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Abstract

In the present study, a combined ratio cum regression estimator is proposed to estimate the population mean
of the study variable in the presence of a non-response using an auxiliary variable under double sampling. The
expressions of bias and mean squared error(MSE) based on the proposed estimator is derived under double (or
two stage) sampling to the first degree of approximation. Some estimators are also derived from the proposed
class by allocating the suitable values of constants used. A comparison of the proposed estimator with the usual
unbiased estimator and other derived estimators is carried out. An empirical study is carried out to demonstrate
the performance of the suggested estimator and of others; it is endow that the empirical results backing the
theoretical study.

Keywords: Study variable, auxiliary variable, ratio estimator, regression estimator, mean squared
error, double sampling, non-response.

1. Introduction

Auxiliary information is often used to improve the precision or accuracy of the estimator of unknown
population parameter of interest. In this direction, early work was done by Watson (1937), Cochran
(1940), Robson (1957) and Murthy (1964) that introduced the concept of a usual regression estimator,
ratio estimator and product estimator of the population mean ¥, respectively. All of them utilized
auxiliary information at the estimation stage. Cochran (1940) developed the ratio estimator of a
population mean or total of the study variable y using supplementary information on an auxiliary
variable x, positively correlated with y. It was proven that if the relationship between y and x is a
straight line passing through the neighborhood of the origin and the variance of y about this line is
proportional to the auxiliary variable x, then the ratio estimator is as good as a regression variable.
However, in many situations of practical importance, the regression line doesnot pass through the
neighbourhood of the origin. In these situations, a ratio estimator does not perform equally as well as
the regression estimator. This fact, motivated by various authors such as Singh (1965), Gupta (1978,
1979), Sahai (1979),Srivastava (1967), Reddy (1973, 1974), Walsh (1970), Srivenkataramana (1980),
suggest some modified ratio type estimators in order to provide better alternatives.

It is common experience in surveys that data cannot always be collected for all units selected in
the sample. Thus, the selected farmers or families may not be found at home at the first attempt and
some may refuse to cooperate with the interviewer even if contacted. In general during surveys, it is
observed that information in most cases is not obtained at the first attempt even after some callbacks.
An estimate obtained from such incomplete data may be misleading because of the biased estimator.
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This is the case of a non-response and the usual approach to face the non-response to recontact the
non-respondents and obtain the information as much as possible see, Tripathi and Khare (1997) and
Tabasum and Khan (2004, 2006). Hansen and Hurwitz (1946) considered the problem of non-response
while estimating the population mean by taking a sub sample from the non-respondent group with
the help of some extra effort. An unbiased estimator was suggested by combining the information
available from response and non-response groups. Further, rectification in the non-response using an
auxiliary variable was proposed by Cochran (1977), Rao (1986, 1987), Khare and Srivastava (1993,
1995, 1997), Okafor and Lee (2000), Tabasum and Khan (2004, 2006), Singh and Kumar (2008a,
2008b, 2009a, 2009b, 2010a, 2010b, 2011), Kumar and Singh (2010) and Singh et al. (2010) using
Hansen and Hurwitz (1946) technique.

From a finite population U = (U}, Us, ..., Uy) of size N, a large first phase sample of size n’ is
selected by simple random sampling without replacement(SRSWOR). A smaller second phase sample
of size n is selected from n” by SRSWOR. Non-response occurs on the second phase sample of size n
in which n; units respond and 7, units do not. From the n, non-respondents, by SRSWOR, a sample
of r = ny/k; k > 1 units is selected where k is the inverse sampling rate. The second phase sample of
size n. All the r units respond this time round. Here, we have (n; + r) responding units on the study
variable y and consequently the estimator for the population mean ¥ of the study variable y using the
sub sampling scheme envisaged by Hansen and Hurwitz (1946) as defined as

= _
y =wiy1 + wayo,

where wi = ny/n; wy = ny/n; y; = Zl'.’z‘l yi/ni and yp, = X[, y;/r. The estimator y* is the unbiased
estimator of the population mean ¥ of the study variable y and has the variance as given by

Var () = 1S5 + 653,

where 4 = (1= f)/n; f = n/N; 6 = Watk — 1)/n; Wy = Np/N; S2 = 1/(N - D) IE, 00 — D)%
53(2) = YV = 12 (N, = 1) ¥ = 3N, 3i/Ny ¥o = 1N, N 35§55, = B0 i/r; Ny and
N, (= N — N)) are the sizes of the responding and non-responding units from the finite population N.

