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THE INTEGRAL EXPRESSION INVOLVING THE FAMILY
OF LAGUERRE POLYNOMIALS AND BESSEL FUNCTION

AJay KUMAR SHUKLA AND IBRAHIM ABUBAKER SALEHBHAI

ABSTRACT. The principal aim of the paper is to investigate new integral
expression

(oo}
[T te e LG (Goa®) L) (€50a*) s ay) da,
0

where y is a positive real number; o, ¢ and £ are complex numbers
with positive real parts; s, a, 8,7 and § are complex numbers whose real
parts are greater than —1; Jp (z) is Bessel function and Lﬁf"ﬁ) (y; @)
is generalized Laguerre polynomials. Some integral formulas have been
obtained. The Maple implementation has also been examined.

1. Introduction and definition

Laguerre polynomials occur in many fields of research in science, engineering
and numerical mathematics such as, in quantum mechanics [5], communication
theory [1] and numerical inverse Laplace transform [6]. Explicit evaluation of
integrals involving Laguerre polynomials is very often required in these and
other applied areas of research.

A Hankel transform integral of a product of a power, an exponential function
and two Laguerre polynomials are given in several tables [2, 3, 8] with error. In
1996, that integral [, wstle o [5-8 (022) LE (04?) J, (xy) dz was corrected
by Kélbig and Scherb [4].

This paper is devoted to the extension of aforesaid formula.

We used the following notations throughout this paper:

N : The set of natural numbers/the set of nonnegative integers.

I : The set of positive integers.

R : The set of real numbers.

R* : The set of positive real numbers.

C : The set of complex numbers.

Ct={a+ib|aecRT beR}.

Ct,={a+ib|a,b€R A a>—1}.
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The Bessel function (Rainville [9]) is defined as
Gy
J"(x)_TZ:OT!F(nwLTJrl) (2) '

Prabhakar and Suman [7] defined the polynomials L(a’ﬂ ) (x) as

T om+ﬂ+1

(1.1) L (z) T(nt1) Z kT ( ak:+6+1)

where a € C*, 3 € CT, and n € N.
If & =1, then (1.1) reduces as:

I'(n+p+1) n), «*
(12) L) (@) = T(n+1) Zk'l“ (k+5+1) = Lo (@),

where L2 (z) is well-known generalized Laguerre polynomials (Rainville [9]).
The Konhauser polynomial of second kind (Srivastava [12]) is defined as

gy D+ B+1) S~y (n)__ @
(1.3) Zg(x,k:)—T;( 1) (j)r(kj+ﬂ+1)a

where f € CT,,ne€Nand k € I
It can easily be verifed that,

(1.4 LEP (a¥) = 28 (25k)
(15) 78 (w:1) = I (x).
The polynomial Z28 (z; k)is defined [10] as,

0 gy = S LU+ B+ 1) (1) ok
(1.6) Zy (wyk)—;j! T(kj+ B8+ D (an—aj+1)

where a € Ct, € CT,ne€Nand k €I
From (1.3) and (1.6), we get

(1.7) 20 (@i k) = 27 (a3 k) .-
If & € N, then (1.6) can be written in the following form

km

ap gy Dlkn+B+1) ¢ (=0 @
(1.8)  22F(x k) = ot D) Z:Om!F(km+ﬂ+1) o

The set of polynomials L& (y;x) is defined [10] as,

= I(an+B+1)(=1)" 2"
1.9 LB ( ,
(19) (v ) ; riC(ar + 6+ DI'(yn —yr +1)

where a,y € Ct, 3 € CH, ,neN.
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From (1.9) and (1.1), we have

(1.10) LeP (1;2) = LOP ().

One can easily verify that

(1.11) LEP (o 2%) = Z2P (25 k) ;
(112) 7% (231) = Lf (as2):
(1.13) ZyP (w31) = 2] (x31) = L] () ;
(1.14) LY (Lia) = LY (a) = L (@)

The following integral has been evaluated in the next section,
(1.15) / szrle*”QL,(;Z’a) (C, O':L'2) Lgf"ﬁ) (5, O':L'2) Js (zy) de.
0

The following result is given in Gradshteyn and Ryzhik ([3]),

0 5 h!ysd_h y2 i y2
2h+s+1 _—ox _ s
(116) /O x (& JS ((Ey) dr = W exp (—E Lh E 5

where y >0, h € N, h+s€ Ct, and 0 € CT.
Kolbig and Scherb [4] proved the following formula:

