Commun. Korean Math. Soc. 27 (2012), No. 4, pp. 781-793
http://dx.doi.org/10.4134/CKMS.2012.27.4.781

SEMI-RIEMANNIAN SUBMANIFOLDS OF A
SEMI-RIEMANNIAN MANIFOLD WITH A
SEMI-SYMMETRIC NON-METRIC CONNECTION

AHMET YUCESAN AND EROL YASAR

ABSTRACT. We study some properties of a semi-Riemannian submanifold
of a semi-Riemannian manifold with a semi-symmetric non-metric con-
nection. Then, we prove that the Ricci tensor of a semi-Riemannian sub-
manifold of a semi-Riemannian space form admitting a semi-symmetric
non-metric connection is symmetric but is not parallel. Last, we give the
conditions under which a totally umbilical semi-Riemannian submanifold
with a semi-symmetric non-metric connection is projectively flat.

1. Introduction

The notion of a semi-symmetric linear connection on a differentiable mani-
fold was initiated by Friedmann and Schouten [5] in 1924. In 1992, Agashe and
Chafle [1] defined a semi-symmetric non-metric connection on a Riemannian
manifold and studied the Weyl projective curvature tensor with respect this
connection. Moreover, in 1994 they considered in [2] a submanifold admitting
a semi-symmetric non-metric connection and studied some of its properties
when the ambient manifold is a space form admitting a semi-symmetric non-
metric connection. In 1995, the properties of hypersurfaces of a Riemannian
manifold with a semi-symmetric non-metric connection were studied by De
and Kamilya [4]. In 2000, Sengupta, De and Binh [9] defined a semi-symmetric
non-metric connection which generalized the notion of the semi-symmetric non-
metric connection introduced by Agashe and Chafle. Later, they derived the
curvature tensor and the Weyl projective curvature tensor with respect to the
semi-symmetric non-metric connection. Prasad and Verma [8], in 2004, got the
necessary and sufficient condition in order that the Weyl projective curvature
tensor of a semi-symmetric non-metric connection is equal to the Weyl projec-
tive curvature of the Riemannian connection. Moreover, they showed that if
the curvature tensor with respect to the semi-symmetric non-metric connection
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vanishes, then the Riemannian manifold is projectively flat. Yiicesan and Yasar
[11] studied non-degenerate hypersurfaces of a semi-Riemannian manifold with
a semi-symmetric non-metric connection and got the conditions under which a
non-degenerate hypersurface with a semi-symmetric non-metric connection is
projectively flat.

This paper is organized as follows: In Section 2, we consider a semi-Rieman-
nian submanifold immersed in an ambient semi-Riemannian manifold. Then
we determine the semi-symmetric non-metric connection, and give the equa-
tions of Gauss and Weingarten for a semi-Riemannian submanifold of a semi-
Riemannian manifold with a semi-symmetric non-metric connection. Further-
more, we show that on a semi-Riemannian submanifold the connection induced
from the semi-symmetric non-metric connection is also a semi-symmetric non-
metric connection. In Section 3, by using the equations stated above, we derive
Gauss curvature and Codazzi-Mainardi equations with respect to the semi-
symmetric non-metric connection. In Section 4, we show that the Ricci tensor
of a semi-Riemannian submanifold of a semi-Riemannian space form admitting
a semi-symmetric non-metric connection is symmetric, but is not parallel. In
the last section, we prove that a totally umbilical semi-Riemannian subman-
ifold in a projectively flat semi-Riemannian manifold with a semi-symmetric
non-metric connection is projectively flat.

2. Semi-symmetric non-metric connection

We suppose that M is an n-dimensional semi-Riemannian manifold of an
(n + p)-dimensional semi-Riemannian manifold M with semi-Riemannian met-
ric g of index 0 < v < n + p. Let us denote by g the induced semi-Riemannian
metric tensor on M from g on M . As M has codimension p, we can locally
choose p cross sections &4, 1 < o < p, of the normal bundle TM* of M in M
which are orthonormal at each point of M. The index of g restricted to T M+
is called the co-index of M in M and indM = v = indM + coindM (see [7]).

