X denote maps.

() (ex, f,g,ey) is a Galois connection if f, g are antitone
maps and ey (y, f(9(y))) = ex (z,9(f(2))) = 1.

(2) (ex, f,g,ey) is a dual Galois connection if f, g are anti-
tone maps and ey (f(9(y)),y) = ex(9(f(z)),z) = L.

(3) (ex, f,g,ey) is a residuated connection if f, g are iso-
tone maps and ey (f(9(y)), y) = ex(x,9(f(2))) = 1.

4) (ex, f,qg,ey) is a dual residuated connection if f, g are

isotone maps and ey (y, f(g(y))) = ex(g9(f(z)), )
1.

Proof. (1) Let (f, g) denote a Galois connection. Since

ey(yv f(l.)) = eX(xag(y))a

we have

1 =ey(f(z), f(z)) = ex(z,9(f(x)))

and
ey (y, f(9(y))) = ex(9(y),9(y)) = 1.

Furthermore,

ey (f(z1), f(z2)) = ex (w2, 9(f(21)))

(w2, 21) ® ex(z1,9(f(21)))

ex
ex(xa,x1).

vV

= ey (y2, f(g(y1)))
> ey (y2,y1) © ey (y1, f(g(y1)))
= ey (Y2, Y1)-

ex(9(y1), 9(y2))
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Conversely,

ey (y, f(z)) > ey (y, fg(y)) © ev (f(g(y)), f(x))
), f(x))
> ex(w,9(y))

Similarly, ey (y, f(z)) < ex(z,g(y)).

(2) Since ey (f(x),y) = ex(9(y), x), we have

L= ey (f(z), f(x)) = ex(9(f(2)), )

and
ey (f(9()),y) = ex(9(y), 9(y)) = 1.

Furthermore,

ey (f(z1), f(z2)) = ex(9(f(z2)), 21)
ex(z2,21) © ex(g9(f(22)), 72)

ex(z2,21).

v

ex(9(y1),9(y2)) = ex(f(g(y2)), y1)
> ey (y2,91) © ey (f(9(y2)); y2)
= @Y(yQayl)'

Conversely,

Similarly, ey (f(z),y) < ex(9(y), z).

(3) Since ey (f(x),y) = ex(x, g(y)), we have

1= ey (f(z), f(z)) = ex(z,9(f()))

and
ey (f(9(y)),y) = ex(9(y), 9(y)) = 1.

Furthermore,

ey (f(z1), f(z2)) = ex (w1, 9(f(22)))

© ex (z2,9(f(22)))

2 (xlaxQ

)
= ex(71,72).

ex(f(9(y1)), y2)
ey (y1,y2) © ey (f(9(y1)), y1)
ey (Y1, y2)-

ex(9(y1),9(y2)) =

\Y]
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Conversely,

Moreover,

ex(z,9(y)) > ex(z,9(f(x))) ©@ex(g(f(z)), 9(v))

(4) Tt is similarly proved as (3).

Example 2.4. Let X = {a,b,c} denote asetand f : X — X
denote a function as f(a) = b, f(b) = a, f(c) = c. Define a
binary operation ® (called Lukasiewicz conjunction) on L =
[0,1] using

@y =max{0,z +y— 1},

x—y=min{l —z+y,1}.

(1) Let (X = {a, b, c}, e1) denote a fuzzy poset as follows:
a b c
a 1.0 06 0.5

€1 =
b 0.6 1.0 05
c 07 0.7 1.0

Since e1(z,y) = e1(f (), f(y)),
ei(z, f(f (@) = ea(f(f(2)), 2) = 1,

then, (e1, f, f) are both residuated and dual residuated
connections. Since 0.7 = e;(c,a) £ e1(f(a), f(c)) =
e1(b, ¢) = 0.5, f is not an antitone map. Hence, (e, f, f)
are neither Galois nor dual Galois connections.

(2) Let (X = {a, b, c}, es) denote a fuzzy poset as follows:

a b c
a 1.0 06 0.5
€g —
b 06 1.0 0.7
c 0.7 0.5 1.0

Since e(z,y) = e2(f(y), f(2)),
ea(z, f(f(2))) = ea(f(f(2)), 2) = 1,

then, (ea, f, f) are both Galois and dual Galois con-

www.ijfis.org

nections. Since 0.7 = ea(c,a) € ea(f(c), f(a)) =
ea(c,b) = 0.5, f is not an isotone map. Hence, (ez, f, f)
are neither residuated nor dual residuated connections.

