An Analytic Solution to
Projector Pose Estimation Problem

We present an analytic solution to the projector pose
estimation problem for the pinhole projection model in which the
source image is a centered rectangle with an unknown aspect
ratio. From a single quadrilateral given as a target image, our
solution gives the position and orientation of a projector as well
as the aspect ratio of a source image. The proposed method
decomposes the problem into two pose estimation problems of
coupled line projectors aligned at each diagonal of the given
quadrilateral and then computes the common solution that
satisfies the relevant geometric constraints. The solution is
formulated as simple analytic equations. We also provide a
determinant of projectability of an arbitrary quadrilateral.

Keywords: Coupled line projectors, projector calibration,
spatial augmented reality, projectability, inverse projection.

|. Introduction

A projector pose esimation problem ams to compute the
position and orientation of a video projector usng known
information, such as a projection modd, an imege projected in
the environment, and its correspondence with a 2D source
image. Itisafundamentd problem in spatid augmented redlity
[1] and projector-camera systems [2] in which the primary
display deviceisavideo projector.

This problem is Smilar to the camera pose edimation in
photogrammetry and computer vison [3], which has been
intensvely studied to produce mature solutions that is, the
perspective-n-point (PnP) problem [4], quadrilatera targets[5],
sdf-cdibration [6], and practical methods[7].

The pose edimation of cameras and projectors is modeled
using the same pinhole projection modd. However, thereexists
afundamentd difference in geometric condraints. For example,
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in the case of a camera, geometric condraints, such as pardld
lines and perpendicular angles, are specified in the scene
geometry. In a projector, however, the condraint is set on the
image dde that is, asourceimage should be arectangle. Hence,
an exiging solution for acamera cannot be directly appliedtoa
projector, which isthe main motivation of thiswork.

Many previous methods for projector pose estimation and
cdibration rely on acdibrated camera to capture the geometry
of projected patterns and then compute the homography to find
a rddive pose of a projector from a known camera pose [8]-
[10]. However, little is known regarding the minimum
geometric requirement to estimate the absolute pose of an
uncdibrated projector.

In this letter, we propose an andytic solution to the projector
pose egimation problem for the pinhole projection mode in
which the source image is a centered rectangle with an
unknown aspect ratio. When a quedrilatera is given as a
projected image in the environment, our solution gives the
position and orientation of aprojector aswell asthe aspect ratio
of a source rectangle. It implies that a sngle quadrilaterd is
aufficient to estimate bath intrinsc and extringc parameters of
apinhole projector.

In section |1, we use the proposed method to decompose the
problem into two pose estimation problems of line projectors
digned for each diagond of the given quadrilaterd. Then, in
section 111, we compute the common solution thet satisfies the
geometric condraints. The solution is formulated as Smple
equations. We dso propose a determinant condition for
projectability of an arbitrary quadrilaterd.

I1. Pose Egtimation of Line Projector

In this section, we describe the andytic solution to the pose
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Fig. 1. Geometric configuration of line projector.

egimation problem for a line projector, which is the basis on

which we derive the solution of the main problemin section 111.

1. Configuration

When a source line segment L, is projected on atarget plane
P, we get ataget line ssgment L, as a projected image of L,
(see Fg. 1). If we have prior knowledge of both intrinsic and
extrindc parameters of aline projector (that is, fied of view v,
center of projection p,, and direction of the principd axis) as
well asthe geometry of atarget plane P (that is, normd vector
and origin), we can compute the target image L, precisaly.

2. Problem Definition

As an inverse process, the problem is to find both intringc
and extringc parameters of aprojector from atarget imege.

Let a given target image L, be specified with two endpoints,
vo and v, and a projected midpoint, me L,, through which the
principa axis passes.

We assume that the unknown source image L, is digned
such that the principa axis passes through its midpoaint .
Hence, two angles, Lmp.vy and ZLmp.v,, ae identica as .
Note that w is an unknown intrinsic parameter that
correspondsto the lens effect or field of view.

Let d be the length of the principa axisfrom p. tom and the
angle Zpanvy be the orientation 6 of the principd axis
measured from the target plane P. The unknowns, d and 6, are
extringc parametersthat determine the pose of aprojector.

3. Extringc Parameter

With two length coeffidents from a target image
Iy =llmvy || ad L, =||mv, ||, the aress of two triangles
Ap mvgand Ap.mv,, have the ratio ly:l,. Since two angles,
Zmpvoand Lmpv,, areidentica asy, thelengths of two sSdes,
so=ll pvo | ad s, =|| p.v, |l have the same ratio Il
Since sy and s, can be further described with I, I, d, and 0 as

s 15 (dsin@)®+(l, —d cos6)®
s2 12 (dsin®)?+(l,+d cos6)?’
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we can derive the following relation between d and 6:

cosH:[ZZ_IOJd =ad,
ol2

@

where o = (I, —1,)/ 2lyl, is a coefficient soldy defined by
thetarget image.

4, Intrinsc Parameter

From the configuration of Fg. 1, we can deive the
following relations:

These rdations and (1) can be combined to derive the
relation between the extringc and intringic parameters, 6 and v,
asfollows
sng=2"l0 g1

d(lp+13) lo+1, B
where f=(l,+1,)/(,—1,) isa coefficient soldy defined
by agiven target image.

ang,

@

5. Remarks

Since (1) and (2) with three parameters (d, 6, and v) ae
under-congtrained, we need to confine one parameter to
determine the values of others. For example, when thelength &
is chosen such tha O<d<1/|e|, we can find the
orientation 6 =cos }(d &) using (1). Then, the fidd of view
w can be computed using (2).

I11. Pose Estimation of a Rectangle Projector

Using the solution of section |l, we describe the andytic
solution to our main problem.