In estimating the population mean, sample survey experts sometimes use auxiliary information
to improve the precision of the estimates. Let x denote an auxiliary variable with population mean
X = 3N x/N. Let X, = ZZ‘] x;/Ni and X, = Zﬁ\fl x;/N> denote the population means of the
response and non-response groups (or strata). Let ¥ = )7, x;/n denote the mean of all the » units.
Let x; = 2:’:‘1 x;/n; and X, = Z:.Zl X;/ny denote the means of the n; responding units and 7, non-
responding units. Further, let %, = },/_, x;/r denote the means of the r (= np/k); k > 1 sub-sampled
units. With this background, one can define an unbiased estimator of population mean X as

X' = wiX] + woXy,.
The variance of X* is given by
=%\ _ 2 2
Var (x°) = AS + 05 30),
where S2 = 1/(N - 1) 2, (x; = X)% 82, = SN (x5 — Xp)2 /(N - 1).

In the present study, a general combined ralltio and regression estimator is suggested to estimate
the population mean ¥ of the study variable y in the presence of a non-response. To the first degree of
approximation, the expressions of bias and mean squared error(MSE) of the suggested estimator have
been obtained. Some estimators are shown to be particular members of this family. A comparison
of the proposed study is also presented to expound the performance of the proposed estimator. An

empirical study is also carried to demonstrate the performance of the suggested estimator.
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2. The Proposed Class of Estimators

The proposed class of estimators for estimating the population mean ¥ of the study variable y is given
by

Terr = {5" + b}, (¥ )}( +b) (a)-c_/_,_b)ﬁ

ax’ +b ax+b
or
T _T ax* +b\" (a¥ + b\ .1
CRR= 20 e +b) \ax+b )’ ’

where T, = y* + bj, (¥ — %) is the regression estimator proposed by Okafor and Lee (2000), x

denote the sample mean of x based on functions of known parameters such as standard deviation (o),

etc. of the auxiliary variable x, and «, 8 are suitable chosen constants, b}, = s7, /5;2 is an estimator of

population regression coeflicient; B, = Syx/Sf; Sy = 1/(n— D, xiyi + 17 20, xiyi — nXy*); sf: =

V=1L, 2 4r Y 2 =nxx); Sy = /IN-D) I (= X)0i-1); S2 = 1/(N-1D) 3N, (i - X)2.
To obtain the bias and MSE of the class of estimator Tcrr, We have

7 =Y + &); ¥ =X(A+¢); I=X(1+¢);
¥ =X(1+€); Sty =Syl +e); s? =821+ &),
such that
E(e) = E(e)) = E(e1) = E(e)) = E(&) = E(&) = 0
and
E(@)= o (12 +65%): E(¢?)= = (152+652,); E(&)==28% E(ed)= s
€ 72 ¥(2) € 72 @) € e € 20«
x S,vx SyX(2) Syx , ,S.VX_ /S)2c
E(E()El)z/lﬁ'i'g Tk E(E()El)z/lﬁ, E(E()El)zﬂﬁ, E(El )= ﬁ’

* /1 2 ’ /S)zc ’ N(N_n,) H31
E =—S% E =15 E = v
(e1€)) 757 (ere]) % (€1€) (N = DN -2) XS,

2 9
N(N-n") s

NIN-n) 3 Walk—1)us00)

E(e/6) = = ——; E(fea)= e
(€&) = WDV -2 nks? o xs S = mIOw - wxs
E(€e)= N(N —-n) H21 Wak — 1) po12)
1PT (NS DN = 2) nXs n XS,

where ' = (1= f)/n; f = 0 IN: iy = 1N SN (0 = V)00 = X3 gy = 1N, S0 -
V) (i = X)) Xo = 1/N, ZN Ni+N, xi; YV = 1/N, ZN =Ni+N, vi; (r, s) being non-negative integers.
Now expressing Tcgg in terms of €' s, we have