Definition 2.5. Let R € LX*Y denote a fuzzy relation. For
each A € LX and B € LY, we define operations R~1(y, z) =
R(z,y) and F,Gr, Hr,Ir, Jr,Kr : LY — LX as follows:

Fr(B)(z) = N (R(z,y) = B(y)),

yey

Gr(B)(z) = )\ (Bly) = R(z,y)),

yeyYy

V (B(z,y) © B(y)),

yev

Ir(B)(z) = \/ (R*(z,y) © B*(y)),

yev

N\ (R(z,y) = B*(y)),

yey

V (R(z,y) © B*(y)).

yeV

Hr(B)(z) =

Jr(B)(x) =
Kr(B)(z) =

Theorem 2.6. Let R € LX*Y denote a fuzzy relation. For
eachAc LX and Be LY,

(1) Hr(B) = (Fr(B"))". Zr(B) = (G(B"))".

2) Gr(B) = Fre(B*), (Tr(B))* = Fa-(B) = Gu(B").

(3) Hpi(Fr(B)) < Band A < Fr(Hp1 (A)).

(4) B < Fp-1(HRr(B)) and Hr(Fr-1(A4)) < A.

(5) A< Gr(Gr-1(A)) and B < Gr-1(Gr(B)).

(6) A< Jr(Tr-1(A)) and B < Jp-1(Tr(B)).

(7) Zr(Zr-1(A)) < Aand Ip-1(Zr(B)) < B.

®) Kr(Kr-1(4)) < Aand Kr-1(Kr(B)) < B.

9) F,Hpr: (LY, epv) — (L, epx) are isotone maps.
(10) Gr,Zr, Jr,Kr : (LY ,ery) — (L, epx) are antitone

maps.

Proof. (1) From Lemma 1.3 (13,14), we have
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2

= Nyex (R*(z,y) — B*(y) by Lemma 1.3 (12))
= /\ )

= Gr(B)(x).

(Vyex (B (z.9) © B*())
Avex (R*(z,5) = B(y)
Nyex(B*(y) = R(z,y))

v

Fr-(B)(x)
Gr(B) ().

(3) From Lemma 1.3 (7), we have

H

r-1(Fr(B))(z)
=Vyex (B (z,y) © Fr(B)(y))
= VyEX(R(y .%') © /\zGX( (y Z) B( ))
< Vyex Ry, x) © (R(y, z) — B(x)) < B(x).
From Lemma 1.3 (8), we have
Fr(Hp-1(A4))(z)
= Nyex (R(@,y) = Hr-1(A)(y))
= /\yeX(R(xvy) — \/zEX(Ril(ya Z) - A(Z))
2 Nyex (R(z,y) = (R(z,y) © A(z)) > A(z)

(4) From Lemma 1.3 (8), we have

Gr(Gr-1(4))(x)

Nyex (Gr-1(A)(y) = R(z,y))
Nyex(Noex(Alz) = R7H(y, 2)) = R(z,y))
Nyex (Alx) = R(z,y)) = R(z,y))

A

VoIV IE

(6)

AV AV |
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@)

)
z,y) © (Zr-1(A4))*(y))

m,y) © /\zEX(R*il(ya Z) — A(Z)))
2,y) © (R*"(y,2) = A(2)))

= Nyey (B(z,y) = B(y))

) = (R(z,y) = B(y)))
. (by Lemma 1.3 (7))

Qﬁ
—_ =

Hr(A)(z) = Hr(B)(z)

R(z,y) © A(y)) = V ey (R(z,y) © B(y))
(R(z,y) © A(y)) — (R(z,y) © B(y)))
A(y) — B(y)). (by Lemma 1.3 (9))

VA
=> > <<
m
/-\i\/-\

= (Bly) = R(fﬂ ) = Nyey (Aly) = R(z,y))
> Nyey (B(y) = R(z,y)) — (A(y) = R(z,y)))
> Ayey (Aly) = B(y)). (by Lemma 1.3 (7))

Zr(B)(z) = Ir(A)(x)

