Inter J Nav Archit Oc Engng (2012) 4:313~321
http://dx.doi.org/10.3744/JNAOE.2012.4.3.313

A simplified geometric stiffness in stability analysis of thin-walled
structures by the finite element method

Ivo Senjanovi¢', Nikola Vladimir' and Dae-Seung Cho®

"University of Zagreb, Faculty of Mechanical Engineering and Naval Architecture, Zagreb, Croatia
’Dept. of Naval Architecture and Ocean Engineering, Pusan National University, Busan, Korea

ABSTRACT: Vibration analysis of a thin-walled structure can be performed with a consistent mass matrix determined
by the shape functions of all degrees of freedom (d.o.f.) used for construction of conventional stiffness matrix, or with a
lumped mass matrix. In similar way stability of a structure can be analysed with consistent geometric stiffness matrix or
geometric stiffness matrix with lumped buckling load, related only to the rotational d.o.f- Recently, the simplified mass
matrix is constructed employing shape functions of in-plane displacements for plate deflection. In this paper the same
approach is used for construction of simplified geometric stiffness matrix. Beam element, and triangular and rectan-
gular plate element are considered. Application of the new geometric stiffness is illustrated in the case of simply
supported beam and square plate. The same problems are solved with consistent and lumped geometric stiffness matrix,
and the obtained results are compared with the analytical solution. Also, a combination of simplified and lumped
geometric stiffness matrix is analysed in order to increase accuracy of stability analysis.
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INTRODUCTION

The finite element method is very efficient tool for structural analysis of thin-walled structures (Zienkiewicz, 1971; Bathe,
1996). Free vibration and stability analyses are similar eigenvalue problems from mathematical point of view. In the former
case it is necessary to determine the conventional stiffness matrix and mass matrix of finite elements, while in the latter
determination of conventional stiffness and geometric stiffness matrices is required. For this purpose shape function of all d.o.f.,
i.e. deflection and rotations are used. It is well known that instead of consistent mass matrix also lumped mass matrix can be
used without losing accuracy. Nodal-quadrature rule or the Gauss rule is usually employed for derivation of the lumped mass
matrix. However, in case of complex structures like ships, some equipment masses are intuitively condensed to the neigh-
bouring nodes. Natural frequencies determined by the consistent and lumped mass matrices usually converge from the opposite
sides, and so called coupled mass matrix as their average is used to increase the accuracy (Kilroy, 1997).

Recently, a simplified mass matrix by employing the in-plane (membrane) displacement shape functions for deflection and
ignoring rotations, was formulated (Senjanovi¢, Vladimir and Hadzic, 2010). The simplest form of mass matrix can be find as a
result of the integration of lower order interpolation polynomials. Furthermore, hybrid mass matrix as a combination of the
lumped and simplified mass matrices can be used.

In a similar way the displacement interpolation functions and numerical integration technique used in the formulation
of lumped mass matrix can also be adopted to the formulation of geometric stiffness matrix with lumped buckling load,
(Shah, 2001). Moreover, the in-plane displacement shape functions can be used for deflection in simplified geometric stiffness
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matrix. As a result the rotational d.o.f. are ignored. The objective of the paper is to derive a simplified geometric stiffness matrix
for beam element, and triangular and rectangular plate element.

In hydroleastic analysis of ships and offshore structures geometric stiffness occurs as a constitutive part of the restoring
stiffness (Huang and Riggs, 2000; Senjanovi¢, Hadzic and Tomic, 2011). Actually, it consists of three terms, i.e. ordinary geo-
metric stiffness with deflection and rotation d.o.f., well-known in buckling analysis, and two additional terms with in-plane
displacements, which complete expression for ship stability analysis, and are a novelty in structural analysis. Derivation of all
three stiffness matrices with the same shape functions of in-plane displacements is an advantage from theoretical and com-
putational point of view.

LUMPED GEOMETRIC STIFFNESS

A procedure for deriving the lumped geometric stiffness matrix is shown in (Shah, 2001). It is constructed by employing the
trapezoidal numerical integration scheme. The integration points are located at the element nodes resulting in a diagonal matrix
for in-plane forces. Here, a lumped geometric stiffness matrix for beam and plate elements are presented for the need of
correlation analysis.

