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WEYL TYPE-THEOREMS FOR DIRECT SUMS

MOHAMMED BERKANI AND HASSAN ZARIOUH

ABSTRACT. The aim of this paper is to study the Weyl type-theorems
for the orthogonal direct sum S @ 7', where S and T are bounded linear
operators acting on a Banach space X. Among other results, we prove
that if both T" and S possesses property (gb) and if II(T') C 04(S), II(S) C
0a(T), then S@®T possesses property (gb) if and only if USBF_; (SeT) =
USBF; (S)Uo g o (T'). Moreover, we prove that if 7' and S both satisfies
generalized Browder’s theorem, then S @7 satisfies generalized Browder’s
theorem if and only if cpw (S®T) = opw (S) Uopw (T).

1. Introduction

Throughout this paper, let L(X) denote the Banach algebra of all bounded
linear operators acting on an infinite-dimensional complex Banach space X.
For T € L(X), let N(T), R(T), o(T), 04(T), and 0,(T") denote respectively
the null space, the range, the spectrum, the approximate point spectrum, and
the point spectrum (i.e., the set of all eigenvalues) of T. We denote also by
o9(T) the set of all eigenvalues of T of finite multiplicity, by p(T') = C\o(T) the
usual resolvent set of T', and by p,(T) = C\ 0,(T") the approximate resolvent
set of T'. Let a(T) and B(T') be the nullity and the deficiency of T' defined by
a(T) = dimN(T) and B(T) = codimR(T'). Recall that an operator T' € L(X)
is called an upper semi-Fredholm operator if «(T) < oo and R(T) is closed,
while T' € L(X) is called a lower semi-Fredholm operator if S(T) < oco. If
T € L(X) is either an upper or a lower semi-Fredholm operator, then T is
called a semi-Fredholm operator, and the index of T is defined by ind(T") =
a(T) — B(T). If both (T) and B(T) are finite, then T is called a Fredholm
operator. An operator T' € L(X) is called a Weyl operator if it is a Fredholm
operator of index 0. Let SF(X) denote the class of all upper semi-Fredholm
operators and define SF_(X) = {T' € SF,(X) : ind(T) < 0}. The Weyl
essential approximate spectrum o Py (T') of T is defined by og Fr (T)={X¢€
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C:T - X ¢ SF_(X)}, the essential spectrum o.(T) of T is defined by
0.(T) ={A € C: T — A is not a Fredholm operator} and the Weyl spectrum
ow (T) of T is defined by ow (T) = {A € C: T — AI is not a Weyl operator}.

For T € L(X), let A(T) = o(T)\ ow (T) and let Ay (T) = 0,(T) \(TSF; (T).
Following Coburn [10], we say that Weyl’s theorem holds for 7' € L(X) if
A(T) = E%(T), where E°(T) = {\ € isoo(T) : 0 < a(T — M) < o<}. Here and
elsewhere in this paper, for A C C, isoA denotes the set of all isolated points
of A.

According to Rakocevi¢ [21], an operator T' € L(X) is said to satisfy a-Weyl’s
theorem if A,(T) = E(T), where EX(T) = {\ € isoc,(T) : 0 < a(T — M) <
oo}. It is well known [21] that an operator satisfying a-Weyl’s theorem satisfies
Weyl’s theorem, but not conversely.

Recall that the ascent a(T), of an operator T, is defined by a(T') = inf{n €

N: ¢ (T) =0} where ¢, (T) = dim 1\2\(]?7;:)1) and the descent §(T") of T', is defined

by 6(T) = inf{n € N: ¢,(T) = 0} where ¢,(T) = dim %, with inf() = co.
It is well known that T' € L(X) is Drazin invertible if and only if it has a finite
ascent and descent, which is also equivalent to the fact that T'= U @ V', where
U is an invertible operator and V' is a nilpotent one (see [18, Corollary 2.2] and
[22, Proposition 6]). The Drazin spectrum op(T) of an operator T is defined
by op(T) = {A € C: T — Al is not Drazin invertible}. An operator T' € L(X)
is called Browder if it is a Fredholm of finite ascent and descent. The Browder
spectrum o (T") of T is defined by o4(T) = {A € C: T — A is not Browder}.

Let II(T) be the set of all poles of the resolvent of T' and let I1°(T') be the
set of all poles of the resolvent of T' of finite rank, that is II°(T) = {\ € II(T) :
a(T — M) < oo}. According to [16], a complex number A is a pole of the
resolvent of T if and only if 0 < max (a(T — AI),6(T — AI)) < oo. Moreover,
if this is true, then a(T — AI) = 6(T — AI). According also to [16], the space
R((T — AI)¥T=*D+1) is closed for each A\ € TI(T). An operator T' € L(X) is
said to satisfy Browder’s theorem if A(T) = I1°(T).

