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CONVERGENCE PROPERTIES OF THE PARTIAL SUMS
FOR SEQUENCES OF END RANDOM VARIABLES

YONGFENG WU AND MEI GUAN

ABSTRACT. The convergence properties of extended negatively depen-
dent sequences under some conditions of uniform integrability are studied.
Some sufficient conditions of the weak law of large numbers, the p-mean
convergence and the complete convergence for extended negatively depen-
dent sequences are obtained, which extend and enrich the known results
in the literature.

1. Introduction and preliminaries

The concept of negatively dependent (ND) random variables was introduced
by Ebrahimi and Ghosh ([4]).

Definition 1.1. The random variables X;,..., X} are said to be negatively
upper dependent (NUD) if for all real x4, ..., z,

k
(1.1) P(Xi>wii=1,2,...,k) < [[P(Xi > x),
i=1
and negatively lower dependent (NLD) if
k
(1.2) P(X; <miyi=1,2,...,k) < [[ P(X; < 2).
i=1

Random variables X1, ..., X} are said to be negatively dependent (ND) if they
are both NUD and NLD.

Obviously sequences of ND random variables are a family of very wide
scope, which contain sequences of independent random variables. Joag-Dev
and Proschan ([6]) once pointed out that NA (negatively associated) implies
ND, but neither NUD nor NLD implies NA. Since the paper of Joag-Dev and
Proschan ([6]) appeared, the convergence properties of ND random sequences
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have been studied by Bozorgnia and Patterson ([2]), Taylor et al. ([13], [14]),
Amini and Bozorgnia ([1]), Mi-Hwa Ko et al. ([7], [8]).

Liu ([10]) extended the negatively dependent structure. She introduced the
concept of extended negatively dependent (END) random variables.

Definition 1.2. We call random variables {X;,i > 1} END if there exists a
constant M > 0 such that both

n

(1.3) P(Xigxi,izl,Q,...,n)gMHP(Xigxi)
i=1

and

(1.4) P(XZ->zi,i:1,2,...,n)§MﬁP(Xi>zi),
i=1

hold for each n =1,2,... and all z4,...,z,.

Liu ([10]) pointed out the END structure is substantially more comprehen-
sive than the ND structure in that it can reflect not only a negative dependence
structure but also a positive one, to some extent. So it is very significant to
study probabilistic properties of this wider END class.

The following examples were provided in Liu ([10]) to illustrate that the
extended negative dependence indeed allows a wide range of dependence struc-
tures.

Example 1.1. If {X;,7 = 1,2} and {X,,7 > 3} are independent of each other,
where X7 is possibly valued at z1, < x1, < --- < x1, and {X;,i > 3} is a
sequence of mutually independent random variables, then the random variables
{X;,i > 1} are END. In fact, for any x; and x2 such that

P(X1 <21)P(Xa<m2) =0 or P(X;>21)P(Xs > x2) =0,
both (1.3) and (1.4) hold trivially. Additionally, for any x; and z2 such that
P(X; <z1)P(X2<xz2)#0 and P(X;>x1)P(Xs > x2) #0,
take
M =1/min{P(X; =z1,), P(X1 = z14)},

then both (1.3) and (1.4) still hold. Note that there are no dependence restric-
tions between random variables X; and Xs.

Example 1.2. For any n = 1,2,..., let X3,...,X,, be dependent according
to a copula function C(uq,...,u,) with absolutely continuous dfs Fi, ..., F,.
Assume that the joint copula density

an
Cl,...,n(ula'-')un) - a C(Ul,--.,un)

Uy -+ Oy,
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exists and is uniformly bounded in the whole domain. The random variables
{X;,i > 1} are then END. As noted in Remark 3.1 of Ko and Tang ([9]), for
example, copulas in the Frank family of the form

1 aul _ 1)... (e@Un _ ]
Ca(ul,...,un)zaln(l—f— (e (ea) 1)(:1 ))a a<0

belong to this category.

Definition 1.3 (Chandra, [9]). Let {X,,n > 1} be a sequence of random vari-
ables and p > 0. The sequence {X,,,n > 1} is said to be uniform integrability
in the Cesaro sense if

(1.5) lim sup n~! Z B X1 x,)>2) = 0.