The consistent geometric stiffness matrix for beam finite element (Cook, Malkus and Plesha, 1989) reads

36 3/ 36 3/

4r 31 -I
01:i (1)
30/ 36 -3l
Sym. 47
while the lumped one (Shah, 2001) is
000
0100
Ky, =M @
210 0 0 0
0001

where N is constant axial force and / is the element length. The above matrices are related to the nodal displacement vector
8" =(w, @, w,,p,), where w and ¢ is beam displacement and rotation of cross-section respectively.

The consistent geometric stiffness matrix for an ordinary 4-noded rectangular plate element has a quite complex form
(Szilard, 2004). On the contrary, the lumped geometric stiffness matrix is quite simple (Shah, 2001)

k;, =N ab +N,ab 3)
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where N, and N, are membrane normal forces per unit length while a and b is one half of the plate length and width,
respectively. The corresponding nodal displacement vector is 8" = (w,,,,w,, ,,0,,0,, Wy, 05, ¥75,w,,0,.W,) Where w is
displacement and ¢ and ¥ rotation around y and x axis, respectively. Coefficients different from zero in Eq. (3) are related
to the rotational d.o.f. A disadvantage of the lumped geometric stiffness formulation is that the problem of shear buckling due to
N,, is not captured. Also, how to derive lumped geometric stiffhess matrix for a triangular element is an open question.

SIMPLIFIED GEOMETRIC STIFFNESS

Beam element

The general formula for geometric stiffness matrix for beam element (Przemieniecki, 1968) reads
1
o¢ | /09,
k,=N|{=—p( =L )dx 4
¢ '([ { Ox }< Ox > @

where ¢, are deflection shape functions. Bracket {} and () denote column and row vector, respectively. For simplified
geometric stiffness shape functions of bar tension are used for beam deflection, while those for rotations are zero.

¢1:§, 4, =0, ¢3=1—§, 4,=0 )

This leads to the following geometric stiffhess matrix for the nodal displacement vector 8 = (wl,(ol, wz,(/)2> , Where w,
and ¢, are displacements and rotations respectively.

1 0 -1 0
N[O O 0 O
. ©)
[{-1. 0 1 0
0 0 0 O
Triangular plate element
General formula for plate geometric stiffness matrix (Przemieniecki, 1968) reads
%,
o¢ 0¢ || N. N, | @
ilox oy [N, N, | 99
oy
where N, =N, are the shear membrane forces and 4 is the element area. The matrix k; can be split into three matrices
k; =Kkg, +Kg, K, (8)

where

ke, =N, [ {%%}dxdy ©)



316 Inter J Nav Archit Oc Engng (2012) 4:313~321

04, 04, 04,
Kg, =N, jA [ {%%+2—f%}d}¢dy (10)
k,, = N},”{%%}dxdy (11

Shape functions for in-plane displacements of the triangular element (Zienkiewicz, 1971) as shown in Fig. 1 are used as

1
4 :ﬂ(al +y23x+x32y)

1
¢2 :ﬁ(az"'ymx"'xny) (12)

1
¢3 :ﬁ(as +y12x+x21y)

where

=X YV;=X%3)y  O =X =X )3 G =X, ~ X)) (13)
X; =X, =X, Yi=Y,—V; i,j=12,3 (14)
1
A:E(xz1ys1_x31y21) (15)
| 3 (x3,y3)
Yy
2 (x2=y2)
1 (xlayl)
O x -

Fig. 1 Triangular finite element.

