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Abstract

We introduce the notion of (L, e)-filters with fuzzy partially order e on complete residuated lattice L. We investigate
(L, e)-filters induced by the family of (L, e)-filters and functions. In fact, we study the initial and final structures for the
family of (L, e)-filters and functions. From this result, we define the product and co-product for the family of (L, e)-filters
and functions.
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1. Introduction

Höhle et al. [5,6] introduced the notion of L-filter on a
complete quasi-monoidal lattice ( including GL-monoid [4]
) L instead of a completely distributive lattice ([2-4]) as an
extension of fuzzy filters [1,2]. The notion of L-filter facil-
itated to study L-fuzzy topologies [3,5,6], L-fuzzy uniform
spaces [5,6] and topological structures [7]. Kim [9] intro-
duced (L, e)-filters with fuzzy partially order e on complete
residuated lattice L and investigate their properties.

In this paper, we investigate (L, e)-filters induced by the
family of (L, e)-filters and functions. In fact, we investigate
the initial and final structures for the family of (L, e)-filters
and functions. From this result, we define the product and
co-product for the family of (L, e)-filters and functions.

2. Preliminaries

Definition 2.1. [5,6,10] A triple (X,≤, ∗) is called a com-
plete residuated lattice iff it satisfies the following proper-
ties:

(L1) (X,≤, 1, 0) is a complete lattice where 1 is the
universal upper bound and 0 denotes the universal lower
bound;

(L2) (X, ∗, 1) is a commutative monoid;
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(L3) ∗ is distributive over arbitrary joins, i.e.

(
∨
i∈Γ

ai) ∗ b =
∨
i∈Γ

(ai ∗ b).

Let (L,≤,�) be a complete residuated lattice. An order
reversing map c : L → L defined by ac = a → 0 is called
a strong negation if acc = a for each a ∈ L.

In this paper, we assume (L,≤,�,c ) is a complete resid-
uated lattice with a strong negation c.

Definition 2.2. [5,6,9,10] Let X be a set. A function eX :
X × X → L is called a fuzzy partially order on X if it
satisfies the following conditions:

(E1) eX(x, x) = 1 for all x ∈ X ,
(E2) eX(x, y) � eX(y, z) ≤ eX(x, z), for all x, y, z ∈

X ,
(E3) if eX(x, y) = eX(y, x) = 1, then x = y.
The pair (X, eX) is a fuzzy partially order set (simply,

fuzzy poset).
Let (X,≤, ∗) be a complete residuated lattice. A

fuzzy poset (X, eX) is a p-fuzzy poset if eX(x1, y1) �
eX(x2, y2) ≤ eX(x1 ∗ x2, y1 ∗ y2) for each xi, yi ∈ X
and eX(x, y) = 1 if x ≤ y.

Lemma 2.3. [5,6,9,10] For each x, y, z, xi, yi ∈ L, we
define x → y =

∨
{z ∈ L | x � z ≤ y}. Then the

following properties hold.
(1) If y ≤ z, (x � y) ≤ (x � z) and x → y ≤ x → z

and z → x ≤ y → x.
(2) x� y ≤ x ∧ y ≤ x ∨ y ≤ x⊕ y.
(3) x→ (

∧
i∈Γ yi) =

∧
i∈Γ(x→ yi)

(4) (
∨
i∈Γ xi)→ y =

∧
i∈Γ(xi → y).

(5) x→ (
∨
i∈Γ yi) =

∨
i∈Γ(x→ yi)

(6) (
∧
i∈Γ xi)→ y =

∨
i∈Γ(xi → y).

(7)
∧
i∈Γ y

c
i = (

∨
i∈Γ yi)

c and
∨
i∈Γ y

c
i = (

∧
i∈Γ yi)

c.
(8) (x� y)→ z = x→ (y → z) = y → (x→ z).
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(9) 1→ x = x.
(10) If x ≤ y, then x→ y = 1.
(11) (x→ y)� (y → z) ≤ x→ z.
(12) (x1 → y1)� (x2 → y2) ≤ (x1 � x2 → y1 � y2).

Definition 2.4. [9] Let (X,≤, ∗) be a complete residuated
lattice and eX a fuzzy poset. A mapping F : X → L
is called a complete residuated valued (L, eX)-filter (for
short, (L, eX)-filter) on X if it satisfies the following con-
ditions:

(F1) F(0) = 0 and F(1) = 1,
(F2) F(x ∗ y) ≥ F(x)�F(y), for each x, y ∈ X ,
(F3) F(x)� eX(x, y) ≤ F(y).

