Commun. Korean Math. Soc. 27 (2012), No. 4, pp. 701-708
http://dx.doi.org/10.4134/CKMS.2012.27.4.701

FUZZY p-IDEALS OF BCI-ALGEBRAS WITH DEGREES IN
THE INTERVAL (0,1]

YUN SUN HWANG AND SUN SHIN AHN

ABSTRACT. The notion of an enlarged p-ideal and a fuzzy p-ideal in BCI-
algebras with degree are introduced. Related properties of them are in-
vestigated.

1. Introduction

The concept of a fuzzy set is applied to generalize some of the basic concepts
of general topology ([1]). Rosenfeld ([6]) constituted a similar application to
the elementary theory of groupoids and groups. Xi ([7]) applied to the concept
of fuzzy set to BC'K-algebras. Y. B. Jun and J. Meng ([4]) introduced of fuzzy
p-ideals in BC'I-algebras and studied their properties.

In this paper, we introduce the notion of an enlarged p-ideal and a fuzzy
p-ideal in BC'I-algebras with degree. We study related properties of them.

2. Preliminaries

We review some definitions and properties that will be useful in our results.

By a BCT-algebra we mean an algebra (X, ,0) of type (2,0) satisfying the
following conditions:

(a1) (Va,y,2 € X)(((@*y) * (@ % 2)) *

(a2) (Va,y € X)((zx (z xy)) xy = 0),

(a3) (Vz € X)(xxz =0),

(ad) (Vo,y € X)(zxy=0,yxx=0 = z =y).
If a BCI-algebra X satisfies the following identity:

(a5) (Vz € X)(0*xz =0),

then X is called a BC'K-algebra.

In any BCI-algebra X one can define a partial order “<” by putting z < y
if and only if z xy = 0.

A BC1I-algebra X has the following properties:

(zxy) =0),
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(bl) (Vz € X)(z %0 =x).

(b2) (Vo,y,z € X)((xxy) xz = (x*z) xy).

(b3) (Vz,y € X)(0* (z*xy) = (0xxz) % (0% y)).

(bd) (Vz,y € X)(z* (z* (xxy)) =z *y).

(b5) (Vo,y,z€ X)(z <y => x*x2<yx*xz, 2%y < zx*1x).

(b6) (V5,2 € X)((w+2) % (y 5 2) Sz %),

(b7) (Va,y,2 € X)(0 (0% (2 2) * (y x 2))) = (0xy) x (0% 2)).

(b8) (Vo,y € X)(0x (0% (zxy)) = (0+y)* (0% ).

A non-empty subset S of a BCI-algebra X is called a subalgebra of X if
x*y € S whenever z,y € S. A non-empty subset A of a BCI-algebra X is
called an ideal of X if it satisfies:

(cl) 0€ A,

(c2) Vze A)(Vye X)(zxye A = z € A).

Note that every ideal A of a BCI-algebra X satisfies:
(Vee A)(VyeX)(x <y = x€A).

A non-empty subset A of a BCI-algebra X is called a p-ideal ([9]) of X if it
satisfies (c1) and

(c3) (Vz,y,z€ X)((z*x2)x(yx2)€e Aandy € A=z € A).

Note that any p-ideal is an ideal, but the converse is not true in general.

We refer the reader to the book [2] for further information regarding BCI-
algebras.

A fuzzy subset p of a BCK/BC1I-algebra X is called a fuzzy ideal ([4]) of
X if it satisfies:

(A1) (v € X)(u(0) > u(x),

(d2) (Va,y € X)(u(x) = min{u(z +y), u(y)}).

A fuzzy subset p of a BCI-algebra X is called a fuzzy p-ideal ([4]) of X if it
satisfies (d1) and

(d3) (Va,y,z € X)(pu(x) = min{u((z * 2) * (y * 2)), u(y) }-

3. Fuzzy p-ideals of BCI-algebras with degrees in the interval (0, 1]
In what follows let X denote a BCI-algebra unless specified otherwise.