The derivatives of the shape functions are constants as follows:

o _ 1 o _ 1

ox 2477 oy 24

oh_ 1 o 1

o _1 04 _ 1 16
ox 247 oy T 2a® (16)
9 _ 1 9 _ 1

e p— R =—X
ox 2477 o 24
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Using Eq. (16), the stiffness matrices (9), (10) and (11) can be derived as follows:

J/223 YV Vi

kg, = 41'4 y321 BETRATS (17)

Sym. y]22

N

2Y5;3%5  YVyuXiz t XYy VasXo + X0y

kay = 43 2y31 % VarXor T X301 (18)
Sym. 2y1%y,
N X XXy XXy
kg, = ﬁ X XXy, (19)
2

The above matrices are derived for displacements d.o.f. §=(w,w,,w;) due to reason of simplicity. Therefore, it is
necessary to spread them to the complete 9x9 displacement field, which includes displacement as well as rotations, i.e.
8" =(W., 0,0, w,,0,,¥,, ;.07 ) . Hence, the matrix elements related to the rotations as well as those related to their
coupling with deflection d.o.f. are zero.

Rectangular plate element

A rectangular element in the Cartesian coordinates is shown in Fig. 2. The shape functions for in-plane displacements
expressed by non-dimensional coordinates £ =x/a and 7= y/b read (Holand and Bell, 1970)

# = (1+66)(1+n) (20)

where & and 7, are the nodal values as shown in Fig. 3. These shape functions are used for displacement and one finds for
their derivatives

2 _1

ox zaé (1+77i77)
o 1 @0
5=E(1+§§)ﬂf

By substituting (21) into (9), (10) and (11) and performing integration over the element area, one finds the matrix elements

. N.b nm,

ki o= Eg | 14 2L 22
Gx 4a gzéj[ + 3 j ( )
N,

Ky == (&m;+Em) (23)

. N,a ¢
ko, ==, (“ 3 J 24)
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Furthermore, by taking into account the value of the nodal coordinates as shown in Fig. 3, Egs. (22), (23) and (24) lead to
the geometric stiffness matrices

2 2 -1 1]
N.b 2 1 -1
k, =—* 25
Gx 6Cl 2 _2 ( )
Sym. 2]
! 0 -1 0
K - N, -1 0 1 26)
@2 10
| Sym. -1]
21 -1 =2
K- N,a 2 -2 -1 a7
@ 6b 2 1
| Sym. 2
4 3
b
h 0 X 0 £
b
1 2
a a 1(-1,-1) 2(1,-1)
Fig. 2 Rectangular finite element in Fig. 3 Rectangular finite element in
Cartesian coordinate system. non-dimensional coordinates.

The above matrices are derived for displacement d.o.f. &= (w,,w,,w,,w,), and therefore they have to be spread to the
complete displacement field of 12x12 terms, which includes also rotational d.o.f. &= <wl,¢l,://l,w2,(pz,1//2, Wy @3, W5, w4,(p4,1//4> ,
in a similar way as explained in the triangular element.

NUMERICAL EXAMPLES

Beam buckling

Let us consider the stability of simply supported beam of the following particulars: length L =40 m, the cross-section area
of A, =2 m’, the moment of inertia of the cross-section is / =0.1667 m” and the Young's modulus is £ = 2.1-10"" Pa.
The analytical formula defining the critical buckling force reads (Timoshenko and Gere, 1961)

N = (28)

that gives NV, = 215.7 MN. The critical buckling force is also determined by the finite element method for consistent, simplified,
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lumped and hybrid geometric stiffness matrix
1
kg, :E(koz +kG3) (29)

The beam is divided into 8 and 16 finite elements. The obtained results are listed in Table 1. They converge with increasing the
number of finite elements. The consistent geometric stiffness introduces quite small error. The simplified and lumped stiffness
overestimate and underestimate the results respectively. Hence, the hybrid stiffness reduces the discrepancy considerably.

Table 1 Beam buckling force N, [MN].

Number of . Consistent | Simplified | Lumped | Hybrid Discrepancies, %
) Analytical
finite elements Ko Kes Keo Ko 5 J5 5, P
8 215.7 21591 218.69 213.09 216.58 | 0.090 | 1.370 | -1.226 | 0.408
16 215.7 215.89 216.59 215.21 216.07 | 0.088 | 0.412 | -0.230 | 0.171

Plate buckling

The application and evaluation of the simplified geometric stiffness matrix for defining the critical buckling force is
illustrated in the case of a simply supported plate. The analytical solution of critical axial load of a rectangular plate, according
to Timoshenko and Gere (1961), reads

2 3
N, =aZLl  po_E (30)
’ b 12(1—1/2)

where ¢ is plate thickness and £ is factor which depends on the aspect ratio a/b, i.e. plate length and width a and b respectively.
For square plate /=1.