(1.17) (=)™ L () Ly P ()
Eor ()5 )i s

where y > 0 and 8,5 € CT,.
Some facts are listed below (see Spanier and Oldham [11]),

(1.18) (—2), = ()" (@ —n+1),,
1.19 z+y), = ) @) @)y
(119 =3} )0
(1.20) (%)t = (@), (x +n),, and

(1.21) ( v > _ &0 (—z), .
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2. The evaluation of the integral

Theorem 2.1. (a) Ify € R*;0,£6,( € CT and s,a,3,7,0 € CT, then
(2.1) | et T LG (Gos?) L (g00) g (o) do
0

y° y2 m+n e y2
= — 7 —= E AMSe (h) Ly | —
(20)54-1 exp( 40) ~ a,B7,6 (h) L, <40>’
where An’m_’g,'c (h) is defined as

zh: <h> (~1)"T(an+B+1)T (ym+35+1)
prt kE)T(ak+B8+1D)T(y(h—k)+6+1)T(m—h+k)+1)T(EMm—k)+1)|

() Ify e R*;0 € CT; 5,0,8,7,6 € CY, and &,( €N, then
(2.3) / 2 e L) (G oa?) LD (& 02%) T (wy) da
0

s m—+n
N O S Ve () I v
(20)5+1 4o a,B;7,0 40 )’

h=0

where VZ,Ej,é (h) is defined as
(2.4)
T (an+ B+ 1T (ym+06 +1) Zhj [( ) (=) (—em) oy (—E)p
F'(¢m+1)T(En+1) T(ak+B+1)T(y(h—k)+d+1) |

k=0

Proof. (a) Using (1.9), we have

(@ (an+ 5+1) (*z)k
(2.5) P (&) Zrak+ﬁ+1) (€(n—k)+1)< ! )

By using (2.5), we get

L(oz B) (& x) L(V’é) () Z Z (¢ )11—‘ (C(m—r)+1)

k=0 r=0

Dlen+ B+ )T (ym+6+1) (—z) tF
F'(ak+p+1)T(yr+6+1) E!r! '

Denoting the left-hand side by L, we have

L=LP (&2) LYY (¢ a).




THE INTEGRAL EXPRESSION 725

Taking r 4+ k = h, we have

n m+k

T(an+B+1)T (ym+3541)
" kz()l;c T(h—k+ DT (C(m—h+k)+1)D(k+1)T(EMm—Fk)+1)

(" a"
T(ak+B+ DT (y(h—k) +6+1)
Sincem:()fork>nand

WZOforh>m+k

m+nm—+n

F'(an+B+1)T (ym+5+1)
L_ZZ F(h—k+1)T((m—h+k)+ )T (k+1)T(E(n—Fk)+1)

k=0 h=k
(—1)" 2
F'ak+B+)T(y(h—k)+d+1)
Further simplification gives,

(2.6)
mtn h Llan+B+ 1) (ym+6+1)
L_hzo,;) T(h—k+ DT (C(m—htk)+ DL (k+ DI (EMn—k)+ 1)
(-1)"a

x
ok +B+ 1) (y(h—k)+d+1)
Now, denoting a new integral expression by I, and

I :/ xSHe_”ZLg;”‘S) (C;am )L(a 8) (&ox ) s (zy) dz,
0

which, upon using (2.6), yields
m+n h

oo Z Z T'(an+B8+1)T'(ym+4d+1)
I / pHlemoe® | 2y 2y TOFFDNCEn = FONGD | g0
0 y (~1)" (00?)"

T(€(n—k)+1)T(ak+B+1)T (v (h—k)+5+1)
Interchanging the order of the integration and summation, we have

m+n h I'(an+B+1)T(ym+46+1)
I'(h—k+1)T(¢(m— h+k)+1)F(k+1)
I i |
h=0 k=0 F(g(nfk)+1)r(ak+ﬁ+1)1‘( (h—k)+46+1)

o0
></ g2htstle=or® 5 (zy) dx.
0

and by making use of (1.16), gives

m+n h = F(a7;+(ﬂ-é—1)l"(’ym)—|—6-|;1)( )
_ h—k+1)L(C(m—h+k)+ 1) (k+1
Il ) |
h=0 k=0 F(g(n k)+1)T(ak+B8+1)T(y(h—k)+5+1)

h!ySO' h yQ yQ
— — )Ly (=)
S er(50) 1 (5
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This can also be written as

2.7)
e (2SS n () (1)

" T(an+B+1)T (ym+6+1)(=1)"
FTCm—h+k)+ )T EN—-kK)+DT(ak+B+1)T(y(h—k)+d+1)