Terr = V{l+e + Ky (1 + €)(1 + &)™ (6] — €))(1 + @€) (1 + Be)) (1 + e (1 + 0e)) . (2.2)

where @ = (aX)/(aX + b); Kyx = By/R; R = Y /X.
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We assume that || < 1, |De]| < 1, |De| < 1 and [Def| < 1 so that the right hand side of (2.2) to
the first degree of approximation, we have

(TCRR - 17) =Y|e + ny(e{ - € + &€ — € — €6+ ef@)

+ o {ef — € + €€] — g€ + Ky, (61’6{ —€r-€T+ eiei’)}
2
+ B0 {61 — € + €1 — €] + Kyx (e{el —-€]—e€e + 6{61‘)}

+@? (aze{ef —,826{61) + —a(a/2+ 1)(32 (61‘2 + e’f) + ﬁ(ﬂ; 1)02 (612 + e’f)

+ apd? (e;‘q — €€ — €€ + E'%) ] (2.3)

Taking expectations of both sides of (2.3), we get the bias of T¢gg to the first degree of approximation
is given by

1
B(Tcrr) = )T([RQQQ (Byx(Z) + ,Byx)Si(z) + RO? (a2 _ ’32) rs?

+ a'(cx2+ 1)RQ2 {(/l‘f‘/l,)S)zC + 95)2((2)} + ﬁ(ﬁ;’ 1)RQ2 (/l+ /Y)Si +R6¥ﬂ@2 (/l _ /11)5)26
N n (30 _ Hat H302)  H2102)
+RK”{(N— D(N = 2) (- )(5)2( S”)*‘g( sz s, )}] (2.4)

where By,0) = Syx(Z)/Si(z); Sy = Z?fl(xi - Xo)(yi = Y2)/(N, = 1).
Squaring both sides of (2.3) and neglecting terms of €' s involving power greater than two, we have

v 2 v 3k ’ * 3k ’ ’
(TCRR - Y) =7 [Eg + szx (€, —€) + 2K, (€€] — €€}) + @*D* (€] — € )Y + BB (e — €])>
+ a@ {2 (e0€] — €0€]) + 2Ky, (ei € — €l - €+ eiei“)} +,8a®2{ (e0€1 — €v€))
+ 2K, (e{el €l —€e + eie;‘)} + 2Ba®? (61‘61 — €€ — €€ + 6/%)] . (2.5)
Taking expectations of both sides of (2.5), we get the MSE of Tcgg to the first degree of approximation,
we get

MSE(Tcre) =[(1 = 1){(1 - p3,) S; + @ (e + p)*S 2}
+0{S%,, + (Byx — @BR) (B — aBR — 2B,2)) 2| + 52| (2.6)

which is minimum when

1
OR

Substituting equation (2.7) in (2.6), we get the minimum MSE of T¢gg, is given by

B=—-a and a=

( Vi —ﬂ_vx(Z)) . 2.7

min MSE(Tcre) = [(A = 2) (1 = p2,) S +6(1 = pla)) S2) + V'S3]. (2.8)
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Table 1: The estimators of the population mean that can be obtained by suitable choices of constants «, 3, a and

b
Estimator B b
0] S PR
T =5 +bi (¥ = 5) 0 b
Okafor and Lee’s (2000) regression estimator
1 ok * =7 =% )_C/
Tepg = {7 + by, (F — % )](;) 0 0
2 o * =7 =% )_C,
Tepe = {7 + by, (F — % )](3) -1 0
R N TN E AV
Topg = {7 + by, (& — % )](;)(; -1 0
4
@ N | L
Tipp =1V +0; - 0 .
CRR {y e (X — X )]()—C* oo Pyx
¥+ pyx
TS =5 +b; - X s -1 .
CRR {} b (7 = )] Stpn) Pyx
6) _ fox o px (wr_ wey) [ X TPy \[X T Pyx
TCRR - {y i b"vx o )] (2* + Pyx X+ pyx - Prx

Pyx is the correlation coeflicient between the study variable y and the auxiliary variable x

3. Some Members of the Proposed Class of Estimators Tcrr

Table 1 is the estimators of the population mean that can be obtained by suitable choices of constants

a,f,a and b.