Tr—r00
neN =1

Since

B X" I x,)50) = (/ +/ VP(IXk[PL( x50y > t)dt
0 xP

:/ P(1X] 2z)dt+/ P(IXP > t)dt
0 xP

= 2P P(|Xg| > x) +/ P(|Xg|? > t)dt,

we know (1.5) is equivalent to

n

1.6 lim supn~! PP(| X > x2) =0
(16) i sup ™ 3P 2 0

and

1.7 lim sup n~! / P(|Xg|? > t)dt = 0.
7 Ji sup 32 [ PO

Wu et al. ([15]) studied the weak law of large numbers and the p-mean con-
vergence for a sequence of NA random variables under the conditions of (1.5)
and (1.6). S. H. Sung et al. ([12]) studied the weak law of large numbers for an
array of dependent random variables under some conditions of uniform inte-
grability. The goal of this paper is to study the weak law of large numbers, the
p-mean convergence and the complete convergence for END sequences under
some conditions of uniform integrability in the Cesaro sense. For this goal we
need the following lemmas.

Lemma 1.1 (Liu, [10]). If random variables {X;,i > 1} are END, then
(1) for any n=1,2,..., there exists a constant M > 0 such that

(1.8) E(ﬁxj) < MﬁEXj;
=1 =1
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(2) {9:(X),i=1,2,...} are still END, where {g;(:),i = 1,2,...} are either
all monotone increasing or all monotone decreasing.

Lemma 1.2. Let {X,,n > 1} be a sequence of END random variables with
mean zero and 0 < B, = > _, EX? < co. Let Sy, = Y p_, Xi. Then there
exists a constant M > 0 such that

1.9 (15| > (1Xe| > o) +2M (———1 —)
19 RS 20) S 3 PI% 2 )+ 20 (5~ Tos(1+ 1)

for¥x >0,y > 0.

Proof. The proof is similar to the proof of Theorem 2 in Fuk and Nagaev ([5]).
Let y >0, Y; = min(X;,y) and U,, = >, ¥;. Clearly EY; <0, EY? < EX?.
By Lemma 1.1(2) for A > 0, {e"¥i,1 < i < n} is nonnegative END. Thus, by
Lemma 1.1(1), there exists a constant M > 0 such that

(1.10) Ee"r = EJ[ "™ < M]] Ee™.

=1 i=1

Denoting F;(x) = P(X; < ), then

y
EehYi = / " dF;(z) + " P(X; > y)

Yy
=1+ hEY; + / (e"® —1 — ha)dF;(z) + (" — 1 — hy)P(X; > v)

y
<1 —|—/ (" — 1 — ha)dF;(z) + (" — 1 — hy) P(X; > y).
For fixed h > 0, the function f(x) = (e"® — 1 — hx)/2? is increasing for all x.
Note that 1 +u < e%, Yu € R. Hence

hy _1_h Y
Eeth <1+ # (/ $2dFl($) + y2P(Xi > y))
) —oco
e —1—hy

hy —1—h
<142—" 5
y

> 2

Therefore, by (1.10), for Yz > 0, Vh > 0,

EX2 < exp( EXf).

ehy—l—hy)

e T pehUn < Mexp(—hx + B, 5
Yy

Letting h = log(1 + F*)/y, we have
—ha U, T xy B, xy
e "Fe "SMexp(—f—logqu— f—loglJr—)
0y (1+37) 7 ( )
T oz xy
< Mexp(= — Zlog(1 + £4)).
< Mexp{ = Zlog(1+ 3°)
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Therefore

P(S, > ) < P(Sy # Uy) + P(U, > @)

P(Xy > y) +e "EehUn

IN

M:EW

T T Y
P X, >y JrMexp(—f—log;le—).
(Xi > ) ©— Zlog(1+ )

£
Il
—

Similarly, when X; is replaced by —X;, we have

P(-S, >x) <ZP Xk>y)+Mexp(———1 g(1 —l—%))
k=1 "

Therefore, for Vx > 0, Vy > 0, we have
P(|S,| > x) < P(S, > z)+ P(—S, > x)

zy
< ];P | X >y)+2MeXp(§ ~ Tlog(1 B_n))'

The proof is complete. (I

Lemma 1.3. Let {X,,n > 1} be a sequence of random wvariables satisfying
(1.6) for some real number p > 0. Then

(1.11) lim n ﬁ/PZE|Xk| Iix,|<ni/ey =0, VB> p.

n— o0
k=1

Proof. Put I =n""/">" E|Xy|’Ix,|<p1/s). Then
k=1

= ”_WZ/ (X617 T x <y = ) dt
= n_'ﬁ/pZ/ |Xk| I (| X |<nl/P) > t)dt

<n- ﬂ/pz/ P(Xu? > t)dr.
Let t = y®. Then
I<ﬁnﬁ/p2/ ﬁ1P|Xk|>y)y
nt/p n

Sﬁn*ﬁ/p“/ v T T P(1Xk| > y)dy.