A linear connection % on M is called a semi-symmetric non-metric connec-
tion if its torsion tensor T satisfies

T(X,Y)=7(Y)X - 7#X)Y
and
(VY. 2) = —7(V)i(X, Z2) - F(2)3(X,Y)
for X, Y € x(M), where 7 is a 1-form on M (see [1]).

We define a linear connection 57 on M given by

o

(2.1) VY =Y +7(Y)X

for X , Y € x(1\7 ), where % denotes the Levi-Civita connection with respect
to g and 7 is a 1-form associated to a vector field @ by g(Q,X) = 7(X) for
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X e x(ﬁ ). Then v/ is a semi-symmetric non-metric connection on M. On
M we define a vector field @ and real valued functions p,, 1 < a < p, by
decomposing @ into its unique tangential and normal components, thus

p
(2.2) =0+ ok
a=1

If we denote by v/ the induced Levi-Civita connection on M from % on M ,

then we have the Gauss equation with respect to 37 given by

2 o

p (e}
(2:3) UxY =UxY + ) ha(X,Y)E

a=1

[e]
for X, Y € x(M), where h,, 1 < a < p, are the second fundamental forms on
M [7]. Let 7 on M be induced connection from the semi-symmetric non-metric
connection v/ on M . Thus, the equation given by

p
(2.4) Va¥ = UxY + 3 ha(X,Y ),

a=1

will be called the Gauss equation with respect to % for X, Y € x(M), where
ha, 1 < a < p, are tensors of type (0,2) on M.
Substituting (2.3) and (2.4) into (2.1), we see that

p e} p o
VXY + ) ha(X,Y)ea = VxY + D ha(X,V)éa + 7(Y)X

a=1 a=1

from which we get

(2.5) vxY =vyY +7(Y)X,
where
7T(Y> - g(Y7 Q)a
and we obtain
(2.6) m=zm1§a§n
for X, Y € x(M). By using (2.5), we deduce that
(2.7) (Vxg)Y,Z2) = —7n(Y)9(X, Z) — 7(Z)g9(X.Y)

for X, Y, Z € x(M).
Also, from (2.5) the torsion tensor of the connection V, denoted by T, can
be obtained as

(2.8) T(X,Y)=n(Y)X — n(X)Y.
Then from (2.7) and (2.8) we have the following theorem:
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Theorem 1. The induced connection on a semi-Riemannian submanifold of
a semi-Riemannian manifold with a semi-symmetric non-metric connection is
also a semi-symmetric non-metric connection.

o
The Weingarten equation with respect to 37 is given by

)

(2'9) %Xga:_Afa(X)'i_DXgou I1<a<p,

for X € x(M), where D is a metric connection on the normal bundle 7'M+
with respect to the fibre metric induced from g, and the (1,1) tensor fields

A¢,,1 <a < p,on M such that

(2.10) ho(X,Y) = eag(Ae. (X),Y)

are called the shape operators of M C M (see [7]).
By virtue of (2.1) and (2.2), we get
%X&a = %Xfa +eapaX, 1 <a<p.
From the above and (2.9) it follows that

(2.11) Vxba = —(Ae. — apial)(X) + Dxéa , 1< a <p,

where [ is the identity tensor and

- —1, &, is timelike,
* T +1, &, is spacelike.

Let the shape operators A¢,, 1 < o < p, of type (1,1) on M be denoted by

[e]

(2.12) Ae, = Ae

o4

—eaqbal, 1 <a<p.

a

So, equation (2.11), called the Weingarten equation with respect to % , can be
rewritten as

(2.13) Vxa = —Ae, (X) + Dxta, 1<a<p,
for X € x(M).

By using (2.6), (2.10) and (2.12), we have
(2.14) Eaha(X,Y) = g(Ae, X,Y) + capiag(X,Y).

