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ANISOTROPIC QUASILINEAR ELLIPTIC EQUATIONS WITH
VARIABLE EXPONENT

MIHAI MIHAILESCU AND DENISA STANCU-DUMITRU

ABSTRACT. We study some anisotropic boundary value problems involv-
ing variable exponent growth conditions and we establish the existence
and multiplicity of weak solutions by using as main argument critical
point theory.

1. Introduction

Materials involving nonhomogenities are usually modelled by energetic func-
tionals of the type

1) / V()P de,

where p(z) > 1 is a continuous function. Such kind of functionals are men-
tioned, for instance, in the work of Ruzicka [18] where they are used to model
an electrorheological fluid. They correspond to the so called a p(z)-Laplace
operator which is described by the formula

Apzyu = div(|Vu[P®~2Vy) .

However, if we seek for the model of an inhomogeneous material which has
a different behavior on each direction we note that the above energy is not
adequate. In this new case an appropriate form for energetic functionals can
be described by the formula

2) [ e o,

where p;(z) > 1 are continuous functions. Functionals of type (2) correspond
to a differential operator of the type

(3) > 00, (10, uP 720, u)
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which appears also in a paper by Mihiilescu-Pucci-Rédulescu [11] and more
recently in two papers by Mihailescu-Moroganu [9, 10]. Problems involving
operators of type (3) will be called anisotropic partial differential equations
with variable exponent. In the particular case when p;(z) = p(x) for each 4
the differential operator (3) becomes ", 0, (|0x,u[P*)=20,,u) and has similar
properties with the p(z)-Laplace operator.

Motivated by the above discussion, we analyze in this paper the existence
and multiplicity of solutions for a nonhomogeneous anisotropic problem of type

(4) = i1 Or, (100l 7200 u) = flw,u) forz e,
u=20 for xz € 09,

where  C RNM(N > 3) is a bounded domain with smooth boundary and
pi : = (1,00) are continuous functions for each i € {1,..., N}.

2. A brief overview on variable exponent spaces

Assume ©Q C R is an open domain.
Set
Ci(Q)={h: heC(Q), h(z) > 1forallxz € Q}.
For any p € C;(Q) we define

pT = sup p(x) and p~ = inf p(x).
EQ e

For each p € C(9), we recall the definition of the variable exponent Lebesgue
space:

LPO(Q) = {u : u is a measurable real-valued function such that
Jo lu(@)[P®) dz < oo}

This space becomes a Banach space [7, Theorem 2.5] with respect to the Lua-
emburg norm, that is,
p(x)
de <1, .

|u|p() = inf {M >0: /
Q

Moreover, LP() () is a reflexive space [7, Corollary 2.7] provided that 1 < p~ <
pT < 0o. Furthermore, on such kind of spaces a Holder type inequality is valid
[7, Theorem 2.1]. More exactly, denoting by Lq(')(Q) the conjugate space of
LPO)(Q), where ﬁ + le) =1 for any z € Q, for each u € LP)(Q) and each
v € LIO(Q) the Holder type inequality reads as follows

1 1
5 /uvdmﬁ(——l——)u.v..
(5) A v ulp(y[vlgc

An immediate consequence of Holder’s inequality is connected with some in-
clusions between various Lebesgue spaces involving variable exponent growth
[7, Theorem 2.8]: if 0 < |2] < oo and p1, p2 are variable exponents, such

u(z)
1
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that p1(z) < po(x) almost everywhere in €, then there exists the continuous
embedding LP2()(Q) < LP*()(Q), whose norm does not exceed |Q| + 1.

An important role in manipulating the generalized Lebesgue-Sobolev spaces
is played by the modular of the LP()(Q) space, which is the mapping Pp() -
LrO)(Q) — R defined by

Py () = [ |u[P) da,
provided that p™ < co. Spaces with p™ = co have been studied by Edmunds,
Lang and Nekvinda [1].
We point out some relations which can be established between the Luxem-
burg norm and the modular. If (u,), v € LP()(Q) and p* < oo, then the
following relations hold true

- +
(6) |“|p(-) >1 = |U|g(.) < Pp(~)(“) < |“|g(.)a
" _
) by <1 =l < ppio(u) < ul?,
(8) [un —ulpy =0 & ppey(un —u) = 0.