Definition 3.1 ([5]). Let I be a non-empty subset of a BCK/BCI-algebra
X which is not necessary an ideal of X. We say that a subset J of X is an
enlarged ideal of X related to I if it satisfies:

(1) I is a subset of J,

(2) 0e J,

B) VeeX)Vyel)(zxyel=ael).

Definition 3.2. Let I be a non-empty subset of a BCI-algebra X which is
not necessary a p-ideal of X. We say that a subset J of X is an enlarged p-ideal
of X related to I if it satisfies:
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(1) I is a subset of J,
(2) 0e J,
(3) (Vz,y,z€ X)(z*2)*x(y*xz) el andy el =z € J).

Obviously, every p-ideal is an enlarged p-ideal of X related to itself. Note
that there exists an enlarged p-ideal of X related to any non-empty subset I
of a BC'I-algebra X.

Example 3.3. Let X := {0,a,b,c} be a BCTI-algebra ([4]) in which the *-
operation is given by the following table:

*|Oa b ¢
010 a b ¢
ala 0 ¢ b
blb ¢ 0 a
cle b a 0

Then {0, a,b} is an enlarged p-ideal of X related to {0}. But {0, a, b} is not a
p-ideal since (cxa) * (bxa) =bxc=a,b € {0,a,b}, and ¢ ¢ {0, a,b}.

Theorem 3.4. Let I be a non-empty subset of a BCI-algebra X. Fvery en-
larged p-ideal of X related to I is an enlarged ideal of X related to I.

Proof. Let J be an enlarged p-ideal of X related to I. Putting z := 0 in
Definition 3.2(3), we have

(Vz,y e X)((x+0)x(yx0)=zxyelandyel=xcJ).
Hence J is an enlarged ideal of X related to I. O

The converse of Theorem 3.4 does not true in general as seen in the following
example.

Example 3.5. Let X := {0,1,2,3,4} be a BCTI-algebra ([4]) in which the
x-operation is given by the following table:

*0 1 2 3 4
0(0 0 0 0 O
1{1 0 0 0 O
212 1 0 0 1
313 2 1 0 2
414 4 4 4 0

Note that {0,1,3} is not both an ideal and a p-ideal of X. Then {0,1,2,3}
is an enlarged ideal of X related to {0, 1,3} but not an enlarged p-ideal of X
related to {0,1,3} since (4%4)* (3x4) =0,3 € {0,1,3} and 4 ¢ {0, 1, 3}.

In what follows let A and x be members of (0,1], and let n and k denote
a natural number and a real number, respectively, such that & < n unless
otherwise specified.
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Definition 3.6 ([5]). A fuzzy subset u of a BCK/BCI-algebra X is called a
fuzzy ideal of X with degree (), k) if it satisfies:

(1) (72 € X)(u(0) > (),

(2) (Vo,y € X)(u(z) = smin{pu(z +y), u(y)})-
Definition 3.7. A fuzzy subset u of a BCI-algebra X is called a fuzzy p-ideal
of X with degree (), k) if it satisfies:

(1) (Va € X)(u(0) > Mu(x)),
(2) (Vz,y € X)(u(z) > rmin{u((z * 2) * (y * 2)), 1(y)})-

Note that if A # k, then a fuzzy p-ideal with degree (A, k) may not be a
fuzzy p-ideal with degree (k, A), and vice versa.

Example 3.8. Let X := {0,a,1,2,3} be a BCTI-algebra ([4]) in which the
x-operation is given by the following table:

*10 a 1 2 3

0j]0 0 3 2 1

ala 0 3 2 1

1/1 1 0 3 2

212 2 1 0 3

313 3 2 1 0
Define a fuzzy subset p: X — [0,1] by

(0 a 1 2 3
=108 06 05 05 05)°

Then p is a fuzzy p-ideal of X with degree (%, %), but it is neither a fuzzy

p-ideal of X nor a fuzzy p-ideal of X with degree (%, %) since

p(a) = 0.6 # min{p((a* 1)+ (0 + 1)), u(0)}
and
pla) =0.6 # g x 0.8 = gmin{,u((a *1) % (0% 1)), 1(0)}.