The pair (X,F) is called an (L, eX)-filter space.
Let F1 and F2 be (L, e)-filters on X . We say F1 is finer

than F2 (or F2 is coarser than F1) iff F2 ≤ F1.

Theorem 2.5. [9] Let (X,≤, ∗) be a complete residuated
lattice and (X, eX) a p-fuzzy poset. If H : X → L is a
function satisfying the following condition:

(C)H(1) = 1 and for every finite index set K,∨
K

�i∈KH(xi)� eX(∗i∈Kxi, 0) = 0.

We define a function FH : LX → L as

FH(x) =
∨

(�i∈KH(xi))� eX(∗i∈Kxi, x)

where the
∨

is taken for every finite set K.
Then:
(1) FH is an (L, eX)-filter on X ,
(2) if H ≤ F and F is an (L, eX)-filter on X , then

FH ≤ F .

Definition 2.6. [9]Let (X,F) and (Y,G) be two (L, eX)
and (L, eY )-filter spaces. Then a function φ : X → Y is
said to be:

(1) a filter map iff G(y) ≤
∨
x∈φ−1({y}) F(x), for all

y ∈ Y ,
(2) a filter preserving map iff F(x) ≤ G(φ(x)) for all

x ∈ X .
(3) an ordered preserving map iff eX(x, y) ≤

eY (φ(x), φ(x)) for all x, y ∈ X .
(4) φ−1 : Y → X is an ordered preserving relation iff

for all x, y ∈ Y ,

eY (x, y) ≤
∧

a∈φ−1({x}),b∈φ−1({y})

eX(a, b).

Naturally, the composition of filter maps (resp. filter pre-
serving maps) is a filter map (resp. filter preserving map).

Definition 2.7. [9]Let φ : X → Y be a function, F an
(L, eX)-filter on X and G an (L, eY )-filter Y .

(1) The image of F is a function φ→L (F) : Y → L de-
fined by

φ→L (F)(y) =
∨
{F(x) | x = φ−1(y)}.

(2) The preimage of G is a function φ←L (G) : X → L
defined by

φ←L (G)(x) = G(φ(x)).

(3) LetH : X → L be a function and x ∈ X . We denote

[H](x) =
∨
y∈X
H(y)� eX(y, x).

Theorem 2.8. [9] Let (X,≤, ∗) and (Y,≤, ?) be complete
residuated lattices. Let φ : X → Y be an order preserv-
ing function with φ(x ∗ y) ≥ φ(x) ? φ(y), φ(0) = 0 and
φ(1) = 1, eX , eY p-fuzzy posets and G an (L, eY )-filter on
Y . Then:

(1) [φ←L (G)] is the coarsest (L, eX)-filter for which φ :
(X, [φ←L (G)])→ (Y,G) is a filter map.

(2) If eX(x, y) = eY (φ(x), φ(y)) for x, y ∈ X , then
[φ←L (G)] = φ←L (G).

Theorem 2.9. [9] Let (X,≤, ∗) and (Y,≤, ?) be complete
residuated lattices. Let φ : X → Y be a function with
φ(x∗y) ≤ φ(x)?φ(y) with φ(1) = 1 and φ(0) = 0, eX , eY
p-fuzzy posets. LetF and G be (L, eX) and (L, eY )-filters,
respectively. Then we have the following properties.

(1) If F(x) � eY (φ(x), 0) = 0, then [φ→L (F)] is
the coarsest (L, eY )-filter for which φ : (X,F) →
(Y, [φ→L (F)]) is a filter preserving map.

(2) If φ is injective and φ−1 is an order-preserving rela-
tion, [φ→L (F)] is an (L, eX)-filter.

(3) If φ is surjective, φ−1 is an order-preserving relation
and F is an (L, eX)-filter with F(x) � eY (φ(x), 0) = 0,
then φ→L (F) is an (L, eX)-filter.

(4) If φ : X → Y is an order preserving map with φ(x ∗
y) = φ(x) ? φ(y), then [φ→L ([φ←L (G)])] is an (L, eY )-filter
on Y with [φ→L ([φ←L (G)])] ≤ G.