P P

Let £ = Y anba, 1 = Y. bala be two normal vector fields on M. Then
a=1 a=1

from (2.12), we see that

(o)

AfA"] = AfA’V] - Eaaa:u'OtAn - Eaba,U'aAg + aaba,uail-
Thus,

o

[Afa A”]] = [Ag, An]a



SEMI-RIEMANNIAN SUBMANIFOLDS OF A SEMI-RIEMANNIAN MANIFOLD 785

and ..
9([Ag, A]X,Y) = g([A¢, Ay] X, Y)
for all X, Y € x(M). Hence we have:

Theorem 2. Let M be a semi-Riemannian submanifold of a semi-Riemannian
manifold M admitting a semi-symmetric non-metric connection. Then the sec-
ond fundamental tensors with respect to the semi-symmetric non-metric connec-
tion are simultaneously diagonalizable if and only if second fundamental tensors
with respect to the Levi-Civita connection are simultaneously diagonalizable.

Let By, ..., E,,..., E, be the principal vector fields on M corresponding to
[e]

the unit normal section £ = >°F | aq&, with respect to % Then by using
(2.12), we have

(2.15) Ae(Ey) = (ki — eqtapa)Ei, 1 <i<mn,

where k;, 1 < ¢ < n, are the principal curvatures corresponding to the unit

normal section £ with respect to the Levi-Civita connection % Taking

(2.16) ki =k; —€aqlalta, 1 <i<n, 1 <a<p.
So, by (2.16), equation (2.15) is reformed as

where k;, 1 < i < n, are the principal curvatures of the unit normal section &

with respect to the semi-symmetric non-metric connection %
From (2.15), (2.16) and (2.17), we assert the following:

Theorem 3. The principal directions of the unit normal direction & with re-
[e]

spect to the Levi-Civita connection % and the semi-symmetric non-metric con-
nection 7 coincides and corresponding principal curvatures are equal if and
only if & is orthogonal to Q.

The mean curvature vector field of M with respect to v/ is given by
n
[e]
1
2.18 H=-
(2.18) PO

where

o(Ei; Ei)Sa,

Il Mﬁ

~_J -1, E;is timelike,
g +1, F; is spacelike
(see [7]). We define similarly the mean curvature vector field of M with respect
to 7 by

M=

1
(2.19) H=_-) ¢ ha(Ei, Ei)éa.

s
HM:
I,

a=1
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From (2.6), (2.18) and (2.19), H = H. Hence we have:

Lemma 4. A semi-Riemannian submanifold M of a semi-Riemannian man-
ifold M admitting a semi-symmetric non-metric connection is totally geodesic
with respect to the semi-symmetric non-metric connection if and only if it is
totally geodesic with respect to the Levi-Civita connection.

Lemma 5. A semi-Riemannian submanifold M of a semi-Riemannian mani-
fold M admitting a semi-symmetric non-metric connection is totally umbilical
with respect to the semi-symmetric non-metric connection if and only if it is
totally umbilical with respect to the Levi-Civita connection.

3. The Gauss curvature and Codazzi-Mainardi equations

We denote by

o o o o o o

R(X,Y)Z =vxVyZ - VyVzZ —Viz5Z
and

R(X,Y)Z =VxVy 2~y Vx Z— Vix,v1%
the curvature tensors of M and M with respect to % and v/, respectively,
where X, Y, Z € (M ) and X, Y, Z € x(M). Then the Gauss curvature and

° [e]
Codazzi-Mainardi equations with respect to 57 and v/, respectively, are given
by

RIX,Y,Z,W) = R(X,Y,Z,W)

F3 e lha(X. Z2)ha(Y.W) — ha(¥. Z)ha(X. W),

and

[e]

RX.Y,Z,6) = cal(Vxha)(Y,2) — (Vyha)(X, 2)}
Z (Y, Z)Dx€s — hg(X, Z) Dy s, €0)

for X, Y, Z € x(M) (see [7])7 where
E(X,Y,Z, W)= §(}~%(X, WZ, W), R(X,Y,Z,W)=g(R(X,Y)Z,W).
Now we shall find the Gauss curvature and the Codazzi-Mainardi equations
with respect to the semi-symmetric non-metric connections 7 and v7. The
curvature tensors of M and M with respect to 37 and v/, respectively, are
defined by

E(X,Y)Z = %X%YZ - %Y%XZ - %[X,Y]Z
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and
RX.Y)Z=TxVy Z—-Vy VxZ—-VxyZ

for X, Y, Z € x(M).
By using (2.4) and (2.13), we have the curvature tensor of the semi-symmetric
non-metric connection V given by