For T' € L(X) and a nonnegative integer n, define T, to be the restriction of
T to R(T") viewed as a map from R(7T™) into R(T™) (in particular Tjg) = T'). If
for some integer n the range space R(T™) is closed and Tp, is an upper (resp.
a lower) semi-Fredholm operator, then T is called an upper (resp. a lower)
semi-B-Fredholm operator, see [7]. In this case and by [7, Proposition 2.1],
R(T™) is closed, T}, is a semi-Fredholm operator, and ind(T},,)) = ind(7,))
for each m > n. This enables us to define the index of the semi-B-Fredholm
T as the index of the semi-Fredholm operator Tj,. Moreover, if T}, is a
Fredholm operator, then T is called a B-Fredholm operator, see [3]. A semi-
B-Fredholm operator is an upper or a lower semi-B-Fredholm operator. An
operator T is said to be a B-Weyl operator if it is a B-Fredholm operator of
index zero. The B-Weyl spectrum opw (T') of T is defined by opw (T) = {\ €
C : T — M is not a B-Weyl operator}, and the B-Fredholm spectrum opp(T)
of T is defined by opr(T) = {A € C: T — Al is not a B-Fredholm operator}.
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For T € L(X), let AY(T) = o(T) \ opw(T). According to [6], an operator
T € L(X) is said to satisfy generalized Browder’s theorem if AY(T) = II(T),
and is said to satisfy generalized Weyl’s theorem if AY(T) = E(T), where
E(T) = {X € isoo(T) : a(T — AI) > 0}. It is proved in [6] that an operator
satisfying generalized Weyl’s theorem satisfies Weyl’s theorem, but the converse
does not hold in general.

Let SBF;(X) be the class of all upper semi-B-Fredholm operators,

SBF[(X)={T € SBF,(X) :ind(T) < 0}.
The essential semi-B-Fredholm spectrum o, Fr (T') of T is defined by

ospr (1) = {A € C: T = M ¢ SBF; (X)}.

Let I1,(T) be the set of all left poles of 7' and II2(7T') be the set of all left poles
of T of finite multiplicity, that is H(T) = {\ € I(T) : a(T — M) < oo}.
According to [6], a complex number A € 0,(T) is a left pole of T if a(T —
M) < oo and R((T — AI)*T=AD+1) is closed. Hence we have always II(T) C
,(T) and II°(T) c TOY(T). For T € L(X), let AI(T) = a,(T) \ TsBF; (T).
According also to [6], an operator T' € L(X) is said to satisfy generalized a-
Browder’s theorem if AY(T') = II,(T") and is said to satisfy a-Browder’s theorem
if Ay(T) = T%(T). It is proved in [6] that if T € L(X) satisfies generalized
a-Weyl’s theorem AI(T') = E,(T), where E,(T) = {\ € is004(T) : a(T—\I) >
0}, then it satisfies a-Weyl’s theorem, but the converse is not true in general.

Definition 1.1. A bounded linear operator T € L(X) is called polaroid if all
isolated points of the spectrum are poles of the resolvent of T', i.e., isoo(T) =

II(T), and is called isoloid if all isolated points of the spectrum are eigenvalues
of T, i.e., isoc(T) = E(T).

Definition 1.2 (See [17]). We will say that T € L(X) has the single valued
extension property at Ag, (SVEP for short) if for an arbitrary open neighbor-
hood U of Xy, f = 0 is the only analytic function f : Y — X such that
(T —XI)f(X\) =0 for all A € Y. We will say that T has the SVEP if T has this
property at every point A € C.

Following [1] and [20], we say that T € L(X) possesses property (w) if
A,(T) = E°(T). We say that T € L(X) possesses property (gw) if A(T) =
E(T). The property (gw) has been introduced and studied in [2], which is an
extension to the context of B-Fredholm theory of the property (w). It is shown
[2, Theorem 2.3] that an operator possessing property (gw) possesses property
(w), but not conversely.