R*(z,y) © B*(y)) = V, ey (R (z,y) © A™(y))
(R*(z,9) © B*(y)) = (R*(2,y) © A*(y)))
B*(y) — A*(y)) (by Lemma 1.3 (9))

A(y) — B(y)). (by Lemma 1.3 (12))

<
m
~

IV IV IV

oo
m
L<

<
m
~

<
m
~

(
(
(
(

Similarly, ey v (A, B) < epx (Kr(B), Kr(A)).
erv(A,B) < erx(Jr(B), Jr(A)) from:

Jr(B)(z) — JR(A)(@

= N\yev (R(z,y) = B*(y)) = N\, ey (R(z,y) = A™(y))
> Nyey (R(z,y) = B*(y)) = (R(z,y) = A*(y)))

> Nyey (B*(y) = A*(y)) (by Lemma 1.3 (9))

> Ayev (A(y) = B(y)). (by Lemma 1.3 (7))

Other cases are similarly proved.

Theorem 2.7. Let R € LX*Y denote a fuzzy relation, (L,
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erx)and (LY,
ing properties.

erv ) denote fuzzy posets. We have the follow-

(1) (eLY HR, R-1 €LX> and (eLx,HR—l,.FR,eLY) are
residuated connections.

() (ery,Fr,Hp-1,erx) and (erx,Fr-1,Hg,ery) are
dual residuated connections.

(3) (eLY ) ng ngl ) 6LX) and (6LY ) \7Ra jR*I 5 ELX) are Ga-
lois connections.

“) (eLY7IR7IR—17€LX) and (€LY,’CR,ICR—1,€LX) are dual

Galois connections.
Proof. (1) Foreach C € LX,B e LY,

e1x (Hr(B),C)

= Nvex (Ha(B)(@) = C(x))

= Nvex (Vyer (R © By)) = C(a)
= Noex Ayev (B) = (B(@,y) = C(@))
= Nver (BW) = Noex (B (y.2) = C(x)

= Ayer (B@) = Fra (O)w))
= ey (B, Fr-1(C)).

(2)ForeachC € LX,Be LY,

e1x (C, Fr(B))
~ Nuex (Cla) = Fr(B)(x))

= Nuex (C@) = Aoy (R(z,y) = By))
= Ayer Avex ( (y)%
= Ayer Evmex (v)

SES)

:/\er HR71
= 6LY(HR—1(C),B

(3)ForeachC € LX,Be LY,

e1x (C, Tn(B))

= Naex(C(z) = Tr(B)(2))
= Naex (C2) =
= Neex (Cl2) =
= /\er /\a:GX <(
= Ayey (Bly
= /\er B(y
= /\yey B
= ey (B, Jp-

rex(R(z,y) © C(x)
sex (B (y,m) = € ()
21 (O)W))

().

) —
) —
) —
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(4)ForeachC € LX, B¢ LY,

erx(Kr(B),0)

= Nsex (Kn(B)(x) = C(a))

= Noex (Vyey Ry © B*(y) = C())

= Neex Nev (Bla.y) © B*(y) © C*(2) +0)
= Nvex Ayer (B(,9) © C*(2) = Bw))

= /\er \/xe (R_ (
= Nyevy (Kr-1(C)(y) =
=epy (Kr-1(C), B).

@) © C*()) = B(y))

B(y))

ForeachC € LX B e LY,

ey (Zr(B),C)
= Neex(Zr(B)(z) = C(x))
~ Muex (\/er(R* z,y) ® B*(y) — C’(x))

= Avex Ayey ER*(x,w © B*(y) > C(x)

= Noex Nyevy (B (z,y) © C*(x) — B(y)

= Ayer EVIGX((R_l) (v,2) © C*(2)) = B(y))
= Ayev (Za1(O)w) > BW))

= e (Tp1 (C), B),

Other cases are similarly proved.

3. Conclusion

In this paper, we investigated the properties of fuzzy Galois
(dual Galois, residuated, and dual residuated) connections in a
complete residuated lattice L. In particular, we studied fuzzy
Galois (dual Galois, residuated, and dual residuated) connec-

tions induced by L-fuzzy relations.

In the future, we will investigate the properties using fuzzy
connections on algebraic structures and study the fuzzy concept
lattices.
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