1. Configuration

We assume that the target image is given as an abitrary
convex quadrilaterd, Q, with four vertices v, and that its
sourceimageisarectangle, Oy, of an unknown aspect rétio (see
Fg. 2). An additiond condition is that the source image Q; is
wdl digned such that the principa axis, which starts from an
unknown center of projection P, passes through its midpoint
myg and is perpendicular to Q.

2. Problem Definition

The main problem in this letter is to find the pose of a
projector while satisfying the standard pinhole projection
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Fig. 3. Two line projectors defined for each diagonal.

congraint such that the source image is arectangle dthough its
aspect ratio is not congtrained.

In a pergpective projection, each diagond of the source
rectangle O, is projected to adiagond of thetarget quedrilaterd
O, while preserving the projective correspondence between the
midpoint m, of O, and the intersection point 2 of two diagonds
of thetarget quadrilaterd Q..

This implies that we can decompose the problem into two
subproblems of aline projector for eech diagond (asin Fg. 3)
and that a common solution for these subproblems becomes
thefind solution to the pose estimation of arectangle projector.
The geometric condraint for a rectangle source image is
satisfied when two fidd-of-view angles of each line projector
areidentica. We daborate on the detailsin the following.

3. Formulation

For atarget quadrilaterd, Q,, its projected midpoint m can be
computed as an intersection of two diagonas g, = vyv, and
g, =vvs. A pair of coefficients, a; and g, is defined for each
diagond, g;(i€{0,3}), and m, and the solution for eech line
projector isdescribed using (1) and (2):

cos6) = yd, )
tang, = f; tany;. 4

Since two line projectors of Fig. 3 share the center of
projection, the lengths between m and P, should be identicdl:
do=d=d. Moreover, the fidds of view should aso be identica
to define a rectangle source image: y, =y; =y. Thee
geometric condraints can be formulated into two equations
with two unknowns, 6, and 6,, as
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0y COS6, = o, CoSE,, @)
Bitan6, = fytan 6. ©)

4, Solution

Using the trigonometric identity, cos? 6 =1/ (1+tan?#6),
we can derive the following equetion from (5) and (6):

A? cos? 6, =1/ (1+ B> tan? 6,) @

with the known vaues of diagonal length coefficients
A=oqloy and B = p/5,. While saisfying the field-of-
view condraint tany; = (1/ f)tané. >0, (7) can be further
reduced to thefollowing form:

VA%B? -1
AVB? -1

Now, we can apply (8) to (5) to compute cosé,.

Since we know the vaues of the orientation 6, of two line
projectors, we can find the vaues of digance d and fidd of
view y usng (3) and (4). Since the common solution of two
subproblems is known, we can find the actud projector
parameters asfollows.

cosé, =

®

5. Projector Parameters

Now, the 3D coordinates of the center of projection
P. =(x,y,z)#m can be computed as follows Assume thet
the projected midpoaint is the origin of the coordinate system:
m=(0, 0, 0). L&t the prgjection of P. onto the xy-plane be
P.=(x,y,0) and the angle between the x-axis and the
diagond vector (v—m) be ¢. Now, the unit vector
v; =v;/ || v, |[can be represented as v; = (cosg,,sing;,0). It
isclear that the following equation holdsfor ie {0,1} :

(R.v)=(R.W). ©

Usng (9 and reated definitions, we can derive three
equations, which can be easly solved for P.=(x, y, z):

XCOS@y + ySing, = d cos,, (10
XCOS@; + ysing, = d cosé,, (1
22 =d? - (x? +2). (12)

Since we have the complete projection frustum (in Fig. 2)
defined by P. and Q, it is straightforward to compute the other
projector parameters. For example, we can find the canonicd
geometry of asource rectangle and its agpect ratio.

6. Existence of Solution

Exigence of the andytic solution to (8) can be determined
with the following condition thet is solely defined with the
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diagona length coefficients 4 and B of (7):
(4% >1and B> <1and 4>B? < 1)

2 2 2p2 (13)
o (4° <land B >land A°B“ >1).

This condition can be used as a determinant of projectability
for a given target quadrilateral before explicit computation of
pose estimation and projector parameters.

Thefind condition for existence of the solution isasfollows:

16— 6,6, <6 +6, (14)

in which 6, is the angle between two diagonds (see Fig. 2):
6, = Zvymv, . Equation (14) is the angular constraint thet
combines two subproblems in a geometric manner. Note that
we can find the common solution of two subproblems as in
subsection 111.4 regardless of stisfying (14). However, the
center of projection P.=(x, y, z) in subsection 111.5 cannot be
found without satisfying thislast condition (14).

IV. Examples of Projector Pose Estimation

In Fg. 4, the agpect rétio of asource rectangleis denoted by r.
Each quadrilaterd O, (in the right column of Fg. 4) is
represented as a canonicd form: two diagonds intersect at the
originm=(0, 0, 0), and the first diagond isdigned on the x-axis
and has the unit length |lgol=1. The unknown four parameters,
thet is, the diagonal parameters, are as folows: the length of
the second diagond [lgif|, the angle 6, = Zvgmv;, and two
ratios defined for each diagond #=|mv|l|lzi-

V. Concluson

In this|etter, we presented an andytic solution to the projector
pose estimation problem by decomposing the problem into two
subproblems of coupled line projectors. We dso presented the
determinant of projectability for an arbitrary quedrilaterd.

The proposed solution can be the theoretic basis of more
practical gpplications [1], [2]. For example, an interesting
future work will be planning multiple projectors to cover a
complex indoor area. We must extend our framework to handle
the casein which the projection screen is nonplanar [11].
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