(3.1)
R(X,Y)Z = RX.Y)Z+ Y {ha(X,Z2)Ae,Y — ha(Y,Z)A¢, X

a=1

H(Vxha)(Y, 2)éa — (Vyha) (X, Z)éa + ho(m(Y)X — T(X)Y, Z)E0a
+ ha(Y, Z)DXga - hoz(X’ Z)DYEa}'

From (3.1), the Gauss curvature equation and the Codazzi-Mainardi equation
with respect to 57 and s/, respectively, are obtained as:

p
R(X,Y,Z,W)=R(X,Y,Z,W) + Z ca{ha(X, Z)ho(Y, W)

(3.2) a=1
- ha(Yv Z)ha(Xv W) + ,uaha(Yv Z)g(X, W)

- ,uahoz(Xa Z)g(Y, W)},

and

R(X,Y, Z,8a) = ea{(Vxha) (Y, Z) = (Vyha) (X, Z)
+ha(r(Y)X = m(X)Y, Z)} + Y g(hs(Y, Z)Dxés
B=1

—hs(X,Z)Dy &, &a)

for X, Y, Z € x(M).
From (2.14) and (3.2), we get

é(Xa Y, X, Y) = R(X,Y,X, Y) + Z{Eag(Afa (X)aX)g(AEQ(Y)’Y)

a=1

— 9(Ae, (X), Y} + ) {ag(Ae, (V),Y)g(X, X)

a=1

- Mozg(Aﬁa (X)’ Y)g(Xa Y)}
for X, Y € x(M). Therefore we have the following theorem:

Theorem 6. Let P be a 2-dimensional non-degenerate subspace of T, M, and
let K(P) and K(P) be the sectional curvatures of P in M and M with respect
to the semi-symmetric non-metric connections N7 and 7, respectively. If X
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and Y form an orthonormal base of P, then

~ 1

K(P) = K(P) + 777 2 (946 (), X)gl(Ae, (1), )

9(X, X)g( =
— 9(Ae. (X),Y)? + pag(Ae, (Y), Y)g(X, X)}.
As an immediate consequences of Theorem 6 we obtain:

Corollary 7. If]\7 is a 3-dimensional flat Lorentz manifold and M is a space-
like or timelike surface in M, then there exists a semi-symmetric non-metric
connection V on M for which det A¢ is an intrinsic invariant of M, and when

Q is tangent to M, det A¢(= K (P)) is equal to det A¢ which is the Gauss cur-
vature of M.

4. The equation of Ricci with respect to a semi-symmetric
non-metric connection

Let € be a normal vector field on M. We get
(4.1) E(Xa Y)E= %X%Y& - %y%xf - %[X,Y]ga
where X, Y € x(M). Using (2.12) and (4.1), we have

E(Xa Y)§ = RN(X’ Y)§+ Z{ha(AﬁXa Y) - ha(A5Y, X)}ga

=+ ADXEY — ADny — TOTAg(X,Y),

(4.2)

where RY is the curvature tensor of the normal connection. Using (2.13) and
(4.2), we obtain

(4.3) R(X,Y,&1) = RN(X,Y,&n) — g([Ae, A) X, Y),

where 7 is a normal vector field on M. Equation (4.3) is called the equation of
Ricci with respect to the semi-symmetric non-metric connection V.

A relation between the curvature tensor of the semi-symmetric non-metric
[e]

connection V and the Levi-Civita connection V is given by
(4.4) R(X,Y)Z =R(X,Y)Z+a(X,2)Y —a(Y,2Z)X,
where @ is a tensor of type (0,2) defined by

(o)

a(X,Y) = (Vgr)Y —7(X)7(Y)
= (VgAY

(4.5)

for any vector fields )N(, 57, Z on M.
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Presently, we consider the semi-Riemannian manifold M with constant cur-
vature k. Then we have (see [7])

(4.6) R(X Y)Z =k{G(Y,Z)X —§(X,Z)Y}.
From (4.4), (4.5) and (4.6), we have
R(X,Y)¢ = (VxT)OY — (VyT))X

for any vector fields X, Y and a normal vector field £ on M. Thus, E(X , Y
is tangent to M and hence equation (4.3) reduces to

RN(X,Y,€,n) = g([Ag, Ay)X,Y).
The normal connection D in the normal bundle TM* is said to be flat if
RN(X,Y) = DxDy — DyDx — Dix y
vanishes identically on M.