A numerical example is performed by the use of finite element method for a square plate of the following dimensions
a=b=2m, and t=0.01m. The plate is divided into 4x4=16 and 8x8=64 square finite elements, respectively. The conven-
tional stiffness matrix is determined by employing the non-conforming rectangular finite element, (Szilard, 2004). Consistent,
simplified, lumped and hybrid geometric stiffness matrix are taken into account. The obtained results are compared with the
analytical solution in Table 2. The consistent geometric stiffness matrix gives quite good results, which converge from below.
They are very close to those shown in (Holand and Bell, 1970). The results obtained by the simplified and lumped matrices
converge from the opposite sides and the solution obtained by the hybrid matrix is very good and close to the one of the
consistent matrix. Commercial software NASTRAN used to define the buckling factor &, which are also included in Table 2
and they are the best ones among the numerical solutions, (MSC, 2005).

Table 2 Buckling factor & for simply supported square plate, uniform axial compression N,, analytical value i=1.

Mgy | Consistent | Simplified | Lumped | Hybrid | NASTRAN Discrepancies, %
kg kg3 K¢ Kgs kgs 5 O3 O, 04 Js
4x4 0.9449 1.0905 0.7655 | 0.9452 1.0280 -5.83 | 830 | -30.63 | -5.79 | 2.72
8x8 0.9888 1.0213 0.9339 | 0.9882 1.0003 113 | 209 | -7.08 | -1.20 | 0.03

Furthermore, the buckling of the same square plate due to uniformly distributed shear forces is analysed here. The critical
buckling force is determined analytically by the use of the Fourier series (Timoshenko and Gere, 1961), and can be presented in
the similar form as Eq. (26), i.e.
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2
D
N, =k ”b2 31)

where £=9.4. The finite element results are shown in Table 3. The best results are obtained by the consistent geometric stiffness
matrix, which is better than the one obtained by NASTRAN. The simplified matrix produces results of the same order of
discrepancies as NASTRAN. A mesh density 4x4 elements gives very large discrepancies for the both formulations.

Table 3 Buckling factor & for simply supported square plate, uniform shear load N,,, analytical value £=9.4.

Mesh Consistent Simplified NASTRAN Discrepancies, %
Kgi Ka3 Kgs 5, 5 Js
4x4 8.3481 15.5617 14.7962 -12.60 39.60 36.47
8x8 8.9280 10.5616 10.1736 -5.29 11.00 7.60

Buckling modes obtained by NASTRAN in the case of axial and shear load, and for the mesh density 4x4 and 8x8 elements
are shown in Figs. 4 and 5, respectively. The higher mesh density soothes the deflection field.
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Fig. 4 Buckling modes of simply supported plate for axial load and different mesh sizes.
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Fig. 5 Buckling modes of simply supported plate for shear load and different mesh sizes.
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CONCLUSIONS

The consistent geometric stiffness matrix is quite complex, and therefore there is a tendency to employ the lumped geo-
metric stiffness, determined in analogy with the lumped mass matrix. However, a simplified geometric stiffness matrix, by
employing shape functions of in-plane displacements, can be derived, as it is shown for beam and triangular and rectangular
finite elements. Due to a lower order of interpolation polynomials, integration of the shape functions is performed analytically
and a quite simple geometric stiffness matrix is obtained. The results obtained with the simplified and lumped matrix, converge
from the opposite sides, and the hybrid matrix, as an average of these two, can be used in order to increase the accuracy. How-
ever, a disadvantage of the lumped geometric stiffness matrix is that shear buckling cannot be captured. Also, the possibility of
deriving of a lumped matrix for a triangular element is questionable. The numerical examples of simply supported beam and
plate, modelled with rectangular elements, shown that the simplified geometric stiffness matrix can be successfully used in
restoring stiffness for the hydroelastic analysis of ship and offshore structures. Due to complexitiy of the structures triangular
element will be also used.
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