Obviously, every fuzzy p-ideal is a fuzzy p-ideal with degree (A, k), but the
converse may not be true. In fact, the fuzzy p-ideal p with degree (%, %) in
Example 3.8 is not a fuzzy p-ideal of X. Note that a fuzzy p-ideal with degree
(\, k) is a fuzzy p-ideal if and only if (A, k) = (1,1). If Ay > Ay and k1 > Ko,
then every fuzzy p-ideal with degree (\1,k1) is a fuzzy p-ideal with (A2, k2),
but the converse is not true as shown by Example 3.8.

Proposition 3.9. If p is a fuzzy p-ideal of a BCI-algebra X with degree (X, k),
then p is a fuzzy ideal of X with degree (A, k).

Proof. Put z := 0 in Definition 3.7(2). O

The converse of Proposition 3.9 is not true in general as seen the following
example.
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Example 3.10. Consider a BCI-algebra X and a fuzzy subset u as in Example
3.8. It is routine to check that u is a fuzzy ideal of X with degree (7, 5) But

it is not a fuzzy p-ideal of X with degree (2, 2

=, 5) since

4 4
p(a) =0.6 #0.64 = e 0.8 = gmin{u((a 1)« (0x1)),u(0)}.
Proposition 3.11. If p is a fuzzy p-ideal of a BCI-algebra X with degree

(\, k), then the following hold:

(1) (Vo,y € X)(z <y = plz) = Asp(y)),
(2) (Vo € X)(u(z) = Axmin{u(0 = (0 x)), u(x)}).

Proof. (1) Let x,y € X be such that < y. Then x * y = 0. Putting z := 0 in
Definition 3.7(2) and using (b1), we have

p(x) = kmin{p((z * 0) = (y = 0)), u(y)}
= rmin{u(z = y), p(y)}
rmin{(0), p(y)}
rmin{An(y), u(y)}
= Akp(y).

(2) For any z € X, we have

(@) = rmin{p((z « z) * (0 xx)), 1(0)}
= rmin{u((0* (0 2)), n(0)}

0 (0 )), Au(z)}

Y

> kmin{u((0 *
> mmin{Au((0 (0 % 2)), Ap(x)}
= Akmin{u((0 * (0 x x)), u(z)}. O

Theorem 3.12. If u is a fuzzy p-ideal of a BCI-algebra X with degree (\, k),
then the following hold:

(V,y, 2 € X)(p((x * 2) * (y % 2)) = KAu(z * y)).

Proof. Let x,y,z € X. Using (al) and (b2), the inequality (x*z)*(y*z) < z*y
holds. By Proposition 3.11(1), we have p((z * z) * (y * z)) > Asp(z *y). This
completes the proof. O

Theorem 3.13. Let p be a fuzzy ideal of a BCI-algebra X with degree (A, k).
If u satisfies pu(x xy) > u((z * 2) * (y x 2)) for all x,y,z € X, then p is a fuzzy
p-ideal of X with degree (A, k).

Proof. For any x,y,z € X, we have
pu(x) = rmin{p(e « y), u(y)}
> rmin{p((z * 2) * (y * 2)), w(y)}-
Thus p is a fuzzy p-ideal of X with degree (\, k). O
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Lemma 3.14. Let p be a fuzzy ideal of a BCI-algebra X with degree (X, k).
Then

(0% (0% 2)) > rAu(z), Vo € X.
Proof. For any x € X, we have

(0% (0% 2)) > kmin{u((0 % (0% z)) *x), u(x)}
rmin{(0), u(x)}

> kmin{Ap(z), p(z)}
> kdmin{p(z), p(x)}
= k(). O

Theorem 3.15. Let o be a fuzzy ideal of a BCI-algebra X with degree (A, k)
satisfying

w0 (0% z)) < rAp(z) for all x € X.
Then u is a fuzzy p-ideal of a BCI-algebra X with degree (A k).