Next, we define the variable exponent Sobolev space Wol’p(‘) () as the closure
of C§°(€2) under the norm
el = [Vl
The space (VVO1 P (')(Q), [l 1) is a separable and reflexive Banach space, provided
that 1 < p~ < pt < 0o. We recall that if  is a bounded, open domain in RY,
q € C,(Q) and ¢(z) < p*(z) for all € Q, then the embedding

WQLP(')(Q) N Lq(‘)(Q)

is compact and continuous, where p*(z) = ]\Z,Vféz) if p(x) < N or p*(z) = +0

if p(x) > N. We refer to [1, 2, 3, 4, 5, 7, 13] for further properties of variable
exponent Lebesgue-Sobolev spaces.

Finally, we recall the definition and properties of the anisotropic variable
exponent Sobolev spaces as they were introduced in [11]. With that end in
view, we assume in the sequel that © is a bounded open domain in R and
we denote by 7'(-) : @ — RY the vectorial function 7 (-) = (p1(),...,pn(")).
We define Wol’?(')(Q), the anisotropic variable exponent Sobolev space, as the
closure of C§°(§2) with respect to the norm

N

lull5) = Z |0z, u

i=1

pi(-) -

In the case when p;(-) € C () are constant functions for any i € {1,..., N}

the resulting anisotropic Sobolev space is denoted by WO1 ’?(Q), where ? is the
constant vector (p1,...,pn). The theory of this type of spaces was developed
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in [6, 14, 16, 17, 20, 21]. It was argued in [11] that Wol’?(')(Q) is a reflexive
Banach space.
On the other hand, in order to facilitate the manipulation of the space

Wol’?(')(ﬂ) we introduce P, P_inRY as
?-‘r:(pfa"'apx)a ?—:(pliaapjif)a
and P, PT P~ € RT as
Pjrr = max{p;r, ... ,pﬁ}, Pt = max{py,...,pn}t, PZ =min{py,...,py}

Throughout this paper we assume that

Y1
(9) Z —>1
i=1 Pi
and define P* € RT and P_ o € RT by
N
P*= ———, P_ o =max{P",P'}.
Zi:l p% -1

Finally, we recall a result regarding the compact embedding between VVO1 ’?(')(Q)
and variable exponent Lebesgue spaces (see, [11, Theorem 1]):

Theorem 1. Assume that Q CRY (N > 3) is a bounded domain with smooth
boundary. Assume relation (9) is fulfilled. For any q € C(QQ) verifying

(10) 1<q(z) < P_ o forall z€Q,
the embedding
WOL?(-)(Q) < L1O(Q)
s continuous and compact.
3. The main results
In this paper we study problem (4) in the particular cases
Fa,t) = £ 724 |42,

where m : Q — R, ¢: Q — R are continuous functions such that

11 = i f €q,
(11) m(z) = {q}é?jN}{p ()} for any

(12) 1 <m(z) < g(x) < P_ o for any = € Q
and A > 0.

Remark. Condition (11) implies m* = P
First, we consider the following problem
(13)
{ — N 00, (100, u|P )20, u) = —Au| )2y 4 w42y for z € Q,
u=0 for z € 09.
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We seek solutions for problem (13) belonging to the space Wol’?(')(ﬂ) in the
sense below.

Definition 1. We say that u € Wol’?(')(ﬂ) is a weak solution for problem (13)
if

N

/Q{Z X

i=1

P29, 0 0,0 ) + Auf ™2 |u|q<x>2uv} dz =0

for all v € W7 (Q).
We will prove:

Theorem 2. For every A > 0 problem (13) has infinitely many weak solutions
provided 2 < P_ | Pfrr <q and ¢t < P_ .

Next, we deal with the problem
(14)
= N 0, (182, u|P ) 720, ) = Au|™) 2 — [u]1®) "2y for z € Q,
u=0 for z € 09.

We seek solutions for problem (14) belonging to the space Wol’?(‘)(ﬂ) in the
sense below.

Definition 2. We say that u € Wol’?(‘)(ﬂ) is a weak solution for problem (14)

if
/ﬂ{i (1020

for all v € W27 O (q).

Pi@)=2g aziv) — Nu|™®) 240 4 |u|q(x)2uv} dx =0

Regarding problem (14) we prove the following result:

Theorem 3. There exists \* > 0 such that for any A > \* problem (14) has a
nontrivial weak solution provided 2 < P_, P_t <q and ¢t < P_ .