3. The preimages and images of (L, e)-filters

Theorem 3.1. Let (X,≤, ∗) and (Xi,≤, ?i) be complete
residuated lattices. Let φi : (X, eX) → (Xi, eXi) be or-
der preserving functions with φi(x ∗ y) ≥ φi(x) ?i φi(y),
φi(1) = 1, φi(0) = 0, eX , eXi

p-fuzzy posets for all i ∈ Γ.
Let {Gi}i∈Γ be a family of (L, eXi

)-filters onXi satisfying
the following condition:

(C) For every finite subset K of Γ, �i∈Kφ←i (Gi)(xi) �
eX(∗i∈Kxi, 0) = 0.

We define a function [
⊗

i∈Γ φ
←
i (Gi)] : X → L as

[
⊗
i∈Γ

φ←i (Gi)](x) =
∨
K

(�i∈Kφ←i (Gi)(xi)�eX(∗i∈Kxi, x)
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where the
∨

is taken for every finite subset K of Γ. Put
F = [

⊗
i∈Γ φ

←
i (Gi)]. Then the following properties hold.

(1) F is the coarsest (L, eX)-filter for which φi :
(X,F)→ (Xi,Gi) is a filter map.

(2) If for each i ∈ Γ, φi ◦ φ : (Y,F∗) → (Xi,Gi) is a
filter map and eY (x, y) ≥ eX(φ(x), φ(y)) for all x, y ∈ Y ,
then a map φ : (Y,F∗)→ (X,F) is a filter map.

Proof. (1) (F1) By the condition (C),

F(0) =
∨
K

(�k∈Kφ←k (Gk)(xk)� eX(∗k∈Kxk, 0)) = 0.

F(1) ≥
∨
K

(�k∈Kφ←k (Gk)(1)� eX(1, 1)) = 1.

(F2) For each two finite subsets K and J of Γ,

F(x1)�F(x2)
=
∨
K(�k∈Kφ←k (Gk)(uk)� eX(∗k∈Kuk, x1)

�
∨
J(�j∈Jφ←j (Gj)(wj)� eX(∗j∈Jwj , x2)

≤
∨
K∪J

(
�m∈(K∪J)−(K∩J) Gm(pm)

)
�(

�m∈(K∩J) Gm(φm(um ∗ wm))
)

�eX((∗k∈Kuk) ∗ (∗j∈Jwj), x1 ∗ x2)

=
∨
K∪J �m∈(K∪J)

(
Gm(pm)�

eX((∗k∈Kuk) ∗ (∗j∈Jwj), x1 ∗ x2)
)

≤ F(x1 ∗ x2)

where for m ∈ K ∪ J ,

pm =

 φm(um) if m ∈ K − (K ∩ J),
φm(wm) if m ∈ J − (K ∩ J),
φm(um ∗ wm) if m ∈ K ∩ J.

because, for each m ∈ K ∩ J ,

Gm(φm(um ∗ wm)) ≥ Gm(φm(um) ?m φm(wm))
≥ Gm(φm(um))� Gm(φm(wm)).

(F3) For every finite subsets K,

F(x)� eX(x, z)
=
∨
K(�k∈Kφ←k (Gk)(xk)� eX(∗k∈Kxk, x))� eX(x, z)

≤
∨
K(�k∈Kφ←k (Gk)(xk)� eX(∗k∈Kxk, z)) = F(z).

Since
∨
x∈φ−1

i
({xi}) F(x) ≥ φ←i (Gi)(x) � eX(x, x) =

Gi(xi) for each i ∈ Γ, φi is a filter map.
Let

∨
x∈φ−1

i
({xi}) G(x) ≥ Gi(φi(x)) = Gi(xi) be given

for each i ∈ Γ. For each finite subset K of Γ, we have

G(x)
≥
∨
zk∈φ−1

k
({xk}) G(∗k∈Kzk)� eX(∗k∈Kzk, x)

≥
∨
zk∈φ−1

k
({xk})�k∈KG(zk)� eX(∗k∈Kzk, x)

≥
∨
zk∈φ−1

k
({xk})�k∈KGk(xk)� eX(∗k∈Kzk, x)

≥ �k∈KGk(φk(zk))� eX(∗k∈Kzk, x).

Hence, by the definition of F , G ≥ F .
(2) Since for each k ∈ K,

∨
y∈(φk◦φ)−1({xk}) F

∗(y) ≥
Gk(xk), y = �k∈Kφ−1({zk}) = φ−1(∗k∈Kzk) and
F∗(y) � eX(y, z) ≤ F∗(z), for each finite index set K
, we have∨

z∈φ−1({x}) F∗(z)
≥
∨
z∈φ−1({x})

((∨
y∈�k∈K(φk◦φ)−1({xk}) F

∗(y)
)

�eY (y, z)
)

≥
∨
z∈φ−1({x})

((∨
zk∈φ−1

k
({xk})�k∈KGk(xk)

)
�eX(φ(y), φ(z))

)
≥ �k∈KGk(φk(zk))� eX(∗kzk, x)
= φ←k (Gk)(zk)� eX(∗kzk, x)

By the definition of F , F(x) ≤
∨
z∈φ−1({x}) F∗(z).