0 k=1
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By (1.6), for Ve > 0, IM > 0 such that when y > M, we have
sup n~t ZP(|Xk| >y) <ey P
neN —1

Hence when n'/? > M, we have

nl/p

M n
Iéﬂn’ﬁ/”“(/ v T T P(IXE] > y)dy + s/ y? 7P dy)
0 M

k=1
< BnBPHY(C + Lnﬂ/p—l) =CBn P/t 4 _Pe .
B—p B—p

Since p < § and € > 0 is arbitrary, I — 0 as n — oc. ([

Here in after, the symbol C stands for a generic positive constant which may
differ from one place to another. Let S,, = >°;_; Xp.

2. Main results

Theorem 2.1. Let 1 <p <2 and {X,,n > 1} be a sequence of END random
variables with EX,, = 0. Then condition (1.6) implies

(2.1) nlrs, 250, n— o

Theorem 2.2. Let 1 <p <2 and {X,,n > 1} be a sequence of END random
variables with EX,, = 0. Then condition (1.5) implies

(2.2) nl/Ps, RZN 0, n— oo

Corollary 2.1. Let 1 <p < 2 and {X,,,n > 1} be a sequence of END random
variables with common distribution. Then E|X|P < oo implies (2.2).

Remark 2.1. Pyke and Root ([11]) obtained the p-mean convergence for a se-
quence of i.i.d. random variables under the same condition of Corollary 2.1.
Therefore, Theorem 2.2 extends the result of Pyke and Root ([11]).

Remark 2.2. Wu et al. ([15]) obtained the weak law of large numbers and the
p-mean convergence for a sequence of NA random variables under the same
conditions of Theorems 2.1 and 2.2. Since NA implies ND or ND implies END,
Theorems 2.1 and 2.2 extend the results of Wu et al. ([15]).

Theorem 2.3. Let 1 < p <2 and {X,,n > 1} be a sequence of END random
variables with EX,, = 0. For § >2/p—1, ap > 1, suppose

2.3 lim supn™' ) 2! P(|X,P > 2) =0.
(2.3) A sup ]; (1 Xk )
Then

(2.4) > nP2P(|S,] > n%) < o0, Ve >0.

n=1
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Proof of Theorem 2.1. For any 1 < k < n, let

’

Xk = _nl/pI(nginl/p) +Xk—I(‘Xk|<n1/p) “Fnl/pI(Xanl/p),
Xk‘ = Xk — Xk‘ = (Xk + nl/p)I(ng—nl/P) + (Xk - nl/p)I(sznup),

S =Y X, S, = Y X,
k=1 k=1
By Lemma 1.1(2), X, and X, are still END. For Ve > 0, we have
P(n~Y?|8,| > ¢) < P(|S,, — ES,| > n'/Pe/2) + P(|S,, — ES, | > n'/Pe/2)

~

=1 + L.

Let B, = Y1_, BE(X, — EX;)? and = y = n'/P¢/2. By Lemma 1.2 and the
Markov inequality, we have

/

CB,

/ o 7 1/ . ~Pn
hs ZPGXk EXy[ zn p€/2) + B;L +n2/p€2/4

k=1

< Cn2PB, < Cn=2/P ZE(X,;)2
k=1

<Cn?PY T nPP(IXy| > ntP) + CnT Y T EXR I x, <nim
k=1 k=1

=C P(Xi| =n"P)+ Cn=?P > EXPI | x, <niim)
k=1 k=1
= I + Lo.

Clearly, (1.6) implies I;; — 0 as n — oo. Take § = 2 in (1.11). Then by
Lemma 1.3, I;5 — 0 as n — oco. Therefore, Iy — 0 as n — oo.

It remains to prove Iy — 0 as n — oc. From (1.6) and the definition of X, ,
we have

| /\

zn: —EX||> nl/p€/2)
P(3k;

1 <k <n, such that | Xi| > nl/p)

IN

M:/\ /\

<Y P(|Xy| >ntP) 50 as n— .