Following [8, Definition 2.1], we say that T possesses property (b) if A, (T) =
II°(T) and that T possesses property (gb) if AY(T) = II(T). It is proved in [8,
Theorem 2.3] that an operator possessing property (gb) possesses property (b)
but not conversely and it is proved in [8] that properties (w) and (gw) imply
properties (b) and (gb) respectively, but the converses do not hold in general.
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Several authors [12, 19] considered Weyl’s theorem for operator matrices, and
in particular it is proved that Weyl’s theorem is not transmitted from the direct
summands S and T to the (orthogonal) direct sum S @ T. Nonetheless, they
provided certain sufficient conditions on S and T which insures that Weyl’s
theorem lolds for S @ T. More recently, generalized Weyl’s and generalized
a-Weyl’s theorem for orthogonal direct sums had been also examined in [13].
As it had been shown by S. V. Djordjevi¢ and Y. M. Han in [11], [14]
and by R. E. Harte and W. Y. Lee in [15], the essential (resp. Browder)
spectrum of a direct sum is the union of the essential (resp. Browder) spectra
of its components and the Weyl (resp. Weyl essential approximate) spectrum
of a direct sum is included in the union of the Weyl (resp. Weyl essential
approximate) spectra of the summands. Then it is natural to ask if similar
properties are valid in the B-Fredholm context. As we have expected the answer
is yes and the results we obtain can be summarized as follows. So in the
second section, we show that if 7" and S are bounded linear operators acting
on a Banach space X, then opp(S @ T) = opp(S)Uopr(T), op(S®T) =
op(S)Uop(T), ocpw(S®T) C opw(S) Uopw(T), and TsBE; (SeT) C
ISBF; (SHy OSBF; (T'), but the two last inclusions are proper in general. After

proving these results, we study the property (gb) for direct sums. We give
an example of operators S € L(X) and T € L(X) possessing (gb) while their
direct sum S @ T does not possess property (gb). Moreover, we explore certain
sufficient conditions under which property (gb) will be transferred from the
direct summands to the direct sum. Thus in Theorem 2.6, we show that if
T and S are Banach space operators possessing property (gb), and if II(T) C
04(S) and II(S) C 0(T), then S @ T possesses property (gb) if and only if
Tspr: (SeT) = Ospr; (S)u Ospr; (T'). As a consequence, we show that if
T and S are quasisimilar hyponormal operators possessing property (gb), then
S@®T possesses property (gb). Similarly, we show in Theorem 2.10 that if 7" and
S both possesses property (b), and if II'(T) C 0, (S) and 11°(S) C 0, (T), then
S @®T possesses property (b) if and only if Tor: (SeT) = Tsr- (S) Uosp- (T).
In the third section, we prove in Theorem 3.1 that if T'€ L(X) and S € L(X)
both possess property (gw) and if 0,(S) = 0,(T'), then S&T possesses property
(gw) if and only if Tspr; (SeT) = IsBF; (S)UUSBFJ: (T). We obtain a similar

result in the case of property (w).

2. Preservation of properties (b) and (gb) under direct sums

Let T € L(X) and S € L(X). In the first step we prove that the Drazin
spectrum of a direct sum is the union of the Drazin spectra of its components.
For this, we begin with the following auxiliary result that will be applied in the
sequel.

Definition 2.1. Let T € L(X) and S € L(X). We will say that T and S
are of stable sign index if for each A\ & ogpp(T) and p & ospr(S), ind(T —
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AI) and ind(S — pl) have the same sign, where ogpp(T) = {A € C : T —
Al is not a semi-B-Fredholm operator}.

Lemma 2.2. Let T € L(X) and S € L(X). Then
(1) O'BF(S &) T) = UBF(S) U UBF(T),
(ii) opw (S @ T) C opw (S) Uopw(T),
(iii) OSBF; (SeT)C USBF;(S) Uospr; (7).

Proof. (i) Let A € opr(S)Uoppr(T). Then T — AT and S — Al are both B-
Fredholm operators. From [3, Theorem 2.7], each of T'— AI and S — AI can be
written as the direct sum of a Fredholm operator and a nilpotent operator, and
the same is therefore true for the direct sum SET—-AIBI) = (T—-AN)B(S—AI).
Hence S®T — AN(I @ 1) is a B-Fredholm operator and opp(S@®T) C opr(S)U
opr(T). Now if A &€ opp(S®T), we can assume without loss of generality that
A=0. Then S & T is a B-Fredholm operator. So there exists n € N such that
R(S™)@R(T") is closed and S},,) ®© Ty, : R(S™)SR(T") — R(S™")OR(T") is a
Fredholm operator. Consequently, a(T},;) < oo, B(T},)) < o0 and a(Sp,)) < oo,
B(Smy) < oo. From [4, Theorem 3.1], T" and S are B-Fredholm operators. Thus
0 € O'BF(S) U O'BF(T). Hence O'BF(S D T) = O'BF(S) U O'BF(T).

(ii) If A & opw(S) U opw(T), without loss of generality we can assume
that A = 0. Then T and S are both B-Weyl operators. Therefore there exists
n such that R(T™) and R(S™) are closed, Tf,,) and S}, are Weyl operators
for each m > n. Let P : R(S™) @ R(T™) — R(S™) be the linear projection
along R(T™) onto R(S™). Then P is continuous and this implies that R(S™)®
R(T™) = P~*(R(5™)) is closed. Since a(T},,)) < 00 and a(Spm)) < 0o, we have
(S ®T) < 00. Since R(T™ )@ R(S™ 1) is closed, Sy &Ty is an upper
semi-Fredholm operator. It follows that S @ T is an upper semi-B-Fredholm
operator and ind(S@®T) = ind(S)+ind(T) = 0. So ST is a B-Weyl operator
and 0 ¢ UBW(S D T) Finally, we have UBW(S D T) - O'Bw(S) U UBw(T).