Thus, we have

y® y2 m+tn te 92
I'= Gy e (B) g A piys (h) L <@>v

where AT7"¢ (h) is defined by (2.2).
(b) Let &,¢ € N and using (1.18), (2.7) becomes

oy ox P\ T(an+ B+ 1T (ym+6+1)
BT »(~%) " Hem s Or T D
m+n h h—((h—k)—¢&k
s (Y B\ (1) (—Cm)g(h—k) (—fn)gk
X;)Lh<ﬂ>kz_0[<k:> T(ak+B+ 1T (y(h—k)+3+1)

Thus, we have

ys y2 m-+n e y2
= — -z AVARMAISI G AN SR e
(20)5+1 exp ( 40> ;::0 a,B7,6 (h) L <40>’

where V716 (h) is defined by (2.4).

This completes the proof. (I

3. Integral formula

Theorem 3.1. Some integral formulae (as a special case of (2.1)) have been
obtained as,

(a)
(3.1) / g*tle=ov" [ (000) (02%) L) (02?) I (xy) dz
0

Y Y\ en+B+ )T (ym++1)
(20)5+1 P\ T4

m+n h
s y2 h (*m)h_k (7n)k
. ;;)Lh <E>kz_0< k >F(ak+ﬁ+1)r(7(h—k)+§+1)'

m!n!
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(3.2) / zstt _”2L (02® )LB (o2®) J, (zy) dz
0
B ox CP\NT(+B+1)T (m+6+1)
N (20) 5+1 A m!n!
h

X%HLS(;)X;( ) k+ﬂ(_+1))h Ech(_nk)i“l)'

(c)
/oo xe_angrwl/,(s) (U.’L‘) LS}a,B) (U.’L‘) dr
0
_Dlon+ B+ )T (my+0+1)
 2T(n+1)T(m+1)
m+n h (—n)k (—m)hik
" hZOkZO( ) D(ak+B+ 1) (y(h—k)+d+1)
(d)

(3.3) / zs+16_”2Lfn_ﬂ (0z?) L? (02?) J, (zy) dz
0
1 Y \° y2 m+n ; B—m+n y2 s—B+m—n y2
20 (20) exp< 4a>( 2 Lom 4o Ln 4o )"

/ ste_”QZ,(g"s) (2;2) Z&P) (22) J, (zy) da
0
s 2 m+n
Yy v\ T'2n+8+1)T 2m+5+1
= _ —_— LS
o (5) e X

h
(_1)h
XkZOK > TRk+B+DLRE—K) 10+ DT C(m—h+k)+ DT (Em—k +1)|

()
/Oozsﬂ —o 70 (2:2) ZP (2;2) J, (xy) dw
0

X 2 m+n 2
oy >\ T(@2n+B8+1)T(2m+05+1) .
B (2)5+1 eXp (_ 4 ) min! hz: L 4
0

Xi( ) ("
—~ Tk+B8+1)T2Mh—k)+6+1)(m—h+k)!(n—Fk!|
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Proof. (a) On setting £ = ¢ =1 in (2.3) and (2.4), we get

/ x”le*MZLg?’lM) (1;02%) L&A (1;02%) J, (zy) d
0

y° p( y_Q)F(an+ﬁ+1)F(7m+5+1)

207 P\ 4o T (m+ DT (n+ 1)
m+n h _ . )
() rr et ) ()

Further using (1.10), we arrive at (3.1).
(b) On setting v =« =1 in (3.1), we get

/ xs+1e_”2L5,11’5) (02?) LA (02?) J, (zy) dz
0

y° p( yQ)F(n+ﬁ+1)F(m+6+1)

20y P\ T40) T Tt )T (n+ 1)
m+n h _ n )
S rerrs ) ()

Further using (1.2), we arrive at (3.2).
(¢) Now using (2.4), we have

h

n,m,1,1

31Tl Ly h — _ .
Vo.8:0,6 (h) F(n+1 (m+1) kz_o< > e (=)
Afterwards (1.19) gives,

n,m,1,1 _ 1 - -
VO,,@;O,(S (h) - F(?’L+ 1)1—\(m+ 1) ( m n)h .