B
Il

1

The proof is complete. O

Proof of Theorem 2.2. For Ve > 0, we have

o0

E|nY/?S, " = n*l/ P(|S,| > t*/P)dt < s+n*1/ P(|S,| > t'/7)dt.
0

EN
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For t > en, let

Yie= =70, opimy + XL, <oy T8 Lo s 000,
Zn = Xi = Y = (Xi +t7) L x, < /oy + (X = t/P) x50/,

By Lemma 1.1(2), Y and Zj are still END. Therefore, we have
E’n_l/pSn‘pgs—i—n_l/ P(’sz‘ >t1/p/2)dt
en k=1

+n—1/ P(’ZYk‘ >t1/1’/2)dt
En k=1
£E+13+I4.

To prove (2.2), it suffices to prove that Is — 0 and Iy — 0 as n — oco. For I3,
we can get

Iy < ”_1/ P(Ek; 1 <k <n, such that | X;| > tl/p)dt

En

gn‘l/e > PUXel Z#/7)dt < 3 T BIX L, > eyvre)
k=1

" ok=1
m

< sup m71 ZE|Xk|pI(|Xk\2(En)1/p) —0 as n — oo.
meN b1

Then we prove I3 — 0 as n — oo. Note that |Zgx| < [Xg|[(|x,|>¢1/0). From
EXy =0 and (1.5), we have

t*l/PZEZk’
k=1

maxt™7 ) BIX L x5 000)

t>en
k=1

(en) ™YY~ BIXkl( x5 (enyi/o)
k=1

max
t>en

t>en

t—1/p ZEYk’ = max
k=1

IN

IN

IN

m
e~ sup m™! ZE|Xk|pI(\Xk|z(en)l/P) —0 as n — oo.
meN k=1

Therefore, while n is sufficiently large, for ¢ > en, we have

P(‘éYk’ > tl/P/2) < P(’é(Yk fEYk)’ > tl/p/4).
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Let B, = > p_, E(Yy — EY},)?, = = tY/?/4, y = t'/? /4y, v > p. By Lemma
1.2, we have

I < n—l/ P(’Z(Yk - EYi)| > ¢1/7/4)at
EN k=1
< *1/ P(|kaEYk| >t1/p/47)dt
€

n og=1

+Cn_1/w(#)vdt = A
en By +12/7 /16y
Since

maxt~/P|EY}| = maxt~'/?|EZ|
t>en t>en

IN

(en) P EI Xk x, 2 (enyi/)

< (en) PN EIXklL(x, 2 eny/o)
k=1

<etsup m” ZE|Xk| Ix, > (eny/vy — 0 as n — oo.
menN k=1

Hence

n

I; < n*lz/mp(m\ > 117 /87 )dt
En

k=1

3

n~t / P(’Xk‘[(‘xk|<tl/p) > tl/p/8’y)dt
k=1vEm

—12/ (16| = £/7)at

= Is1 + Iso.

By similar argument as in the proof of I3 — 0, we may prove Iso — 0. For I5q,
we have

Isy =n~t Z/ ‘Xk‘I((En)l/p/87<‘xk‘<tl/p tl/p/Sv)dt
-1 Z/ ‘Xk‘l(|xk\>(8n)1/p/8,y) > ¢ /p/S'Y)

<Cn! Z EIXk "1, > (en)1/7 /87)
k=1
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< C sup m71 ZE|Xk|pl(|Xk\>(8n)1/p/8’y) —0 as n — oo.
meN k=1

Then we prove Is — 0 as n — oo. Clearly, for x > 0, y > 0, z > 0 and
y>p>1, (r+y+2) <3727 +y7 +27). Hence, by Cr-inequality, we have

Jo%s) n n ~
Is < Cn*l/ (t*Q/PZEX,leXka) +)P(IXk] > tl/P)) dt
€ k=1 k=1

n

-1 > —2 - 2
= Cn / (t /pZEXkI(\Xk|<(sn)1/P)
€

n k=1

n n ~
+ 7PN EXY L enyriny<ix<iiimy + O POIXK| > tl/P)) dt
k=1 k=1

o0 n v
< Cn’l/ (tz/pZEXzfﬂka(en)l/P)) dt
€

n k=1

00 n N
+Cn*1/ (t1/PZE|Xk|I((sn)1/p)<|xk|<t1/p)) dt
En 1

00 n v
+Cn—1/ (ZP(|Xk| ztl/l’)) dt

o Ng=1
= Ig1 + Ie2 + Igs.
Note that (1.5) implies (1.6). Take 8 = 2 in (1.11), by Lemma 1.3, p < 2 and
~ > p, we have