Hence we have:

Corollary 8. Let M be a semi-Riemannian submanifold of a semi-Riemannian
manifold M with constant curvature admitting a semi-symmetric non-metric
connection. Then the normal connection D in the normal bundle TM™* is
flat if and only if all the second fundamental tensors with respect to the semi-
symmetric non-metric connection are simultaneously diagonalizable.

Theorem 9. The Ricci tensor of a semi-Riemannian submanifold M with
respect to the semi-symmetric non-metric connection is symmetric if and only
if w is closed.

Proof. The Ricci tensor of a semi-Riemannian submanifold M with respect to
the semi-symmetric non-metric connection is given by

(4.7) Ric(X,Y) Zszg (Ei, X)Y, E;)

for VX,Y € x(M). Then using (4.4) in (4.7), we obtain
Ric(X,Y) = Rie(X,Y) — (n — 1)a(X,Y),

where Ric denotes the Ricci tensor of M with respect to the Levi-Civita con-
nection and

a(X,Y) = (Vxn)Y.
From above it follows that
Ric(X,Y) — Ric(Y, X)= (n— 1) (a(Y, X) — a(X,Y))
= 2(n — 1)dn(Y, X)

which completes the proof. (I
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Theorem 10. Let M be a semi-Riemannian submanifold of a semi-Rieman-
nian mamnifold M. If Ric and Ric are the Ricci tensor ofM and M with respect
to the semi-symmetric non-metric connection, respectively, then for VX,Y €

X (M)

w8 Ric(X,Y) = Ric(X,Y) Zsafa (X,Y) + ho(Ae, X,Y)

4.8
+n5aﬂaha(XaY)+5ag( (Eou )Y, &a),

where if &, s spacelike, € = +1 or if &, is timelike, ¢ = —1 and f, =

> giha(Es, E;).
i=1

Proof. Let {En,...,E,,Eyia,...,En,&1,...,&} be an orthonormal basis of

x(M). Then the Ricci curvature of M with respect to the semi-symmetric
non-metric connection is given by

(4.9) Ric(X,Y) Zslg (E;, XY, E;) +Zeag (€as X)Y, E0)

a=1
for VX,Y € x(M). By takmg account of (4.9), (3.2), (2.14) and considering
the symmetry of shape operators we get (4.8). [

Theorem 11. Let M be a semi-Riemannian submanifold of a semi-Rieman-
nian manifold M. If p and p are the scalar curvatures of M and M with respect
to the semi-symmetric non-metric connection, respectively, then

(410) p = 25af2 + nfaﬂafa + f + 25aRZC(§a; ga)

a=1

where f& =3 e;ho(Ae, Ei, E;).
i=1

Proof. Assume that {E1,...,E,,E,q1,...,Ey,&1,...,&} is an orthonormal

basis of x(M), then the scalar curvature of M with respect to the semi-
symmetric non-metric connection is

(4.11) p= ZEZRZC E; E;) + ZEQRZC €ara)-

=1

By virtue of (4.8), (4.11), we obtain (4.10). O

We now assume that the 1-form 7 is closed. Then we can define the sec-
tional curvature for a section with respect to the semi-symmetric non-metric
connection (see [1]).

Suppose that the semi-symmetric non-metric connection V is of constant
sectional curvature, then R(X,Y)Z should be of the form

(4.12) R(X,Y)Z =c{g(Y, 2)X — §(X, 2)Y}
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¢ being a certain scalar. Thus M is a semi-Riemannian manifold of constant
curvature ¢ with respect to semi-symmetric non-metric connection and denote

it by M(c).