More estimators can also be generated from the proposed estimator in (2.1) just by substituting
different values of «, 3, a and b, respectively. Expressions of MSE’s of the above defined estimators
can be obtained by substituting the values of a,8,a and b in (2.6). Thus, the expressions of MSE of
different estimators to the first degree of approximation are as follows:

MSE (T(pe) = [(A= ) (1= p2,) 83+ 0{S20) + By (Brx = 2Bus2)) S 200} + 1S3
MSE (Tipe) = [(A= V) {(1=p2,) ST + R2S2} +0{S2) + (Bysx + R) (Byx + R = 28002 S 20}

+ A’Si],

MSE (Tée) = [(A= V) {(1=p2) ST + R2S2} + 0{S2) + (Byx + R) (Byx — 2B3) S 2}

+ 57,

MSE (Tg,;R) = [(a - X) {(1 - pgx) S2+ 4R25§} +6 {55(2) + (ﬁyx + R) (,BYX +R- 25”(2)) Si(z)}

+ 57,
MSE (Tipe) = [(1= ) {(1 - p2) 82 + R0 52)

+0 {S ot (ﬁyx + Q*R) (ﬁyx +@'R - 2ﬁﬂ<2>) S i(z)} + 'S 32] ’

3.1)

(3.2)

(3.3)

(3.4)

(3.5)

MSE (T&) = [(1= 0)|(1 - 02,) S2 + R0} +0{S %) + By (Brx = 2Bra) S 200} + S| (3.6)

MSE (T&) = [(1= ) {(1 - %) $2 + 4R*0"'s )

+0{S30) + (B + OR) By + DR = 2By S0 | + 'S3 ]

where @ = {X/(X + py)}-

(3.7)
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4. Efficiency Comparison
The proposed class of estimator T¢gg is more efficient than
i) The usual estimator j*, if
-B- VB2 - AC -B+ VB2 - AC
_— << ————
ORA ORA
where A = (1= 2)S3+6S8%,; B = (1= V)RDBS : — 0Byx —Byx))S 10); C = (A= V)R*D*B*S 7 ~
P38 + 0By = Bux))ByxS 2y

ii) The regression estimator T(CO;R if

—B—\/BZ—AC*< <—B+VB2—AC*
—_— << —,

“.1)

4.2
ORA ORA (42)
where C* = (1 - V)R*@*B>S 2.
iii) The estimator Té‘lIgR if
-B - \/BZ—AC'< <—B+ VB — AC’ 43)
ORA ¢ ORA ‘
where C’ = {(1 - V)R*(@*B*> - 1)S2 + 20R(Byx2) — By)S ;25(2)}'
iv) The estimator T?I;R if
-B— VB2 - AC* -B+ VB - AC*
<a< , (4.4)
ORA BRA
where C** = (1 - 1)R*(@*B8> — 1)S2.
v) The estimator T(C3,3R if
-B—- VB - AC” -B+ VB - AC”
<a< 4.5)

ORA ORA
where C” = (1= U)@*B* — HR*S? + 0(2Byx2) — 2Byx — RIRS 35

vi) The estimator Tg; i
-B- JBZ—AC’I‘ -B+ 1/B2—AC’I‘
- S E— 4.6
ORA sas ORA (4.6)

where Cj = (A= 1)RXD** — B7)S? + (DR — 2By + 2yx2)D RS2, ).

vii) The estimator ng r if

~B- /B -AC —B+ \[B - AC
v 1 v 1 47
ORA s@s ORA “.7)



Ratio Cum Regression Estimator 669

Table 2: Percent relative efficiency(PRE) of the estimators with respect to y*.
N =100; n" =50;n =30

Estimator (1/k)
ass) a/4) as) a2

5 100.00 100.00 100.00 100.00

Tk 432.37 380.54 328.12 275.08
(1)

Terp 91.75 92.51 93.54 95.02
(2)

T%RR 192.52 168.90 145.17 121.31
(3)

Terp 51.17 48.34 45.02 41.07
“)

Terp 92.29 93.03 94.04 95.49

Ter 193.33 169.62 145.78 121.83
(6)

Terp 5151 48.66 45.31 41.34

TR 432.92 38091 32833 275.17

where C| = (1 - 1)R*(D*B* - @S2,

viii) The estimator T(C6,3R if

~B- /B - AC;} ~B+ /B - AC;}

ORA SYSTTTORA (4.8)

where C3 = (A — )R} @B - 407)S2 + 0By — 2By — D' RID'RS 2.