Remark. We point out the fact that similar results as the one of Theorems 2
and 3 were obtained by Mihailescu [8], in the case when in the left hand side
of equations (13) and (14) we replace the anisotropic operator

N
Zazi(wriu

=1

Pi(m)*Qaz_u)

by an isotropic one of the type div((|Vu[P*®) =2 4 |Vu|P2(*)=2)Vu), where p; ()
and pa(x) are two continuous functions. Our results represent a natural gener-
alization of the one in [8] in the anisotropic case.
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4. Proof of Theorem 2

We will use critical point theory to prove Theorem 2. More exactly, we
will associate to problem (13) an energetic functional for which the critical
points correspond to the weak solutions of the equation. The main tool is a
Zso-symmetric version (for even functionals) of the Mountain Pass Theorem (see
[15, Theorem 9.12]):

Mountain Pass Theorem. Let X be an infinite dimensional real Banach
space and let I € C1(X,R) be even, satisfying the Palais-Smale condition (that
is, any sequence {xn,} C X such that {I(x,)} is bounded and I'(xz,) — 0 in
X* has a convergent subsequence) and I(0) = 0. Suppose that

(I1) there exist two constants p,a > 0 such that I(x) > a if ||z||x = p,

(12) for each finite dimensional subspace X1 C X, the set {x € Xy : I(x) >
0} is bounded.
Then I has an unbounded sequence of critical values.

Let A > 0 be arbitrary but fixed. Define the energy functional I} : WO1 ’_p)(‘)(Q)
— R, corresponding to problem (13), by

1) nw= | {

Standard arguments assure that I € Cl(WOl’?(‘)(Q),R) and the Fréchet de-
rivative is given by
(16)

(T, (), v) = /Q {Z 1B

i=1

N

O,y ulPi(®@) m(x) a(x)
L N T

2ol m@) @)

pi(x)72amiu aZi,U + )\|u|m(z)72uv _ |'U/|q(x)2u’l}} dr

for all u, v € Wol’?(')(ﬂ). Obviously, the weak solutions of problem (13)
coincide with the critical points of Iy.

Our goal is to show that the Mountain Pass Theorem can be applied in this
case. In order to do that we start by establishing some auxiliary results.

Lemma 1. If {u,} C Wol’?(')(ﬂ) is a sequence which satisfies the conditions
(17) [ (u)] < K,

(18) I\ (up) — 0 as n — oo,

where K is a positive constant, then {u,} has a convergent subsequence.
Proof. First, we show that {u,} is bounded in W&’?(')(Q). In order to do
that, we assume by contradiction that passing eventually to a subsequence,

still denoted by {u,}, we have |[un|5.) — oo as n — oo. Clearly, we may
assume that [[u, ) > 1 for any integer n.
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Condition (18) implies that for n large enough we have
113 (un)[ < 1.
On the other hand, for each fixed n, the application
WEPO(Q) 50— (I (un), v) € R
is linear and continuous. Combining the above two relations, we obtain that
B (), 0)] < I G - 0l < ollgs ¥ v e WP O(@),

for n large enough. Setting v = u,,, we deduce that

N
0= 0 0

< lunllg )

for n large enough.
Thus, the above information yields

N
(19) —llunll4 ¢y —/ Z |0, [P d — )\/ | ™®) da < —/ |1 |91 da
Qi Q Q

for all n large.
Provided that [lu,[/3 () > 1, by relations (17), (19) and (6), and the fact
that m™ = P} we get

K > I)\(un)

1 [ A 1
- D, U, pi(w) d.%'—i——/ U, m() g _/ Uy, (@) g
o I 2 L[

> 11 / i |0, i, Pi(®) g0 4\ (i _ i) / |un|m(z) dr
CA\PT a0 ) e = mt ) Ja

! | H?
U, .
q- ©

11 al 1
> = -— O, un [P @ dar — —Jun|z.)-
(PI q_>/91§_1:| | el
For each n and i € {1,..., N} we define

i = Pjrr, if |8I1’U,n|pl() <1,
I P, if |6miun|pi(.) > 1.

