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RADIAL OSCILLATION OF LINEAR DIFFERENTIAL
EQUATION

ZHAOJUN WU

ABSTRACT. In this paper, the radial oscillation of the solutions of higher
order homogeneous linear differential equation

FE 4+ Ao () fF7D 4 AL(2)f + Ao(2)f =0
with transcendental entire function coefficients is studied. Results are ob-
tained to extend some results in [Z. Wu and D. Sun, Angular distribution

of solutions of higher order linear differential equations, J. Korean Math.
Soc. 44 (2007), no. 6, 1329-1338].

1. Introduction and main results

In this paper, the meromorphic function always means a function being
meromorphic in the whole complex plane C. Assume that the basic definitions,
theorems and standard notations of the Nevanlinna theory for meromorphic
function (see [11], [22] or [24]) are known. There have appeared many papers
on the global theory of complex differential equations which were studied from
the point of view of Nevanlinna theory, since 1982 when the article by Bank
and Laine [1] appeared in Trans. Amer. Math. Soc. We refer the reader to
the books by Laine [12], and by Gao etc. [6]. The first general research on the
radial oscillation theory of the solutions of

(1) f"=AQ)f=0

is due to Wang [17] and Wu [19] respectively. Here, we recall some definitions
by Wang [17] as follows (also see Rossi and Wang [14]).

Definition 1 (Sectorial exponent of convergence). For a € Cy := C U {o0},
define

)

)\O‘aB(f’ a/) = lim sup IOgn(T’ Q(aa 5)3 f = a)

r—00 1Og r
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where Q(o,8) = {z | a < argz < f},0 < 8 —a < 7 and n(r, A, B), f = a)
is the number of the roots of f(z) —a = 0 in Q(«, 8) N {|z| < r}, counting
multiplicities. Especially, when a = 0, we write Ao g(f) = Aa,g(f,0).

Definition 2 (Radial exponent of convergence). For any 6 € [0,27) and a €
Cw, we define

Mo(f,a) = lim No_co1c(a, f).
e—0+
Especially, when a = 0, we write Ag(f) = Ao ([, 0).
In 1994, Wu [19] had proved the following theorem.

Theorem A ([19]). Let A(z) be a transcendental entire function of finite order
in the plane and let f1, fo be two linearly independent solutions of (1). Set E =

f1fa. Then M\g(E) = 400, if and only if imsup,._, W = 400 for

any € > 0, where M(r,Qgc, E) =sup{|E(te’™)|:0 —e <7 <0+¢,1<t<r}

Recently, Wu [18] proved the following theorem on connection of the ra-
dial exponent of convergence of zeros with Borel direction of the product of a
solution base of (1).

Theorem B ([18]). Let A(z) be a transcendental entire function of finite order
in the plane and f1, fo be two linearly independent solutions for (1). Let E =
f1f2. Suppose that the exponent of convergence of zero-sequence A(E) is oo.
Then L : argz = 0y is an infinity order Borel direction of E if and only if
Ao, (E) = 0.

For k > 2, we consider the homogeneous linear differential equation
(2) FR 4 Ay o fB=2) o4 Agf =0,

where Ag, ..., Ax_o are entire functions with Ay # 0. Bernal [3] studied the
iterated p-order of solutions of (2). In this paper, we shall study the con-
nection of the radial exponent of convergence of zeros with Borel direction
of the product of a solution base of linear differential equation (2) with en-
tire coefficients of finite iterated p-order. For the sake of convenience, we
define inductively (see [3], [10], [11], [15]), for 7 € [0,+00),explr = e"
and expl" Ty = exp(exp[”] r),n € N. For all r sufficiently large, we de-
(1 — Jog(log™ r),n € N. We also denote
U= logm r. We recall

fine 1og[1]T = logr and log
expld r= r zlog[o] r, 1og[71]r = expl!r and expl~
the following definitions and remarks.