(iil) Follows in the same way as in (ii). O

Generally, the inclusions (ii) and (iii) of Lemma 2.2 are proper (see example
defined in Remark 2.7). Nonetheless, we give in the following proposition a
sufficient condition under which the two inclusions become equalities.

Proposition 2.3. If T € L(X) and S € L(X) are of stable sign indezx, then
(1) opw(S@T) =opw(S) Uosw(T),
(i) USBF;(S oT) = TsBr: (S)u TsBE; (7).

Proof. (i) Let o & opw (S @ T) be arbitrary. Then S@® T —a(l & 1) is a
B-Fredholm operator and ind(S@® T — a(I ¢ I)) = 0. From the assertion (i) of
Lemma 2.2, S — af and T — ol are B-Fredholm operators with ind(S — af) +
ind(T —al) = 0. As T and S are of stable sign index, then ind(S — al) =
ind(T—al) =0and so a € opw (S)Uopw (T). Therefore ogw (S)Uopw (T) C
opw (S @ T) and since from Lemma 2.2 opw (S) Uopw (T) D opw(S®T) is
always true, it then follows that opw (S ®T) = opw (S) Uopw (T).
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(ii) Let A & USBF;(S ® T) be arbitrary. We can assume without loss of
generality that A = 0. Then S @ T is an upper semi-B-Fredholm operator
and ind(S @& T) < 0. So there exists an integer n for which R(S™) @& R(T")
is closed and Sp,) © Ti) @ R(S™) © R(T") — R(S™) @ R(T™) is an upper
semi-Fredholm operator. Hence R(S™) and R(T™) are closed and S, and
T}, are upper semi-Fredholm operators. Thus T and S are upper semi-B-
Fredholm operators with ind(S & T) = ind(S) + ind(T) < 0. As T and S
are of stable sign index, ind(S) < 0 and ind(7T") < 0. This implies that 0 ¢
Tspr: (S)u Tspr; (T'). Hence Tspr; (S)u Tspr; (T) C Tspr: (Se®T) and
as it is always true that TsBr; (S)yu TsBr; (T) D OSBF; (Se@T), we have
Ospp (S®T) =0gpp-(S)Uogpp-(T). U

Theorem 2.4. Let T € L(X) and S € L(X). Then op(T & S) = op(T) U
O'D(S).

Proof. f A & op(T) Uop(S), then T — A and S — Al are Drazin invertible.
Hence each of T'—AI and S—AI can be written as the direct sum of an invertible
operator and a nilpotent operator, and the same is therefore true for the direct
sum (T — AN @ (S —A)=T®dS—AXI®I). Thus A € op(T & S), and hence
op(T @ S) Cop(T)Uop(S). Conversely, suppose that A € op(T @ S). Then
T®S—AIdI) is a B-Fredholm operator of index 0 and A € isoo(T'®S). From
Lemma 2.2, T — AI and S — AI are both B-Fredholm operators. If A & o(T),
then A € op(T). As A € isoo(T @ S), then A € isoo(S). By [4, Theorem 4.2,
we deduce that S — AT is also Drazin invertible. Therefore A & op(T)Uop(S).
If A€ o(T)\ o(S), then A € isoo(T) and again by [4, Theorem 4.2], T — A\I
is Drazin invertible. As A & o(S), then A € op(S). It then follows that
AZop(T)Uop(S). It A € o(T) No(S), then A € isoo(T) Nisoc(S). Hence
A& op(T)Uop(S). In the two cases we have op(T) Uop(S) C op(T & S).
Hence op(T @ S) = op(T)Uop(S). O

Generally, if T € L(X) and S € L(X) both possess property (gb), then it is
not guaranteed that their (orthogonal) direct sum S@®T € L(X @ X) possesses
property (gb), as shown by the following example.

Example 2.5. Let S =0 and R be the unilateral right shift operator defined
on the Hilbert space ¢2(N). Then o(S) = o,(S) = {0}, TsBr: (8)=0,1I(5) =
{0}. Thus o,(S5) \USBF; (S) =TI(S) and S possesses property (gb). Moreover,
o(R) = D(0,1) is the closed unit disc in C, o,(R) = C(0,1) is the unit circle of
C, IsBF; (R) = C(0,1), and TI(R) = (. Therefore o,(R) \ TsBE; (R) = II(R)
and R possesses property (gb). But the operator T defined on the Banach
space ¢2(N) & ¢2(N) by T = S @ R does not possess property (gb), because
0.(T) = C(0,1) U {0}, Tspr- (T) =C(0,1), and II(T') = 0.