We have

11 N 1
(1) (Pi q_> [ 210 luallzc)
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1 1
_J.i_ - __> Z |azlun|p ()~ = ”Un”?(»)
N
1 1 P~
PE q—-> Zl 1Oritiml

1 1 P P 1
- T - T az n oy az n y - n .
(Pjr" q_> E <| U |pi(,) |0z, u |pi(‘)) = [|w H?()

{i:n,i=P]}

11 ||un||? 11 1
> 55— = - _(1) N5 —— | — —lulzy:
PT q N PT q q

Passing to the limit as n — oo, we obtain a contradiction. It follows that
{un} is bounded in Wo LB )(Q)

Since {u,,} is bounded in Wy’ LB )( ) and the space Wy’ LB )( Q) is reflexive,
we deduce that there exist a subsequence still denoted by {u,}, and u in

1?()( Q)

Y

1 P )( ) such that {u,} converges weakly to u in W, . Theorem 1

and conditions (11) and (12) imply that W1 TS )( Q) is compactly embedded
into L™)(Q) and LI0)(Q). Consequently, {un} converges strongly to u in
L™O)(Q) and L1O)(Q).

These facts and condition (18) show that

(20) (I3 (up) — Iy (u),un, —u) = 0 as n — oo.
We get

N
/ Z (|8miun|pi(z)_2 ' azlun - |8Iiu|pi(Z)_2 ' aﬂﬁlu) ! (azlun - 8I1u>dz
Q-

= (I (un) — I5(u), up — u) — )\/ (|un|m(z)72un - |u|m(z)*2u) (U, — u)dx
Q
Jr/ (|un|q(z)72un — |u|q(z)72u) (up — u) de.
Q

Using the fact that {u,} converges strongly to u in L¢()(Q) and inequality
(5) we get

o= 1201~ )
Q

/ |, |9 =200, (1, — ) daz| + / |1 =24 (u,, —u) dz
Q Q

M ||un, a0 [t — gy + ]\42||u|q(l)_1|q(q.()z1 N — gy,

IN

IN

where M;, Ms are two positive constants.
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Since |un — ulq.) — 0 as n — oo, we deduce that

(21) lim (|un|q<$>*2un - |u|Q<m>*2u) (tn — u) dz = 0.

Similar arguments as the one used in the proof of relation (21) show that

(22) 1i_>m (|un|m(m)_2un - |u|m(m)_2u) (up, —u) dx = 0.
By relations (20), (21) and (22) we have
(23)
N
li_>m / Z (|81iun|pi(l)_20ziun - |0Eiu|pi(m)_28mu) (Op,Up, — O, u) dz = 0.

It is known that
24) (K2 P)(C =) 227 ¢ =9, ¥ t>2, ¥ (0 eRY.
Relations (23) and (24) yield that actually {u,} converges strongly to u in
Wol’?(')(ﬂ). The proof of Lemma 1 is complete. O
Lemma 2. There exist p > 0 and a > 0 such that
L) >a>0, YueWrTOWQ) with |ul3., = p.

Proof. By condition (12) we have 1 < ¢~ < ¢t < P_ ., for all z € Q and
using Theorem 1 we get that Wol’?(')(ﬂ) is compactly embedded in L9 (£2)
and L7 (Q).

The fact that W&’?(‘)(Q) is compactly embedded in L9 (Q) assures that
there exists a positive constant C; such that

(25) lulg- < C1 - lullzy, VueWEPO @),

Similarly, WO1 7O (Q) is compactly embedded in La (©) and this guarantees
that there exists a positive constant Cy such that

(26) lulgr < Co - lull5ey, ¥ue WEPO@).
On the other hand, we have

(27) Ju(z)|9®) < Ju(z)|?T + |u(:1:)|q+ for all x € Q.
Using relation (27) we deduce that

N
1 1 _ .
(28) Lu)> - / D, d:c—_< / ul?” de + / Jule dz>.
PF o  \a 0

Next, we focus our attention on the case when u € Wol’?(')(Q) with [|ull5 .
< 1. For such an element u, we have |0y, ul,,y < 1 for any i € {1,...,N},
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and, by relation (7) we obtain

PI N prf
lulzo) _ o (Zi e )
NPi-1 N

al Pt N + N
<D 10l < D Isuliy <D /Q 00, ulP ) da.
i=1 i=1 i=1

Thus, relations (25), (26), (28) and (29) imply

(29)

lull
1
L(u) > ——29 _ Cylju|,

= +
pjrr NP1

— Cullul%,

) 40

+ pir
= (B Bl = Bl ) Il

for any u € VV1 S )( Q) with [lul|5 ) < 1, where C3, Cy, By, By and Bs are
positive constants.
Since the function g : [0, 1] — R defined by

g(t) = By — By -t9 ~T¥ — By g Y

is positive in a neighborhood of the origin, the conclusion of the lemma follows
at once. m

Lemma 3. If S is a finite dimensional subspace of Wy’ L7 )( Q), the set M =
{u € S : I \(u) >0} is bounded in W1 P )( 0).