Proof. Let z,y,z € X. Using Lemma 3.14, (b7) and (b8), we have
(=) (5 2)) < (0 (0 (2 %2) % (y % 2)))
= (0 ) * (0 +))
= L0+ (0% (x*)))

1
aﬁ)\ﬂ(w *Y)

= (@ *y).

IN

By Theorem 3.13, p is a fuzzy p-ideal of X with degree (A, k). O

Denote by Z(X) and Z,(X) the set of all ideals and p-ideals of a BCI-
algebra X, respectively. Note that a fuzzy subset u of a BCI-algebra X is a
fuzzy p-ideal of X if and only if

(vt € [0, 1)U (p;t) € L,(X) U {0}).

But we know that for any fuzzy subset p of a BCI-algebra X there exist
Ak € (0,1) and t € [0,1] such that

(1) wis a fuzzy p-ideal of X with degree (A, k),

(2) U(u;t) ¢ Zp(X) U{0}.

Example 3.16. Consider a BCI-algebra X = {0,a,1,2,3} as in Example 3.8.
Define a fuzzy subset u: X — [0,1] by

(0 a 1 2 3
#=%07 06 07 05 05)°
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Then pu is a fuzzy p-ideal of X with degree (0.6,0.7). If ¢ € (0.6,0.7], then
U(p;t) = {0,1} is not a p-ideal of X since (a* 1) % (0% 1) =0 € {0,1} and
a ¢ {0,1}.

Theorem 3.17. Let p be a fuzzy subset of a BCI-algebra X. For anyt €
[0,1] with t < max{\, &}, if U(u;t) is an enlarged p-ideal of X related to
U(p; m), then u is a fuzzy p-ideal of X with degree (A, k).

Proof. Assume that 1(0) < t < Au(zx) for some z € X and t € (0 A]. Then
w(x) > ﬁ\ > m and so z € U(M;m)’ ie., U(u; max{)\ K}) # 0.
Since U(p;t) is an enlarged p-ideal of X related to U(u; m), we have
0 € U(u;t), ie.,, u(0) > ¢t. This is a contradiction, and thus u(0) > Au(z) for
all z € X.

Now suppose that there exist a,b,c € X such that up(a) < skmin{u((a *
c) x (bxc)),u(b)}. If we take ¢ := kmin{u((a * ¢) * (b * c)), u(b )} then t €
(0,x] € (0,max{\,x}]. Hence (a*c)x (bxc) € U(u; £) C U (s mdx{/\ K}) and
beU(w L) CU( m) It follows from Definition 3.2(3) that a € U (u;¢)
so that p(a) > ¢, which is impossible. Therefore

p(z) =z rmin{p((z * 2) * (y * 2)), w(y)}
for all ,y,z € X. Thus p is a fuzzy p-ideal of X with degree (A, k). O

Corollary 3.18. Let u be a fuzzy subset of a BCI-algebra X. For anyt € [0,1]
with t < & =, if U(u;t) is an enlarged p-ideal of X related to U(u; 3t), then p is
a fuzzy p- zdeal of X with degree (’c k)

Theorem 3.19. Let t € [0,1] be such that U(u;t)(# 0) is not necessary a
p-ideal of a BCI-algebra X. If u is a fuzzy p-ideal of X with degree (\, k),
then U(p; tmin{\, k}) is an enlarged p-ideal of X related to U(u;t).

Proof. Since tmin{\, k} < t, we have U(u;t) C U(p;tmin{\, }). Since U(u;t)
# 0, there exists « € U(u;t) and so p(z) > t. By Definition 3.7(1), we obtain
1(0) > Ap(z) > At > tmin{\, k}. Therefore 0 € U(u; tmin{\, k}).

Let z,y,2 € X be such that (zx2)* (y*2) € U(u;t) and y € U(p;t). Then
w((z*x2)* (y*z)) >t and p(y) > t. It follows from Definition 3.7(2) that

p(x) = rmin{p((z * 2) * (y * 2)), n(y)}
> kt > tmin{\, k},

so that € U(u;tmin{\, k}). Thus U(u;tmin{\, x}) is an enlarged p-ideal of
X related to U(p;t). O
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