However, we provide, in the following result, certain conditions on 7" and S
to ensure that their orthogonal direct sum S @ T possesses property (gb).
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Theorem 2.6. Suppose that T € L(X) and S € L(X) be such that II(T) C
04(S) and TI(S) C 0,(T). If T and S both possess property (gb), then the
following statements are equivalent.

(i) S@ T possesses property (gb),

(i) ogpp (S©T) =0g5pp-(9) Uogpp-(T).
Proof. (ii)=-(i) Assume that Tspr; (SeT) = Tspr; (S)UO’SBF; (T'). We know
that o(S @ T) = o(S) Uo(T) for every pair of operators, and from Theorem
2.4, we have op(S @ T) = op(S)Uop(T). Hence
ISeT) = oSeT)\op(SaeT)
a(S)Ua(T)]\ [op(S) Uon(T)]
(2.1) T1(8) 1 p(T)] U [TI(T) 1 p(S)] U [TI(S) N TI(T)].
By hypothesis II(T) C 0,(S) and II(S) C 04(T), I(T) N p(S) = 0 and II(S) N
p(T) = 0. Hence II(S @ T) = I1(S) NII(T). On the other hand, since T and S
both possess property (gb), then
[0a(S) U oa(T)]\ log5p-(S) Uagpp-(T)]
= [I(S) N pa(T)] U [I(T) N pa(S)] U [II(S) NTI(T)].
Again by hypothesis we have II(S) N p,(T) = 0 and II(T) N pa(S) = 0. Thus,
(2.2) [0a(S)Uca(T)]\ [JSBF; (S)u TsBE; M) =U(SaT).

We know that 0,(S @ T) = 0,(S) U oo(T) for any pair of operators and by
assumption, Tspr; (SeT) = USBF;(S) Uospr, (T). Hence o,(S@®T)\
Tspr: (SeT)=M(SeT), and S @& T possesses property (gb).

(i)=(i) If S @& T possesses property (gb), then O’SBF;(S OT) = 0.5 ®
T)\II(S @ T). From the equality (2.2) we have O’SBFJ:(S) Uospr: (T) =
oo (S®T)\II(S®T). So TsBr: (SeT)= USBF;(S) Uospp- (T). O

Remark 2.7. The identity JSBF;(S oT) = Tspr; (S)u Tspr; (T') assumed
in Theorem 2.6 plays a central role in establishing conditions for the direct
sum to possess property (gb). For this, define on the Banach space £2(N) @
¢*(N) the operator R @& L, where R and L denote the right shift operator
and the left shift operator, respectively, on the Hilbert space ¢*(N). Then R
possesses property (gb). On the other hand, L possesses property (gb), since
oq.(L) = D(0,1), Tspr; (L) = D(0,1), and II(L) = 0. Moreover, II(R) C c4(L)
and II(L) C 04(R). But R @ L does not possess property (gb). Indeed, as
aR®L)=FReL)=1,0¢ USBF;(REB L), and since a(R @& L) = oo,
it then follows from [5, Theorem 2.5] that R @ L does not have the SVEP
at 0. Consequently, R & L does not satisfy generalized a-Browder’s theorem.
From [8, Corollary 2.8], R ® L does not possess property (gb). Observe that
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TSBF; (Ro L) # OSBF; (R)U TSBF; (L), because TsBF; (R)U TSBF; (L) =
D(0,1) and 0 & Tspr; (R® L).

The (bounded linear) operator A : X — Y is said to be quasi-invertible if
it is injective and has dense range. Two bounded linear operators T € L(X)
and S € L(Y) on complex Banach spaces X and Y are quasisimilar provided
there exist quasi-invertible operators A: X — Y and B : Y — X such that
AT = SA and BS = T'B. In this case the operators T[n] : R(T") — R(T™)

and S[n] : R(S™) — R(S™) are also quasisimilar. Indeed, if we consider
it is easily seen that P(R(T™)) = R(S™), Q(R(S")) = R(T"), P and Q are
both injective, PT[n] = S[n]P, and Qg[n] = T[n]Q

A bounded linear operator T' € L(H) on a Hilbert space H is said to be
hyponormal if T*T — TT* > 0 (or equivalently || T™*z|| < ||Tz|| for all z € H).

Lemma 2.8. If T € L(H) and S € L(H) are quasisimilar hyponormal opera-
tors, then II(T) = I1(S).