Proof. First, we establish that
(30)
N
|0 ul? ) ( ) LB
——  de <A n + || for all we Wy’ Q),
izzl o pz(z) H ||—>() H H?() 0 (

where A; = 123—]\,7 is a positive constant.
Indeed, using relations (6) and (7) we get

pi(z )

Da . N
; sz| plu <; »; (|3ri“§:<v>+lamuiz<‘>)

(31) t
FZ(W%UPZ 10l )

- =1

for all w € W27 0(Q).

On the other hand, for every i € {1,..., N} and for all u € Wol’?(')(ﬂ) we
infer that

|azzu|p ) < H“H%() < ||u||—>() + ||u||—>( )
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and
|azzu|p ) = ||u||_>( )= ||u||—>( ) + H“H?()
The above three inequalities yield
s [ e, 2N (Il + i, )
~ Jo pil) = p ©) 70
Thus, we conclude that inequality (30) holds true.

By relations (6) and (7), we arrive at
(32) /Q Ju|™®) dg < |u|m + |u|m 5 for all ue Wol’ﬁ(')(Q).

The fact that Wol’?(')(Q) is continuously embedded in L™()(Q) guarantees
that there exists a positive constant H such that
(33) lulmy < H [[ull 3¢, for all ue W70 ).

Combining inequalities (32) and (33) we obtain that, for each A > 0, there
exists a positive constant As(A) such that

u|™®) mt e .
(34) x/ﬁ' " e < 400 (lullmey + ) for all we Wy 7).

m(z)

Relations (30) and (34) imply

Pt P- mt m- 1 .
) < A (all, + Bl ) 4420 (Il + ) = = [ ol
for all w € W27 (@),
Let u € W1 7O (Q) be arbitrary but fixed. We denote by
Qe ={xeQ:|ulz) <1} and Q> =0\ Q.

Thus, we obtain

pPr P~
Do) < An ([l + ol ) + 4200 (i, + Tl

1
f_/ |u|q(r) dx
*Ja

Pr PZ
< v (Il + el ) + 42000 (Hull, + )

1
- |u|q(x) dx
ar Jas

) ]
v (Il + Tl ) + 4200 (Il + i)
1

- — lul? dx
qt Q>
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P P- mt me
< Av oy + lulsg, ) + 200 (e, + el )

1 - 1 _
— —+/ [ul? do + — |u|? da.
q' Ja av Ja.
But there exists a positive constant As such that

1 - .
o | Wl dw< s, Voue whTO(Q).
Q<

Then, we have

pr P- mt m—
B < A ([l + ol ) + 4200 (i, + i,

1 ~
—q—+/gl|u|q dx + As

for all u € Wol’?(')(Q).
Define the functional |- |- : Wol’?(')(ﬂ) — R by

_ 1/q”
- = (/ fuf? dx)
Q

The functional |- [,- is a norm on WOI’?(')(Q). On the finite dimensional
subspace S, the norms | - [~ and || - [|5(.) are equivalent, so there exists a
positive constant A = A(S) such that

lull gy <A-ulg-, V ueS.

Consequently, we have that there exists a positive constant A4 such that
P P- mt m=
D) < Av (Jul 5y + lulisg, ) + A0 (i, + lulZ) )

+ Az — A4||u||‘§(_), Vues.

Hence

Pt P mt m-
meﬁ)wwmQ+&uwwh@ﬂmmg
+ Ay = Agflul|% =0, YV ueM

and since m* = P} < ¢, we conclude that M is bounded in Wol’?(')(Q).
Thus, Lemma 3 is proved. (]

Proof of Theorem 2. Tt is clear that I, € C* (Wol’?(')(Q), R) iseven and I (0) =
0. Lemma 1 implies that I satisfies the Palais-Smale condition. On the other
hand, Lemmas 2 and 3 show that conditions (I1) and (I2) are satisfied. The
Mountain Pass Theorem can be applied to the functional Iy. Thus, I\ has
an unbounded sequence of critical values and consequently problem (13) has
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infinitely many weak solutions in WO1 ’?(')(Q). The proof of Theorem 2 is com-
plete. (I