From Theorem 3.1, we can obtain the following corol-
laries.

Corollary 3.2. Let (X,≤, ∗) be a complete residuated lat-
tice. Let {Fi}i∈Γ be a family of (L, eX)-filters on X and
eX a p-fuzzy poset, satisfying the following condition:

(C) For every finite subset K of Γ, �i∈KFi(xi) �
eX(∗i∈Kxi, 0) = 0.

We define a function [
⊗

i∈Γ Fi)] : X → L as

[
⊗
i∈Γ

Fi](x) =
∨
K

(�i∈KFi(xi)� eX(∗i∈Kxi, x)

where the
∨

is taken for every finite subset K of Γ. Then
[
⊗

i∈Γ Fi] is the coarsest (L, eX)-filter finer than Fi for
each i ∈ Γ.

Corollary 3.3. Let X = Πi∈ΓXi be a product set and πi :
X → Xi projection maps for all i ∈ Γ. Let (X,≤, ∗)
and (Xi,≤, ?i) be complete residuated lattices. Let πi :
(X, eX) → (Xi, eXi

) be order preserving functions with
πi(x ∗ y) ≥ πi(x) ?i πi(y) and eX , eXi

p-fuzzy posets for
all i ∈ Γ. Let {Fi}i∈Γ be a family of (L, eXi)-filters onXi

satisfying the following condition:
(C) For every finite subset K of Γ, �i∈Kπ←i (Fi)(xi)�

eX(∗i∈Kxi, 0) = 0.
We define a function [

⊗
i∈Γ π

←
i (Fi)] : X → L as

[
⊗
i∈Γ

π←i (Fi)](x) =
∨
K

(�i∈Kπ←i (Fi)(xi)�eX(∗i∈Kxi, x)

where the
∨

is taken for every finite subset K of Γ. Let
F = [

⊗
i∈Γ π

←
i (Fi)] be given. Then:

(1) F is the coarsest (L, eX)-filter for which πi :
(X,F)→ (Xi,Fi) is a filter map,

(2) If for each i ∈ Γ, πi ◦ φ : (Y,F∗) → (Xi,Fi) is a
filter map and eY (x, y) ≥ eX(φ(x), φ(y)) for all x, y ∈ Y ,
then a map φ : (Y,F∗)→ (X,F) is a filter map.
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In Corollary 3.3, the structure [
⊗

i∈Γ π
←
i (Fi)] is called

a product (L, eX)-filter on X .

Example 3.4. Let (X = L = [0, 1],�) be the complete
residuated lattice with x�y = (x+y−1)∨0. We define p-
fuzzy partially order e0 : [0, 1]× [0, 1]→ [0, 1] as follows:

e0(x, y) =

{
1 if x ≤ y,
0 otherwise,

Define functions Fi : [0, 1] → [0, 1] as follows: for x ∈
[0, 1],

F1(x) = (1� e0(1, x)) ∨ (0.6� e0(0.6, x))
∨(0.3� e0(0.2, x))

F2(x) = (1� e0(1, x)) ∨ (0.5� e0(0.2, x))
F3(x) = (1� e0(1, x)) ∨ (0.4� e0(0.6, x))

∨(0.3� e0(0.1, x))

Each Fi for i = 1, 2, 3 is a ([0, 1], e0)-filter.
(1) [F1 ⊗F2] does not exist from:

F1(0.6)�F2(0.2)� e0(0.6� 0.2, 0) = 0.1 6= 0.

(2) We can obtain [F2 ⊗F3] as

[F2 ⊗F3](x) = (1� eX(1, x)) ∨ (0.5� e0(0.2, x))
∨(0.3� e0(0.1, x)).

Example 3.5. We define ([0, 1], e0)-filtersF1 : X → [0, 1]
and F2 : Y → [0, 1] as follows

F1(x) = (1� e0(1, x)) ∨ (0.5� e0(0.3, x))
F2(y) = (1� e0(1, y)) ∨ (0.6� e0(0.6, y))

∨(0.2� e0(0.2, y)).