Proof. Let o € II(T) be arbitrary. Then T — af is Drazin invertible and
a(T —al) =6(T —al) =n < co. Without loss of generality we may assume
that o = 0. Therefore ¢, (T") = ¢,(T) = 0 and R(T™) is closed. As ¢, (T) =
co(Tpy) and ¢, (T) = c(T)), then Tpyy - R(T™) — R(T™) is invertible. On
the other hand, Tj, : R(T") — R(T") and S[n] : R(S?) — R(S™) are
hyponormal quasisimilar operators. Since T, is invertible, from [9, Theorem
1] g[n] is invertible. So (5’[”])" is invertible and R((g[n])”) = R(S™). As
R((S[n])") C R(S™), then R(S™) = R(S™), i.e., R(S™) is closed. Therefore
0 € op(S). As we know from [9, Theorem 1] that o(T) = o(S), then 0 € II(S).
Similarly, we have II1(S) C II(T"). Hence II(T) = II(S). O

Corollary 2.9. Let T € L(H) and S € L(H) are quasisimilar hyponormal
operators. If T and S both possesses property (gb), then S®T possesses property
(gb).

Proof. As it is well known that every hyponormal operator has the SVEP, then
from [5, Theorem 2.5], we conclude that ind(7 — AI) < 0 and ind(S — uI) <0
for each \ € pspr(T) and p € pspr(S). From Proposition 2.3, it follows that
TsBE; (SeT) = Tspr; (S)u TsBE; (T). As II(T) = TI(S) (see Lemma 2.8),
then II(T') C 0,(S) and II(S) C 04(T') and since T' and S both possess property
(gb), then by Theorem 2.6, S @ T possesses property (gb). O

Similarly to Theorem 2.6, we give the following characterization in the case
of property (b).
Theorem 2.10. Suppose that property (b) holds for T € L(X) and S € L(X).
IfI%T) C 04(S) and 1°(S) C 04(T), then the following assertions are equiv-
alent.
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(i) S@® T possesses property (b),

(ii) USF;(S@ T) = Tsp; (S)u USF;(T).
Proof. (ii)=-(i) Suppose that Tsr: (SeT) = Isky (S) Uospr (T). Since T and
S both possess property (b), then

0(8) Uou(T)]\ [0 () Uogpe ()]
= [II°(S) N pa(T)] U II°(T) N pa(S)] U [I°(S) NI (T)].

The assumption H%(T) C 0,(S) and 11°(S) C 0,(T) entails that II°(T) N
pa(S) = 0 and I1°(S) N pa(T) = 0. Therefore [04(S) U oo (T)] \ [O’SF; (S)u
Isky (T)] = 1°(S) NII°(T). On the other hand, as we know that o,(S @ T) =
op(S) U op(T) for any pair of operators, then

M(SeT) = o(S&T)\oy(SaT)
= [0(S)Ua(T)]\ [05(5) Uay(T)]
= [%(S) N p(T)] U I°(T) N p(S)] U [ °(8) NI (T)]
= TI°(S) nII%(T), since I1°(S) N p(T) = (T N p(S) = (.
Thus
23 I(SGT) = 0u(S) UouD)\ [osp () Uogp (T

By hypothesis Tsp; (SeT) = Tsp- (S) Uogp- (T), it then follows that I1°(S @
T)=o0.,5®T) \O'SF; (S®T) and S @ T possesses property (b).

(i)=(ii) If S @ T possesses property (b), then Tsp- (SeT)=0,(50T)\
(S & T). From the equality (2.3), it then follows that Tsp; (S)u Tsk; (T) =
0,(SaT)\II°(S& T). Hence Tsr: (SeT)= Tsr: (S)u Tsp; (7). O

The following examples show that if S and T are Banach space operators
possessing property (b), then it does not necessarily imply that the direct sum
S @ T possesses property (b). Moreover, the first example (part (1)) shows
that Tsr: (SeT) = Osk; (S)yu Osky (T') is not a sufficient condition on the
direct sum to possess property (b), but the second example (part (2)) shows
that the symmetric assumption I1°(S) C 0, (T), II°(T) C 04(S) on the direct
summands is not a sufficient condition to ensure that the direct sum possesses
property (b).

Example 2.11. (1) Let us define the operator S on the Hilbert space ¢*(N) by
S(x1,x2,3,...) = (0,22,23,24,...). Then o(S) = 0,(S) ={0,1}, Tsr- (S) =
{1}, and 1°(S) = {0}. Thus UG(S)\O'SF; (S) = I1°(S) and S possesses property
(b). Now, we consider the unilateral right shift operator R defined on ¢?(N),
then R possesses property (b), since o,(R) = C(0, 1), Tsk; (R) =C(0,1), and
II°(R) = ). Define T on the Banach space X = (2(N)® (>(N) by T = R® S.
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Then o,(T) = C(0,1) U {0}, USF;(T) = C(0,1), and I%7T) = 0. Hence
oa(T) \ Tor: (T) # 1°%(T), and T does not possess property (b). Note that
°(R) C 04(9), 1°(S) ¢ 0,(R), and Tsp- (ReS) = Tsp- (R)U USF;(S).