Definition 3 ([11, 15]). The iterated p-order o,(f) of a meromorphic function
f(2) is defined by

. 1og[p] T(r, f
op(f) = hirigp %

(p €N).
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Remark 1 ([4]). (1) If p = 1, then we denote o1(f) = o(f); (2) If p = 2, then
we denote the so-called hyper order by o2(f); (3) If f(2) is an entire function,
then
logP+1 s
op(f) = limsup og—(r,f).
r—00 logr

Definition 4 ([3, 15]). The growth index of the iterated order of a meromorphic
function f(z) is defined by

0 if f is rational,

min{n € N: 0, (f) < oo} if f is transcendental and
on(f) < oo for some n € N,

00 if 0,(f) = oo for all n € N.

i(f) =

In [3], Bernal prove the following theorem.

Theorem C ([3]). Assume that Ao, ..., An—1 are entire functions and p =
max{i(A4;),7=0,...,k—1}. Set

L(f) = f + Ana fO70 + Ao ()f 772 o+ A () + Ao(2) .
If p >0, let 0 = max{o,(A4,),j =0,...,k — 1}, then

(i) § <1+ p, where 6 = sup{i(f): L(f) = 0}.

(i) of p < 00, then Y11 < 0, where ypy1 = sup{opy1(f) : L(f) = 0}.
Definition 5 ([11, 15]). The iterated convergence exponent of the sequence of

a-points (a € Cy) is defined by

1og["] N(r, f%)

A (f —a) = M\ (f,a) = limsup = (neN).

r—00 IOgT
Remark 2 ([4]). Au(f —a) = A(f = a); M(f,0) = A(f); Ap(f, 0) = Ap(f)

Definition 6. The sectorial iterated convergence exponent of the sequence of
a-points (a € Co) is defined by

(] -
An,a,B(f _ a) — )\n,a”ﬂ(f; a) — hm sup log TL(T, Q(O{, ﬂ)v f * a’)

r—00 1Og r

(n € N).

The radial iterated convergence exponent of the sequence of a-points (a € C)
is defined by

>\n,6(f - a) = /\nﬁ(fv a) = sli%{r )\n,Gfs,OJrs(fv a) (TL € N)

Remark 3. M ap(f —a) = Xag(f —a); Mo(f —a) = Xo(f —a).

Definition 7. Let p € N, and f(z) be a meromorphic function of iterated p-
order p(0 < p < o0). A ray L:argz = 0 is called a Borel direction of iterated
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p-order p of f, if no matter how small the positive number 0 < ¢ < 7/2 is, for
each value a € C,, holds
) 1og[p]n(r,Q(9 —e,0+¢),f=a)
lim sup
r—00 1Og T

with at most two exceptional values a.

=P

Remark 4. When p = 1, Borel direction of iterated p-order p of f is called a
Borel direction of order p of f. When p = 2, Borel direction of iterated p-order
p of f is called a Borel direction of hyper order p of f.

In [23], the author prove the following theorem.

Theorem D ([23]). Assume that some (or all) of Ao,...,Ar—2 are transcen-
dental entire functions of finite order growth and equation (2) possesses a so-
lution base f1, fa,..., fx. Set E = fi1--- fi. Then Xg(E) = 400, if and only
if
) loglog M (r,Q.c, E)
lim sup
r—00 1Og7’

= +Oo
for any e > 0.

This result and Theorem B motivate the present author to prove the follow-
ing theorem in [20].

Theorem E. Assume that some (or all) of Ao, ..., Ax—2 are transcendental
entire functions of finite order growth and equation (2) possesses a solution
base f1, fa,..., fr. Set E = f1--- fr. Suppose that the exponent of convergence
of zero-sequence A\(E) = oo and E is an entire function of hyper order p(0 <
p < 00). Then Aag(E) = p if and only if L : argz = 0 is a Borel direction of
hyper order p of E.

In this paper, we shall continue to research the radial oscillation of the
solutions of (2). In fact, we shall prove the following theorem.