Let π1 : X×Y → X and π2 : X×Y → Y be projection
maps. We can obtain the product ([0, 1], eX×Y )-filter F =
[π−1

1 (F1)⊗ π−1
2 (F2)] as

F(x, y) = (1� eX×Y (1, (x, y)))
∨(0.3� eX×Y ((0.3, 1), (x, y)))
∨(0.6� eX×Y ((1, 0.6), (x, y)))
∨(0.2� eX×Y ((1, 0.2), (x, y)))
∨(0.1� eX×Y ((0.3, 0.6), (x, y))).

where eX×Y ((x1, y1), (x2, y2)) = e0(x1, x2)∧ e0(y1, y2).

Theorem 3.6. Let (X,≤, ?) and (Xi,≤, ∗i) be complete
residuated lattices. Let φi : (Xi, ∗i)→ (X, ?) be functions
with φi(xi ∗i yi) ≤ φi(xi) ? φi(yi) and eX , eXi

p-fuzzy
posets for all i ∈ Γ. Let {Fi}i∈Γ be a family of (L, eXi)-
filters on Xi satisfying the following condition:

(C) For every finite subset K, �i∈K(Fi(xi) �
eX(?i∈Kφi(xi), 0) = 0.

We define a function [
⊕

i∈K φ
→
i (Fi)] : X → L as

[
⊕
i∈K

φ→i (Fi)](x) =
∨
K

(�i∈KFi(xi)�eX(?i∈Kφi(xi), x))

where the
∨

is taken for every finite subset K of Γ.
Let F = [

⊕
i∈K φ

→
i (Fi)] be given.

Then (1) F is the coarsest (L, eX)-filter for which φi :
(Xi,Fi)→ (X,F) is a filter preserving map,

(2) If for each i ∈ Γ, φ◦φi : (Xi,Fi)→ (Y,G) is a filter
preserving map and φ is an order preserving map, then a
map φ : (X,F) → (Y,G) is an (L, eX)-filter preserving
map.

Proof. (1) (F1) By the condition (C), F(0) = 0. Since
eX(φi(1), 1) = 1, F(1) = 1.

(F2) For each two finite subsets K and J ,

F(x)�F(z)
=
∨
K(�k∈KFk(xk)� eX(?k∈K(φk(xk)), x)

�
∨
J(�j∈JFj(zj)� eX(?j∈J(φj(zj)), z)

≤
∨
K,J

(
(�m∈(K∪J)−(K∩J)Fm(wm))

�(�m∈(K∩J)Fm(xm ∗m zm))
)

�eX(?k∈K(φk(xk)) ? (?j∈J(φj(zj))), x ? z)

=
(
�m∈(K∪J) Fm(wm)� eX(?m∈(K∪J)φm(wm), x ? z)

≤ F(x ? z)

where for m ∈ K ∪ J ,

wm =

 xm if m ∈ K − (K ∩ J),
zm if m ∈ J − (K ∩ J),
xm ∗m zm if m ∈ K ∩ J.

because, for each m ∈ K ∩ J , Fm(xm ∗m zm) ≥
Fm(xm)�Fm(zm) and

eX(?k∈K∩J(φk(xk ∗k yk), ?k∈K∩Jφk(xk) ? φk(xk))
�eX(?k∈K∩J(?k∈K∩Jφk(xk) ? φk(xk), x ? z)
≤ eX(?k∈K∩J(φk(xk ∗k yk), x ? z)

Since F(φi(xi)) ≥ Fi(xi) � eX(φi(xi), φi(xi)) =
Fi(xi) for each i ∈ Γ, φi is an (L, eX)-filter preserving
map.

Let G(φi(xi)) ≥ Fi(xi) be given for each i ∈ Γ. For
each finite subset K of Γ, since G(φk(xk)) ≥ Fk(xk) for
all k ∈ K , we have

G(x) ≥ G(?k∈Kφk(xk))� eX(?k∈Kφk(xk), x)
≥ �k∈KG(φk(xk))� eX(?k∈Kφk(xk), x)
≥ �k∈KFk(xk)� eX(?k∈Kφk(xk), x).

Hence, by the definition of F , G ≥ F .
(2) Since for each k ∈ K, φ ◦ φk : (Xk,Fk)→ (Y,F∗)

is anL-filter preserving map;i.e. Fk(xk) ≤ F∗(φ◦φk(xk))
for each finite index set K , we have

F∗(φ(z)) ≥ �k∈KF∗((φ ◦ φk)(xk))
�eY (?k∈K(φ ◦ φk)(xk), φ(z)) (by (F2))
≥ �k∈KFk(xk)� eY (?k∈Kφk(xk), z).