5. Proof of Theorem 3

We will use once more the critical point theory in order to prove Theorem
3.
Let A > 0 be arbitrary but fixed. The energy functional corresponding to

problem (14) is defined as Jj : Wol’?(')(ﬂ) — R,

N
o pi(x) m(x) q(z)
JA(u)z/Zde—A/ [ d:v—i—/ ™
02 pi@) o M) o 4@
Standard arguments assure that Jy is well-defined on WO1 ’?(')(Q) and Jy €
cH W, ’?(‘)(Q), R) with the Fréchet derivative given by

Ghwh) = [ 3 10n

—|—/ |u|q<m)_2uv dx
Q

for all u, v € W&’?(')(Q). Clearly, the weak solutions of problem (14) are
exactly the critical points of functional J).
Our goal is to show that Jy possesses a nontrivial global minimum point in

WO1 ’?(')(Q). We start by establishing the following auxiliary result:
,?(')(Q)'

pi(z)=2 Ozt - g, v dx — )\/ |u|m(z)’2uv dx
Q

Lemma 4. The energy functional Jy is coercive on WO1
Proof. We recall that in [8, Lemma 4] it was proved that for any a, b > 0 and
0 < k <! the following inequality holds true
_k_
(35) a.tkfb-tlga.(%)“’“ for all ¢ > 0.
Using relation (35), we infer that for any z € Q and u € Wol’?(‘)(ﬂ) we have

m(x)
A 1 A A + 7 q(@)—m (=)
m@) _ Ly e < q
@)™ - (@) < 2o |2

m

m+ m
\ Nt \ Aot \ o
< — <_q_ ) + <—q_ ) =,
m m m

where € is a positive constant independent of v and =x.
Integrating the above inequality over ), we get

/\/ 1
36 A um(m)dx——/ u|1®) dz < D,
(36) - Q|| = Q||

where ® is a positive constant independent of u.



1136 MIHAI MIHAILESCU AND DENISA STANCU-DUMITRU

Next, we focus our attention on the elements u € W,
> 1.
For each n and i € {1,..., N} we define

Eni = PI, if |8x1un|pl() <1,
e P, if |azlun|pl() > 1.

1?()( with ||u||?()

By inequality (36), we get

) > P+Z/|azlu

+11

pi(@ dzf—/ || ™) der—/ lu|?®)

) A 1
> al.ug"’l ——/ u|™®) d:z:—l——/ u|1®) dg
Pi;' Sy = 2 [ 1 = [
1 P- 1 - Pl
= —+Z|3riupi<rﬁ > <|3ri“ |‘9z1“p+<>>
t o=l t {ini=PF}
A 1
- (—_/ || ™) dz——/ |u|2(®) dz>
m- Jjq at Jo
P
H“H?() 7£7®
- _ + *
prNP-—t P
el
Thus, Jy(u) > ??)71 — PAI —® for all ue€ Wol’?(')(Q) with [Jul5 ) > 1.

We infer that J,\( ) = o0 as [lufl5 .y — co. In other words, Jy is coercive in

01 S )( Q), completing the proof. O
Proof of Theorem 3. By Lemma 4 we have that Jy is coercive. Moreover, a
similar argument as the one used in the proof of [12, Lemma 3.4] shows that
Jy is also weakly lower semi-continuous in Wl’?(')(Q) These facts enable us
to apply [19, Theorem 1.2] in order to find that there exists uy € VV1 TS )( 0)
a global minimizer of Jy and thus, a weak solution of problem (14).

Next, we prove that uy is not trivial for A\ large enough. Indeed, letting
to > 1 be a fixed real and choosing €y an open subset of Q with || > 0, we
deduce that there exists vg € C5°(2) C Wol’?(')(ﬂ) such that vo(z) = to for
any x € 1 and 0 < wg(z) < tp for any z € Q \ Q1. Thus, we have

O vo|P1(® m(r) a(z)
Ja(vo) = /Zl ZUO —)\/ |UO| o™ e

Q54 o q(z)

A
C - —+ |,U0|m(x) dx
m N

IN
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A _
= I T
where C' is a positive constant.

Therefore, there exists A* > 0 such that Jy(vo) < 0 for any A > A*. It
follows that Jy(uy) < 0 for any A > A\* and thus, we find that uy is a nontrivial
weak solution of problem (14) for A large enough. This completes the proof of
Theorem 3. U
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