5. Empirical Study

To illustrate the properties of the proposed estimators of the population mean ¥, we consider a real
data set considered before by Srivastava (1993). The description of the sample is given below:

The sample of 100 consecutive trips (after omitting 20 outlier values) measured by two fuel meters
for a small family car in normal usage given by Lewis et al. (1991) has been taken into consideration.
The measurement of displacement meter (in cm?) is considered as auxiliary variable x. We treat the
last 25 percent of the values as non-response values. The values of the parameters are as follows:

¥ =3500.12; X =260.84; S,=2079.30; S,=15640; ¥,=3401.08; X, =259.96;
Sy = 1726.02; S, = 13436; py =0.985; pye =0.995; N =100; n' =50
n=30; W,=0.25.

Here we have computed the percent relative efficiencies(PRE’s) of different suggested estimators with
respect to the usual unbiased estimator y*, for different values of k.

From the Table 2, it is envisaged that the proposed class of estimators under optimum condition
is more desirable over all the considered estimators. It is observed that the percent relative efficiency

of the estimators TéllgR and T(c41;1e increases as (1/k) increases, but for the estimators T(CO;R, TéZI;R, T(C313R,
T(S)

CRR® Tg;R and Tg’,fl? decreases with the increase in the value of (1/k). It is further observed that
the estimator Tg; r (regression estimator) seems to be a more appropriate estimator in comparison to
others as it has appreciable efficiency (close to the efficiency of the optimum estimator ng,?.

Finally, we conclude that the proposed estimator Tcgg under optimum conditions is recommended

for future research.



670 Sunil Kumar

Acknowledgement

Authors wish to thank the learned referees for their critical and constructive comments regarding
improvement of the paper.

References

Cochran, W. G. (1940). Sampling Techniques, 3rd edition, John Wiley & Sons, New York.

Cochran, W. G. (1977). Sampling Techniques, 3rd edition, John Wiley & Sons, New York.

Gupta, P. C. (1978). On some quadratic and higher degree ratio and product estimators, Journal of the
Indian Society of Agricultural Statistics, 30, 71-80.

Gupta, P. C. (1979). Some Estimation Problems in Sampling Using Auxiliary Information, Ph. D.
thesis IARS, New Delhi.

Hansen, M. H. and Hurwitz, W. N. (1946). The problem of non-response in sample surveys, Journal
of the American Statistical Association, 41, 517-529.

Khare, B. B. and Srivastava, S. (1993). Estimation of population mean using auxiliary character in
presence of non-response, National Academy Science Letters (India), 16, 111-114.

Khare, B. B. and Srivastava, S. (1995). Study of conventional and alternative two-phase sampling
ratio, product and regression estimators in presence of non-response, In Proceeding Indian Na-
tional Science Academy Indian, 65, 195-203.

Khare, B. B. and Srivastava, S. (1997). Transformed ratio type estimators for the population mean
in the presence of nonresponse, Communications in Statistics - Theory and Methods, 26, 1779—
1791.

Kumar, S. and Singh, H. P. (2010). Estimation of mean using multi auxiliary information in presence
of non-response, Communications of the Korean Statistical Society, 17, 391-411.

Lewis, P. A., Jones, P. W., Polak, J. W. and Tillotson, H. T. (1991). The problem of conversion in
method comparison studies, Journal of Applied Statistics, 40, 105-112.

Murthy, M. N. (1964). Product method of estimation, Sankhya: The Indian Journal of Statistics,
Series A, 26, 294-307.