By the definition of F , F(z) ≤ F∗(φ(z)).
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From Theorem 3.6, we can obtain the following corol-
lary.

Corollary 3.7. Let X = ⊕i∈ΓXi be a direct sum and µi :
Xi → X inclusion maps for all i ∈ Γ. Let (X, ∗) and
(Xi, ?i) be complete residuated lattices.

Let µi : (Xi, ∗i) → (X, ?) be functions with µi(xi ∗i
yi) ≤ µi(xi) ? µi(yi) and eX , eXi p-fuzzy posets for all
i ∈ Γ. Let {Fi}i∈Γ be a family of (L, eXi)-filters on Xi

satisfying the following condition:
(C) For every finite subset K, �i∈K(Fi(xi) �

eX(?i∈Kµi(xi), 0) = 0.
We define a function [

⊕
i∈K µ

→
i (Fi)] : X → L as

[
⊕
i∈K

µ→i (Fi)](x) =
∨
K

(�i∈KFi(xi)�eX(?i∈Kµi(xi), x))

where the
∨

is taken for every finite subset K of Γ.
Let F = [

⊕
i∈K µ

→
i (Fi)] be given.

Then (1) F is the coarsest (L, eX)-filter for which µi :
(Xi,Fi)→ (X,F) is a filter preserving map,

(2) If for each i ∈ Γ, µ◦µi : (Xi,Fi)→ (Y,G) is a filter
preserving map and µ is an order preserving map, then a
map µ : (X,F) → (Y,G) is an (L, eX)-filter preserving
map.

In Corollary 3.7, the structure [
⊕

i∈Γ µ
→
i (Fi)] is called

a co-product (L, eX)-filter on X .

Example 3.8. Let (X = {0, 1
2 , 1},�), (Y =

{0, 1
4 ,

1
2 ,

3
4 , 1},�) and (L = [0, 1],�) be complete residu-

ated lattices with x � y = (x + y − 1) ∨ 0 and x → y =
(1− x+ y) ∧ 1. Define functions φi : X → Y as follows:

φ1(0) = 0, φ1(
1

2
) =

3

4
, φ1(1) = 1, φ2(x) = x

φ3(0) = 0, φ3(
1

2
) =

1

4
, φ3(1) = 1.

Define functions Fi : X → [0, 1] as follows:

F1(x) =

 1 if x = 1,
1
2 if x = 1

2 ,
0 if x = 0,

F2(x) =

 1 if x = 1,
3
4 if x = 1

2
0 if x = 0.

e0, e1 : X ×X → [0, 1] as follows:

e0(x, y) =

{
1 if x ≤ y,
0 otherwise,

and e1(x, y) = x→ y.
(1) Since (F1(x1)�F2(x2)�e0(φ1(x1)�φ2(x2), 0) =

0, we obtain ([0, 1], e0)-filter [φ→1 (F1) ⊕ φ→2 (F2)] : Y →
[0, 1] as follows:

[φ→1 (F1)⊕ φ→2 (F2)](x) =


1 if x = 1,
1
4 if x = 1

4 ,
3
4 if x = 1

2 ,
3
4 if x = 3

4
0 if x = 0.

(2) Since (F1(x1)�F2(x2)�e1(φ1(x1)�φ2(x2), 0) =
0, we obtain ([0, 1], e1)-filter [φ→1 (F1) ⊕ φ→2 (F2)] : Y →
[0, 1] as follows:

[φ→1 (F1)⊕ φ→2 (F2)](x) =


1 if x = 1,
1
4 if x = 1

4 ,
3
4 if x = 1

2 ,
3
4 if x = 3

4
0 if x = 0.

(3) Since (F1( 1
2 ) � F2( 1

2 ) � e0(φ1( 1
2 ) � φ3( 1

2 ), 0) =
1
2�

3
4�e0( 1

2�
1
4 , 0) = 1

2 6= 0, we cannot obtain ([0, 1], e0)-
filter [φ→1 (F1)⊕φ→2 (F2)]. By a similarly, we cannot obtain
([0, 1], e1)-filter [φ→1 (F1)⊕ φ→2 (F2)]. Moreover,

1

4
= φ3(

1

2
� 1) 6≤ φ3(

1

2
)� φ3(1) =

1

4
.
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