Theorem 1. Assume that some (or all) of Ao,...,Ax—2 are transcendental
entire functions, and p = max{i(4;),7 = 0,1,....k — 2} < co. If equation
(2) possesses a solution base f1, fa,..., fr and set E = f1--- fr. Then i(E) <
(p+1). If opy1)(E) = p > 0, then the following statements are equivalent:

(i) L : argz = 0 is a Borel direction of iterated (p 4+ 1)-order p of E;

(i1) Apr1),0(E) = p;
log!?*2 M(r Q.. ,E)

logr

(iil) lim sup = p for any € > 0.

=00
By Theorem C, we know that i(E) < p+ 1. When k = 2 and p = 1, the
equivalence of (i) and (ii) is a precise version of Theorem B in the case of
02(E) = p > 0. When k£ > 2 and p = 1, the equivalence of (i) and (ii) is
Theorem E. When k = 2 and p = 1, the equivalence of (ii) and (iii) has been
obtained by Huang and Chen [7] in an weakly form. When k& > 2 and p = 1,
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the equivalence of (ii) and (iii) has been obtained by Huang and Chen [8] in
an weakly form. Most recently, Zheng [24] give a system research about the
equivalence of (i) and (ii) by using the proximate order of Qinglai Hiong (see
[5]). Here, the innovative point is the equivalence of (ii) and (iii).

2. Some lemmas

The proof of Theorem 1 requires the Nevanlinna theory in an angular do-
main. Let f(z) be a meromorphic function and Q(a, 8) = {z | a < argz < 3}
be an angular domain, where 0 < 5 — « < 27. Nevanlinna defined the following
notations (see e.g. [5], [13], [24]).

k(71 k , od
Ao £) = % [ (G = T log )|+ 10" |7(te)

2%k [P ol
Bop(rf) = oo [ 1o |7(re") s k(6 — )b

1
Cap(r, f) =2 (W — o) sink(By — a),
byEN
where k = 57,1 <r < oo and b, = |by|e? are the poles of f(z) in the sector
A= {z:1<|z| <ra<argz < f}, each pole b, occurs in the sum ), .
as many times as it’s order. When pole b, occurs in the sum vae Aonly once,

we denote it by Cy g(r, f). Moreover, for r > 1, we define

Da”g(?“, f) = Aa,ﬂ(ra f) + Ba,ﬂ(ra f)a Sa,B(Ta f) = Coz,B(Ta f) + Doz,B(Ta f)
For the sake of simplicity, we omit the subscript of all the notations and use
A(Ta f)a B(T, f)7 C(Tv f)a D(T, f) and S(Tv f) to replace Aa,ﬂ(ra f)7 BO(,B(T’ f)7
Cag(r, f), Da,p(r, f) and Su g(r, f) respectively. In the following, some prop-
erties of S(r, f) are given.

Lemma 1 ([24]). Let f(z) be a nonconstant meromorphic function and Q(a, 3)
be an angular domain, where 0 < f — a < 2w. Then for any value a € C, we

have
1

ff

where e(r,a) = O(1) as r — oo.

S(T, a):S(r,f)—i-E(r,a),

Lemma 2 ([24]). Let f(z) be a meromorphic function and Q(c, 3) be an an-
gular domain, where 0 < 8 — o < 2m. Then for arbitrary q distinct a; € C,
we have

(3) (@—2)8(r, f) < Z?(r,

fj )+ O(log rT'(r, f)),r & F,
aj

where F' is a set of finite linear measure.
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Lemma 3 ([19]). Suppose that f(z) is a nonconstant meromorphic function
and Q(a, B) is an angular domain, where 0 < B —a < 2w. Then for any r < R,

1 R, /R log™ T'(t, f) Lo R
Alr,Z) < K{ (= —= Vgt +logt —— +log = +1
(r,f)_ (r) . PR + log R—r+ ogr—i— ;

B(r, 7) < T—km(ﬁ 7

where k = Yo and K 1is a positive constant not depending on r and R.

).

Lemma 4. Let p € N and p > 1 and f(z) be a meromorphic function such
that op(f) = p(0 < p < 0). A ray L : argz = 6 is a Borel direction of iterated
p-order p of [ if and only if for any positive number 0 < e < w/2, the equation

[p]
lim sup 71%; 5(r. f) =p,
r—oo logr

holds in the angular domain Q. :={z:0 —e <argz <6 +¢}.