Okafor, F. C. and Lee, H. (2000). Double sampling for ratio and regression estimation with subsam-
pling the non-respondents, Survey Methodology, 26, 183—188.

Rao, P. S. R. S. (1986). Ratio estimation with sub sampling the non-respondents, Survey Methodology,
12, 217-230.

Rao, P. S. R. S. (1987). Ratio and regression estimates with sub sampling the non respondents, Paper
presented at a special contributed session of the International Statistical Association Meeting,
2-16, Tokyo, Japan.

Reddy, V. N. (1973). On ratio and product methods of estimation, Sankhya: The Indian Journal of
Statistics, Series B, 35, 307-316.

Reddy, V. N. (1974). On a transformed ratio method of estimation, Sankhya: The Indian Journal of
Statistics, Series C, 36, 59-70.

Robson, D. S. (1957). Applications of multivariate polykays to the theory of unbiased ratio type
estimators, Journal of the American Statistical Association, 52, 511-522.

Sahai, A. (1979). An efficient variant of the product and ratio estimator, Statistica Neerlandica, 33,
27-35.

Singh, H. P. and Kumar, S. (2008a). A regression approach to the estimation of finite population mean
in presence of non-response, Australian and New Zealand Journal of Statistics, 50, 395-408.



Ratio Cum Regression Estimator 671

Singh, H. P. and Kumar, S. (2008b). A general family of estimators of finite population ratio, prod-
uct and mean using two phase sampling scheme in the presence of non-response, Journal of
Statistical Theory and Practice, 2, 677-692.

Singh, H. P. and Kumar, S. (2009a). A general class of estimators of the population mean in sur-
vey sampling using auxiliary information with sub sampling the non-respondents, The Korean
Journal of Applied Statistics, 22, 387—402.

Singh, H. P. and Kumar, S. (2009b). A general procedure of estimating the population mean in the
presence of non-response under double sampling using auxiliary information, SORT, 33, 71-84.

Singh, H. P. and Kumar, S. (2010a). Estimation of mean in presence of non-response using two phase
sampling scheme, Statistical Papers, 50, 559-582.

Singh, H. P. and Kumar, S. (2010b). Improved estimation of population mean under two phase sam-
pling with sub sampling the non-respondents, Journal of Statistical Planning and Inference, 140,
2536-2550.

Singh, H. P. and Kumar, S. (2011). Combination of ratio and regression estimators in presence of
non-response, Brazilian journal of Probability and Statistics, 25, 205-217.

Singh, H. P,, Kumar, S. and Kozak, M. (2010). Improved estimation of finite-population mean when
sub-sampling is employed to deal with non-response, Communication in Statistics - Theory and
Methods, 39, 791-802.

Singh, M. P. (1965). On the estimation of ratio and product of the population parameters, Sankhya:
The Indian Journal of Statistics, Series B, 27, 321-328.

Srivastava, S. (1967). An estimator using auxiliary information in sample surveys, Calcutta Statistical
Association Bulletin, 16, 121-132.

Srivastava, S. (1993). Some Problems on the Estimation of Population Mean Using Auxiliary Char-
acter in Presence of Non-Response in Sample Surveys, Thesis submitted to Banaras Hindu Uni-
versity, Varanasi, India.

Srivenkataramana, T. (1980). A dual to ratio estimator in sample surveys, Biometrika, 67, 199-204.

Tabasum, R. and Khan, I. A. (2004). Double sampling for ratio estimation with non-response, Journal
of the Indian Society of Agricultural Statistics, 58, 300-306.

Tabasum, R. and Khan, I. A. (2006). Double sampling ratio estimator for the population mean in
presence of non-response, Assam Statistical Review, 20, 73-83.

Tripathi, T. P. and Khare, B. B. (1997). Estimation of mean vector in presence of non-response,
Communications in Statistics - Theory and Methods, 26, 2255-2269.

Walsh, J. E. (1970). Generalization of ratio estimate for population total, Sankhya: The Indian Journal
of Statistics, Series A, 32, 99-106.

Watson, D. J. (1937). The estimation of leaf areas, Journal of Agricultural Science, 27, 474.

Received December 31, 2011; Revised March 14, 2012; Accepted July 18, 2012