Theorem 12. Let M be a semi-Riemannian submanifold of a semi-Rieman-
nian space form M (c) with a semi-symmetric non-metric connection. Then we
have

Ric(X,Y) = c(n— D)g(X,Y) + > {eafaha(X,Y)

a=1

(4.13)
— ha(Ae, X,Y) — canpaha(X,Y)}

for VXY € x(M), where ¢; = g(Fy, E;), €; = 1, if E; is spacelike or e; = —1,

if E; is timelike, and f, = Zn:lsiha(Ei,Ei).

Proof. Taking into account of (4.8) and (4.12), we have (4.13). O
From (4.13), the following corollary can be stated as:

Corollary 13. Let M be a semi-Riemannian submanifold of a semi-Rieman-
nian space form M (c) with a semi-symmetric non-metric connection. Then the
Ricci tensor of M is symmetric.

Corollary 14. Let M be a semi-Riemannian submanifold of a semi-Rieman-
nian space form M (c) with a semi-symmetric non-metric connection. Then
the Ricci tensor of M is not parallel.

5. Projective curvature tensor of a semi-Riemannian submanifold
with a semi-symmetric non-metric connection

We denote by
O U 1 L2
PX,Y)Z=R(X,Y)Z - ﬁ{Ric(Y,Z)X — Ric(X, 2)Y},
n+p—

the Weyl projective curvature tensor of an (n+p)-dimensional semi-Riemannian

(o)

manifold M with respect to the Levi-Civita connection V for X , 57, 7 e X(]T] ),

[e]
where Ric is Ricci tensor of M with respect to the Levi-Civita connection v
(see [3] and [10]).
Analogous to this definition, the Weyl projective curvature tensor of M with
respect to the semi-symmetric non-metric connection can be defined as

(51) P(X,Y)Z=R(X,Y)Z - ﬁp_l{ﬁc(f/, Z)X — Ric(X, Z)Y}

for any )N(, 57, Z € X(]T/f), where Ric is the Ricci tensor M with respect to
the connection V. Thus, from (5.1), the Weyl projective curvature tensors with
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respect to the semi-symmetric non-metric connection V and induced connection
V, respectively, are given by

P(X,Y,Z,U)=R(X,Y,Z,U) — ———
(5.2) n+p-—1

fch(X 2)§(Y,U)}

{RZC(Y Z) (X U)

and
1
P(X7 Y7 Za U) = R(X7 Y7 Za U) - m{R’LC(Y, Z)g(Xa U)
— Rie(X, Z)g(Y,U)}

(5.3)

P(X,Y,Z,U)=g(P(X,Y)Z,U), P(X,Y,Z,U) = g(P(X,Y)Z,U)

and Ric is the Ricci tensor of M with respect to induced connection V.
From (5.2), we obtain

(5.4) P(€a,Y, Z,60) = R(€a,Y, Z,60) — #ETC(Y’ 2).

Applying (4.8) to (5.4), we have

. n+p-—
Ric(Y, Z 7RZCYZ caP(&n, Y, Z, &
55) ¥.2)= o3 Zl{ (60 Z, &)
+ facaha(Y, Z) — nppacaha (Y, Z) — ho(Ae Y, Z)}.

Then, using (5.2), (5.5) and (3.2) into (5.3) we obtain
(S'G)P(X, Y, Z,U)
= P(X,Y,Z,U) — zp:ga{ha(x, Z)ha(Y,U) — ha(Y, Z)ho(X,U)
b haha(Y. 2)9(X.U) — piaha (X, 2)g(Y,0)}
' ﬁ;ea{?@a, Y, 2,6)9(X,0) = Pléa, X, 2,€)9(Y,0)}

pfl —_— —
+ (n “Dntp-— 1)(RZC(X, Z) — Ric(Y, 7))

+ —g (Y,U) {Zsafa — neaaha(X,Z) — ho(Ae, X, Z)}

1
- —9(X,U) {;safaha(y, Z) = neapiaha(Y, Z) — ha(Ae,Y, Z)} .

From (5.6), we have the following theorem:



SEMI-RIEMANNIAN SUBMANIFOLDS OF A SEMI-RIEMANNIAN MANIFOLD 793

Theorem 15. A totally umbilical semi-Riemannian submanifold in a projec-
tively flat semi-Riemannian manifold with a semi-symmetric non-metric con-
nection is projectively flat.

[1]
2]

(10]

(11]
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