Proof. Assume that L is a Borel direction of iterated p-order p of f, and that
for some 7(0 <7 < %) in the angular domain ,, we have

logl?l g
(4) lim sup w <p
r—00 1Og T

By Lemma 1, for any finite value a, in the angular domain ,, we have
S(r, ﬁ) = S(r, f) + O(1). Since C(r,a) < S(r, %), then

—a

(5) Clr,a) < S(r, =) = 5(1.1) + O(1).
On the other hand,
C(2r,a) > Cy_n g, n(2r,a)
=2 2 (e <|zb?>|§k)sm’“(ﬂv —0+3)
1< |by|<r,0—2<B,<O0+2
=7 2 (Ibil’“ B (lzb;)lfk)Sink(ﬁv —0+3)

1<|by|<r,0— 2 <By<O+%

where k = In the sector A : 1 < [b] < 7,0 -2 < < 0+ 2, we have

iy
n’ 37

0< g <B—-0+3< %’7 < %. We write a sum of above expression as

a Stieltjes-integral and the partial integration of the above Stieltjes-integrals
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now results in

C(2r,a) > /; tikdn(t) + ﬁ /1T thdn(t)

"1 n(r)  rkn(r)

(6) 4 / t*=1n(t)dt

Y

o (2r)2F
1 n(r)

2 (17 22k)

k
,
where a short-hand notation n(t) = n(t, (0 — 4,0 + %), f = a) will be used.
Substituting (6) to (5) and combining (4), we get

log!?! QO—-29+ 1) f=
(7) lim sup o8 n{r, X 30t 5)f=0)

<p
—00 10gT

Since a is arbitrary, the above expression is incompatible with the hypothesis
that L is a Borel direction of iterated p-order p of f.

Conversely, assume that for any 7 (0 <7 < %), in the angular domain €,
we have

. log” S(r, f)
limsup ———= =p
r—00 1Og7"
Suppose that L is not a Borel direction of iterated p-order p of f. Then
there exist a n and three distinct values a; € Co (j = 1,2,3), such that for

sufficiently large r, we have

(8) n(r, Q0 — 0,0 +n), f = a;) < exp?"I(r?),

where () < p is a constant. For the three distinct value a;, we have

(9) C(r’a’j) < 2”(T’Q(9_77a9+77)af :aj)‘

We deduce from (8), (9) and Lemma 2 that S(r, f) < exp?~1U(r?) for suffi-
ciently large r. Hence, we get a contradiction and Lemma 4 follows. O

Remark 5. In the proof of Lemma 4, we noted that for some n (0 <n < %) in
the angular domain €,, we have

log!?!
lim sup 28 3 )
r—00 1Og T

In fact, if

[p]
lim sup 710g S50 f)

> p.
r—o0 logr
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By Lemma 2, we have for some a € C,
log!?! 19 —
lim sup 0g " n(r, Qy, f = a)
r—00 logr

This contradicts with o, (f) = p.

> p.

Lemma 5 ([24]). Let f(z) be an analytic function on Q(«, 3). Then we have
(10) log M (r, e, B), f) < Kre{S(2r, f) + 1},
where w = 5%, M(r, e, B), f) = sup{|f(te')| : a <7 < 5,1 <t <7} and
K is a positive constant.

3. Proof of Theorem 1

Proof. The Wronskian determinant W (f1, fo, ..., fi) of fundamental system of
solutions { f1, f2, ..., fx} is given by

1 1 - 1
W=W(f, for o fi)=| B
fi f2 fr

Applying a Lemma [12, p. 16], we can derive that W is a positive constant and
denote it by K. Hence

O]
1 1w 1 fi
—_= —— = — —1THk71 4 .
r-xz &, (Y =
1< #i<k
Let f # 0 be a solution of (2). It follows from Theorem C that the iterated
p-order of log T'(r, f) is at most o, where o < co is a constant.