(2) In Theorem 2.10, the condition Tsp- (SeT)= USF;(S) Uogp- (T) is
crucial. Indeed, if we consider the operator T = R® L defined as in Remark 2.7,
then R possesses property (b) because o,(R) = C(0,1), Tsp- (R) = C(0,1),
and II°(R) = (). Its adjoint L possesses property (b) because o, (L) = D(0,1),
O'SF;(L) = D(0,1), and II°(L) = (. Moreover, II°(R) C 0,(L) and II°(L) C
0q.(R). But, since 0 ¢ Tor- (R® L) and R @ L does not have the SVEP at

0, it then follows that R @ L does not satisfy a-Browder’s theorem. By [8,
Theorem 2.5], R & L does not possess property (b). Note that the inclusion
JSF;(R eL)C Tor: (R) U Tspr (L) is proper, since Tsp: (R) U Tsp- (L) =
D(0,1) and 0 ¢ Tsp- (R®L).

As for every quasisimilar hyponormal operators T' € L(H) and S € L(H),
we have a(T — M) = a(S — M) for all A € C, then I1°(S) = I%(T). From
Theorem 2.10, we obtain immediately the following corollary.

Corollary 2.12. Let T € L(H) and S € L(H) be quasisimilar hyponormal
operators. If T and S both possess property (b), then S @ T possesses property

(b).

The following example shows that there exist T' € L(X) and S € L(X) such
that their (orthogonal) direct sum S@®T does not satisfy generalized Browder’s
theorem, although 7" and S both satisfy generalized Browder’s theorem. We
consider the operator T = R @ L as defined in Remark 2.7, then o(R) =
D(0,1), cpw(R) = D(0,1), and II(R) = (). So R satisfies generalized Browder’s
theorem. On the other hand, as o(L) = D(0,1), opw(R) = D(0,1), and
II(L) = 0 then L satisfies generalized Browder’s theorem. But T = R® L does
not satisfy generalized Browder’s theorem. Indeed, as «(R® L) = S(R® L) =
1 then 0 € opw(R @ L) and, since R @& L does not have the SVEP at 0,
it then follows that R @& L does not satisfy generalized Browder’s theorem.
Note that the inclusion opw (R ® L) C opw (R) Uopw (L) is proper, because
opw(R)Uopw (L) =D(0,1) and 0 € opw (R ® L).

In [13, Theorem 3.6], it is established that if S and T are polaroid opera-
tors acting on Hilbert spaces, satisfying generalized Browder’s theorem and if
opw(S)Uopw (T) =opw (S @T), then S @& T satisfies generalized Browder’s
theorem. Using Theorem 2.4, we can extend this result as follows.

Theorem 2.13. Let T € L(X) and S € L(X). If generalized Browder’s
theorem holds for T and S, then the following statements are equivalent.

(i) S@ T satisfies generalized Browder’s theorem,

(ii) epw (S)Uopw(T) = opw (S @ T).
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Proof. (i)=-(ii) If generalized Browder’s theorem holds for S&T, then opw (S®
T)=0p(S®T). As op(S®T) = op(S)Uop(T) (see Theorem 2.4), then
opw(S®T) = op(S)Uop(T). Since we have always opw (S) Uopw (T) C
op(S) Uop(T), it then follows that opw (S) Uopw (T) C opw (S @ T). By
virtue of Lemma 2.2 we conclude that opw (S) Uopw (T) = opw (S & T).
(ii)=(i) Assume that ogw (S)Uopw (T) = opw (S®T). Since T and S both
satisfy generalized Browder’s theorem then opw (T) = op(T') and opw (S) =
op(S). Therefore op(S®T) = op(S)Uop(T) = opw(S) Uopw(T). By
hypothesis opw (S) Uopw (T) = opw (S @ T), op(SET) = opw (S & T) and
S @ T satisfies generalized Browder’s theorem. O

3. Preservation of properties (w) and (gw) under direct sums

Theorem 3.1. Suppose that T' € L(X) and S € L(X) be such that 0,(T) =
op(S). If T and S both possess property (gw), then the following assertions are
equivalent.

(i) S@® T possesses property (gw),

(ii) USBF;(S ®oT) = TsBr: (SHu TsBE; (T).
Proof. (ii)=-(i) Suppose that Tspr: (SeT)= TsBE; (S)U Tspr: (T'). Since
T and S both possess property (gw) we have

oo (S®T) \O'SBF; (SeT)

(3.1) = [0a(S) V(D) \ logpp- (S)VUospp-(T)]
= [E(T) N pa(S)UE(S) N pa(T) U [E(S) N E(T)].