Let a =7 =0, =¢ =1 1n (2.3), we have

(3.4) / zs+16_‘712L$2’6) (1;02%) LOA (1;02°) Js (zy) dz
0

B (20)7'T (nzi: )T (m+1) exp <£) nir:n(*m —n)y, L, (g)

h=0

Also, applying (1.2) and (1.18)-(1.21), we have

n 1 .
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From (3.4) and (3.5), we have

/ gsHlemov” (1-— Jz2)m+n Js (xy) dz
0

- e () S cmomuri (£)

h=0

On replacing m + n by n, we have

(3.6) / gstle=oo” (1-— ng)n Js (zy) dx
0
s 2 n 2
Y Y Y
= — —= —n), L7 [ — ).
(20)° 7 exp< 4o> 2 (=t <40>
Let s=0,y=0,{=¢=11in (2.4), we get
o] R 1 m+n
—ox 0 2 a, 2 _ n,m,1,1
/0 xe Ly )(O'SC )L% A) (ox )dzf% Zvaﬁw (h).
h=0
This can be written in a simplified form as,
(3.7) / ze" % L(10) (02?) L{®A) (02?) dz
0

_Tlan+B+1)I'(my+0+1)
N 20T (n+1)T (m+1)

min b h (_n)k(_m)hfk
3 () rarr e T

h=0 k=0

This completes the proof of (c).

Now, we deduce the Hankel transform integral containing an exponential
function and two Laguerre polynomials from (3.1).

(d) On setting =1, y=1and § = s — 8 in (3.1) and using (1.2), we have

(3.8) / gstle—or” L8 (02%) LE (02?) Js (zy) da
0

Y o <y_2>F(n+ﬂ+1)F(m+Sﬂ+1)
(20) L P Tnt DI (m+ 1)

4o
m+n h
s y? h (—n)k(—m)h_k
) ,;Lh (5),§< k > I(k+B+1D)I((h—k)+s=B+1)

From (1.21) and (3.8), we have
(3.9)

- () S () pe (1) (il ) (358)

h=0 k
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On applying (%) = (» %) to (3.9), we obtain

(3.10)
amer () Su(E)x e () (D) (nhish)

In second summation, starting the terms from the end

— e (L) S n (L) e (L) () (),

h=0 k=0

And by using (1.17), we get

[ e L (00%) L o) e
0

IR y? 4n A Y2\ e pamen [V
— - (2 _Jd -1 m nLﬁ m4n [ I LS B+m—m [ I )
20 (20) P ( 40) (=1) m do )" 4o
This completes the proof of (d).
(e) On setting 0 =1 and a =~ =2 in (2.1)

[T e L () 1E (60 (o) o
0

s m—+n
y exp [ —=— Z ATHE < y_2
(2)S+1 2,8;2,0 4 ’
A™E-C

where A5 (h) is given by (2.2). Further using (1.11), we get result (e).
(f) On setting £ = ¢ =1 in result (e) and using (1.7) gives result (f).
This completes the proof. (I

4. Maple implementation

In this section, we examine the implementation of the scientific-technical
computing system Maple to obtain

(4.1) I:/ 2 e LYY (o) LY (€ 0a%) s (ay) da
0

y® y? min 2
— 7 ATET () L3
aree (5p) 2 i oz ()

where y € RT;0,¢,( € CF; 5,0,8,x,6 € CI| and A} Zl)fg (h) is defined by
(2.2).

To find (4.1), start new Maple windows in “Worksheet Mode’ with default
‘Typesetting Rules’ and type the following maple code:

> restart;

> assume(y > 0);

> assume(n > 0);

> assume(m > 0);
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additionally (n::integer);
additionally (m::integer);
assume(Re(alpha) > -1);
assume(Re(beta) > -1);
assume(Re(chi) > -1);
assume(Re(delta)> -1);
assume(Re(sigma) > 0);
assume(Re(xi) > 0);
assume(Re(eta) > 0);
assume(Re(s) > -1);
f := proc (alpha, beta, chi, delta, m, n, xi, eta, sigma, s, y)
options operator, arrow;
y s*exp((1/4)*y"2/sigma)*(sum(sum(GAMMA (alpha*n-+beta+1)
*GAMMA (chi*m+delta+1)*factorial(h)*(-1) "h
*LaguerreL(h, s, (1/4)*y”~2/sigma) (factorial (h-k)*factorial(k)
*GAMMA (alpha*k+beta+1)*GAMMA (eta* (m-h+k)+1)
*GAMMA (xi* (n-k)+1)*GAMMA (chi* (h-k)+-delta+1)),k = 0 .. h),
h = 0.. m+n))/(2*sigma)”(s+1) end proc;
On putting particular value for different parameters in following expression,
> f(alpha, beta, chi, delta, m, n, xi, eta, sigma, s, y);
yields (4.1) for that particular values.
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