For any 6 € R, using Lemma 3 in which R = 2r for sufficiently small &, we

have
fi /” log™ T'(t, fi) /” e
A =)=0 ———>dt) = O ———dt
(11) o-etelly fz) ( 1 thtae ) ( 1 thtae )

= O(exp[pfl] ro )

/

for any f;, when p > 2. And when p = 1, we have Ag_. g1 (r, %) =0(1).
Since

!
m(r, ji—) = O(log rT(r, f;)) = O(expP~ 1 rot1),
Then we can deduce the following equation from Lemma 3
fiy _ 4k fi otlm e
(12) Bo_c04e(r, E) < r_km(r’ ﬁ) = O(r°t173) = O(explP~H ot

when p > 2, and when p = 1, we have By_. g4(r, ;—/) =0().
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Since

(1) h 70
Do—co+<(r, } ) <> Docore(r, ﬁ) +0(1),
=1 i

where i =1,2,...,k;h =2,3,...,k — 1, then we have
Dy—c g+e(r, ) = O(1);
when p =1, and when p > 2,
Dy_cpsie(r, ) = O(expP~1po+1),

By the definition and Lemma 1, for any § € R and any sufficiently small
e > 0 in angular domain Q. = {z | § —e < argz < 0 + €}, we can deduce

(13) S(r,B) < P{C(r, %) + O(exp?~! 17+1)},

where P is a constant.
Now, we are in the position to prove the statements those in Theorem 1 are
equivalent.

3.1. Proof of the equivalence of (i) and (ii)

Suppose that L : arg z = 0 is a Borel direction of iterated (p + 1)-order p of
E. By Lemma 4, for any positive number 0 < ¢ < 7/2,

[p+1]
lim sup 2289 F)

1 =P
r—00 ogr

holds in the angular domain €2, := {2z : 0 —e < argz < 0§ +¢}. Combining (13),
we can obtain
logP ™ C(r, L)

(14) lim sup E

r—00 log r

Noting C(r, ) < 2n(r,Q, E = 0), hence Ap11),0(E) = p.
On the other hand, if A(,4.1),9(E) = p, then for any 0 < n < 7, in the angular
domain §,,, we can obtain the following equation as we did in the proof of (6)

:p.

(15) S E) > (1— 2%)% +0(1),

where n(r) = n(t, Q0 — 4,0 + 4), E = 0). Thus for any 0 <7 < 7,

[p+1]
lim sup —10g 5(r, B)

1 =P
r—00 ogr

holds in the angular domain €),,. By Lemma 4, we know that L : argz =0 is a
Borel direction of iterated (p + 1)-order p of E.
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3.2. Proof of the equivalence of (i) and (iii)

Suppose that L : argz = 6 is a Borel direction of iterated (p + 1)-order p of
E. By Lemma 4, for any positive number 0 < p < 7/2,

logPt1] E
(16) lim sup log"" * S(r, E) _ 0
r—00 logr

holds in the angular domain €,,. If there exists 0 < e < 7/2 such that
logP*? M(r,Qp.c, F)

lim sup : <T <p.
r—00 IOgT
Then we have
log |Ere'®=9)| < explPl T log |Ere!"+9)| < expl?l yT

and log |Ere™| < explPl rT for any large  and all @ € [0 — ,0 + ¢]. Noting
that F is an entire function, we deduce from the definition of the Nevanlinna
angular characteristic that

logPt1]
Jim sup 2259 F)
r—00 logr

This contradicts with (16). Hence, for any 0 < £ < /2, we have
: log?*t2 M (r,Qp ., E)
lim sup =p
r—00 logr

On the other hand, if

< p.

, log?*2 M(r, Q... E)
lim sup =p
r—00 1Og r

for any 0 < € < w/2, by using Lemma 5 and Remark 5, we have
log? ™ S(r, E)

17 li it L A

(17) im sup Tog T p

holds in the angular domain .. It follows Lemma 4 that L : argz = 0 is a
Borel direction of iterated (p + 1)-order p of E. O
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