As 0,(S) = 0,(T), then E(T) N pa(S) = 0 and E(S) N po(T) = 0. Thus
oo(S®T)\ OsBF- (S T)= E(S)NE(T). On the other hand, we have
E(SeT)
isoo(S@®T)No,(SeT)
iso[o(5) U a(T)] N [op(S) U ap(T)]
= [E(S) N p(D)UE(T) N p(S)] U [E(S) Nisoo (T)] U [E(T) Nisoo(S)]
= E(S)NE(T), since E(S)Np(T) =0 and E(T) N p(S) = 0.

(3.2)

Hence E(S@T) =o0,(SaT) \JSBF; (S®T) and S @ T possesses property
(gw).

(i)=(ii) If S&® T possesses property (gw), then o,(S®T) \USBF; (SeT) =
E(S@T). Since T and S both possess property (gw) and o,(T) = 0,(95), it
then follows from the equality (3.1) that o, (S®T)\ [USBF; (S) Uospr: (T)] =
E(S)NE(T) and from the equality (3.2) that E(S®T) = E(S)NE(T). Hence
0spp- (SOT) = 0gpp-(S)Uogpp(T). O
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Remark 3.2. If T and S are Banach space operators possessing property (gw),
then it does not necessarily imply that the direct sum S @ T possesses property
(gw). For example, on the Hilbert space ¢?(N) we consider the operators S =
0 and U defined by U(z1,xzo,23,...) = (0,21/2,22/3,...). Then o,(S) =
{0}, TsBr; (S) = 0, and E(S) = {0}. Thus o,(5) \JSBF; (S) = E(S5), and
so S possesses property (gw). On the other hand, we have o,(U) = {0},
Tspr; (U) ={0} and E(U) = (. Therefore o,(U) \O’SBF; (U) = E(U) and so
U possesses property (gw). We define T on the Banach space £2(N) @ ¢?(N) by
T=S®U. Then 0,(T) = {0}, Tspr: (T) = {0}, and E(T) = {0}. Therefore
0a(T) \USBF; (T') # E(T') and so T does not possess property (gw). Note that
op(S) ={0}, 0,(U) =0, and O'SBF;(S oU)= TsBr; (S)u O'SBF;(U).

Similarly in Theorem 3.1, we have the following result in the case of property
(w).
Theorem 3.3. Suppose that T € L(X) and S € L(X) be such that oy (T) =
O’S(S). If T and S both possess property (w), then the following statements are
equivalent.

(1) S® T possesses property (w),

(ii) USF;(S@ T) = Tor: (SHuU Tor; (7).
Proof. (ii)=-(i) Suppose that Tsr: (SeT) = Ispy (S) Uosp: (T). Since T and
S both possess property (w), we have

oa(SOT)\ ISF; (SeTl)
(3.3) = [0a(S) Uaa(T)]\ [USF; (S)yu OsF; (1))
= [E%(T) N pa(8)]U[E®(S) N pa(T)] U [E°(S) N E*(T)).
As 09(S) = op(T), then E°(T) N pa(S) = 0 and E°(S) N pa(T) = 0. Thus
O’a(SEBT)\O'SF; (SeT) = E°(S)NE°(T). On the other hand, since 03 (S®&T) =
{Aead(S)Uod(T) : dim N(S — AI) + dim N(T — M) < oo}, we have
E%(SaeT)
=isoc(S®T)N 02(5 &eT)
isolo(S) Ua(T)] N [op(S) Uapg(T)]
iso[o(S)Ua(T)] N 02(5)
[E°(S) N p(T)] U [E(T) N p(S)] U [E®(S) N E(T)]
= E°(S) N E%(T), since E°(S) N p(T) = 0 and E°(T) N p(S) = 0.

Hence o, (S®T) \ Tsp: (Se©T)=E’(SaT) and S® T possess property (w).

(i)=(ii) Assume that S®T possesses property (w), then aa(SéBT)\aSF; (Se
T)=E°(S@®T). As T and S both possess property (w) and have the same

(3.4)
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eigenvalues of finite multiplicity, it then follows from the equality (3.3) that
Ua(S@T)\[USF; (S)UO'SF; (T)] = E°(S)NE°(T) and by the equality (3.4) that
E°(S)NEYT)=E°(S®T). Hence Tsp; (SeT)= Tsk; (S)u Tsk; (7). O

Remark 3.4. There are Banach space operators T" and .S both of which possess
property (w), but their direct sum S@®T does not possess property (w). Indeed,
if we consider the operator T' = R® S defined as in Example 2.11, then o,(R) =
Tspy (R) = C(0,1) and E°(R) = (. So R possesses property (w). The operator
S also possesses property (w), since 0,(S) = {0,1}, Tsp- (S) = {1}, and

E°(S) = {0}. But the direct sum T = R @ S does not possess property (w),
because o,(T) = C(0,1) U {0}, Tsp- (T) = C(0,1), and E°(T) = (). Note that

0p(S) = {0}, op(R) = 0, and Tsp; (Re S) = USF;(R) Uogp- (S).
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