[e.°]

n v
Is1 = C?’L_l (Z EX]%I('Xk|<(En)1/p)) / t—Q’Y/pdt
k=1 €

n Y
< C€<(€n)_2/pZEX£I(|Xk<(5")1/p)> —0 as n— oo.
k=1

By v > p, we have

[e%s} n ol
Is2 < 0"71/ (tUpZEIXkIf(xm(sn)wp)) dt
g

n k=1

n Yy oo
<Cn7! (Z Ele|I(|Xk>(€n)1/P)) / t=v/Pqt
k=1 €

n

n ol
< Ce ((En)_l/p ) E|Xk|f<|xkz<an>l/p>)
k=1

n ol
< Ce ((f—sn)1 ) E|Xk|pf<|xkz<an>l/p>)
k=1
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gl

SCEI 'V(sup m 12E|Xk| I(le>(8n)1/p)) —0 as n — oo.
meN k—1

Finally, we prove Ig3 — 0. Clearly,

n n

1/ 1/
?;gﬁk P(|Xg| > t/P) Z (| Xx| > (en)™'P)

IN

57177’71ZE|Xk|pI(|Xk\Z(€n)1/p) —0 as n — oo.
k=1

Therefore, while n is sufficiently large, >"p_; P(|X;| > t'/P) < 1 holds uni-

formly for ¢ > en. By v > 1 and similar argument as in the proof of I3 — 0,

we can get

Ig3 < Cn~! ZP(|Xk| > t/P)dt
En k=1
<C’supm 1ZE|Xk| I‘Xk;|>(6n)l/p)4)0 as n — oQ.
meN =1
The proof is complete. (I

Proof of Theorem 2.3. We follow the notations of S;l and S;; in the proof of
Theorem 2.1. Let

Xy = —2l(x, <—a) T Xil(x, <) T TL(X) >a)>
X, =X — X,; = (Xp +2)[(x,<—2) + (Xi — ) [(x,>2)

Here we take x = n®2~P)/4, By Lemma 1.1(2), X,; and X,;/ are still END. For
any € > 0, we have

Z n®?=? P(|S,| > n%)

n=1
< Zna” >P(|S —ES,|>n® £/2) +Zno‘p 2P(|S — ES,| > n” £/2)
n=1
£I7+Ig.

To prove (2.4), it suffices to prove I; < co and Iy < co. Note that |X,| <
n®(2-p)/4 By similar argument as in the proof of I; — 0, Lemma 1.2 and the
Markov inequality, we have

I;<C i nopP—2-2a iE(X,;)Q <C i —1—a(2-p)/ 2 ~ .
n=1 k=1 n=1



1108 YONGFENG WU AND MEI GUAN

Note that | X, | < | X#|1(x,|>2)- By Lemma 1.2 and the Markov inequality, we
also have

[y < O normime ZE|Xk|21<|Xk\>m>

n=1

= CZnap7272a </ / ) |Xk| I(|Xk‘>m) > t)dt
n=1

=C) nor Z</ P(|Xk| > z)dt+/ P(| Xkl > t)dt>
n=1 0 z?

k=1

= ci noPT2TRe iz2P(|Xk| > )
+Cznaf’2 2“2/ (1X5? > t)dt

= Isi + 182-
From (2.3), 3M > 0, while z > M, we have
(2.5) sup n~ ZP | XilP > ) <z —(1+9),
neN k=

By x =n®27P)/4 (2.5) and 1 + 6 — % > 0 we have

Is = z:lnapf272a Z$2P(|Xk| > :C)

n= k=1
Z naP—Qa—ln—l Z$2P(|Xk| Z x)
n=1 k=1

oo

< Z ap—2a—1 —p(1+6)+2

Z —1-a(2-p)—ap(2-p)(1+5-2)/4 -
and

Ig =Y n72t [ =N P(IXG? > t)dt
n=1 k=1

/xz

e 00
< E nap—2a—1 /
n=1 K

<CY nrimeop e

=200 qt
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< CZ n-1—a@=p)—ap-p)(1+6-2)/4 _ o
n=1

The proof is complete. O
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