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Abstract 

 
In a sensorless control system with a Permanent Magnet Synchronous Motor (PMSM), the angular position of the rotor flux can 

be estimated by a voltage equation. However, the estimated angle may be inaccurate due to various causes. In this paper, it was 
comprehensively analyzed how various causes affect the angle error. As a result of the analysis, an error equation intuitively 
describing these relationships was derived. The parameter errors of a PMSM and the non-ideal properties of the driving system were 
identified as error-causing factors. To demonstrate the validity of the error equation, PMSMs were tested at various operating points. 
The variations in angle errors could be well explained with the error equation. 
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I. INTRODUCTION 
 

Position sensorless control methods based on the voltage 
equation of PMSMs are commonly used in the medium to high 
speed operating range where the back Electromotive Force 
(EMF) is large enough [1]-[4]. However, even in this speed 
range, the sensorless performance may be degraded for many 
reasons. These degradations can occur if the perceived system 
for a sensorless design is different than the practical system 
[5]-[7]. As an example, an estimated rotor angle might be 
inaccurate due to this kind of discrepancy. What was worse, 
this inaccuracy may lead to instability of the system. 

Theoretically, if the error between the estimated angle and 
the actual angle is detected every instant, the rotor angle can be 
accurately estimated. However, the angle error cannot be 
measured because no position sensor is used. Therefore, some 
indirect effort to obtain the angle error, which is defined as (1), 
is required in sensorless control systems [1]-[4]. 

 

d
ˆθ θ θ= - .                  (1) 

The hat ‘^’ over a variable represents the estimated value. In 
this paper, an estimated value may be a practical or a nominal 
value used for control. 

Angle information is defined as being proportional to the 
angle error. This information can be obtained by a voltage 
equation describing the internal voltages of a PMSM in the 
rotor reference frame. However, unpredictable errors might be 
included in the angle information due to discrepancies. 

One category of discrepancy is related to the parameters of a 
PMSM that are seen as coefficients in a voltage equation. If 
these coefficients are not correct, the internal voltages of the 
PMSM cannot be accurately determined by the voltage 
equation. Then, the angle information is incorrect if it is 
obtained by using the incorrect voltage equation. In motor 
driving, some constant values are normally used for control 
while the actual counterparts can vary depending on the driving 
conditions. That is, due to these parameter errors, the angle 
estimation can be distorted. 

The other category of discrepancy can be related to the 
driving system of a PMSM. In general, the actual outputs of a 
Voltage Source Inverter (VSI) are not measured. However, 
these outputs are needed for any calculations using the voltage 
equation. Thus, the voltage references are used for the 
calculations instead of the actual output voltages. If the 
references are different than the actual outputs, the angle 
information is incorrectly obtained. For instance, the 
nonlinearity of the inverter may lead to voltage differences 
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[9]-[12], and the digital delay of the control system can 
intensify these differences [13]. 

Attempts to consider the factors causing angle errors have 
been performed intermittently [5]-[7]. However, a 
comprehensive discussion considering all of the factors has not 
been developed. In this paper, the factors, including the 
parameters of a PMSM and the non-idealities of the driving 
system, affecting the angle error are analyzed all at once. The 
sensorless control method in [1] can be selected for analysis 
due to its simplicity. 

The analysis describing the angle error can be summarized 
with an intuitive equation that consists of the error-causing 
factors. To insure the validity of the error equation, PMSMs 
were tested in practical systems. Each term in the error 
equation was examined under careful considerations. 

 

II. ERROR EQUATION FOR ANGLE ESTIMATION 
 

A. Generalized Factors Causing Angle Errors 
It is worth discussing how a certain factor leads to angle 

errors. A type 2 system, which is the simplest structure for 
achieving a zero-steady-state error to a ramp input, is shown in 
Fig. 1. The type 2 system’s open-loop transfer function is given 
as G(s): 

pa ia
2

k s k
G(s)

s
× +

= .               (2) 

The angle error can be derived from Fig. 1 as: 
s s s s sG(s) 1ˆθ θ θ θ θ

1 G(s) 1 G(s)
- = - = ×

+ +
       (3) 

where the superscript ‘s’ represents that the variable is in 
Laplace domain. 

When the rotating speed of a PMSM is constant, an actual 
angle sθ  presents a ramp variation because it is an integral of 
that speed. As derived in (4), the type 2 system shows a 
zero-steady-state error in response to a ramp as expected: 

s s
20 0

s 1ˆ ˆlim[θ(t) θ(t)]= lims (θ θ ) lim 0
1 G(s) st s s®¥ ® ®

- × - = × =
+

.   (4) 

Therefore, a kind of type 2 system can be applied to a 
sensorless control system. However, because the actual angle is 
not measured, only the angle controller, G(s) in Fig. 1, can be 
exploited, as shown in Fig. 2. That is, the angle information 
should be indirectly obtained. However, if some errors are 
incorporated into the information, the estimated angle cannot 
be converged with the actual one. 

Errors in angle information can be generalized by their 
relationships with the angle error, as shown in Fig. 2. Namely, 
information errors can be classified into multiplicative and 
additive errors, which correspond to s

θk  and s
θE , respectively. 

From Fig. 2, (5) can be derived and rewritten as (6): 
pa ias s s s s

θ θ 2

k s kˆ ˆk {(θ θ ) E } θ
s
× +

× - + × =           (5) 

sθ̂
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ia
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+
1
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Fig. 1. Type 2 system. 
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Fig. 2. Angle controller in a sensorless control system. 

 
s s s s
θ pa θ ia θ pa θ ias s s

θ2 s s 2 s s
θ pa θ ia θ pa θ ia

k k s k k k k s k k
θ̂ θ E

s k k s k k s k k s k k
× + × +

= × + ×
+ × + + × +

.    (6) 

 
The information errors can be modeled as step signals if they 

are mainly distributed in a low frequency range [15]. Then, 
from (6), it can be inferred that the effect of the additive error is 
observed in the steady state whereas that of the multiplicative 
error is observed only during the transient state. This feature 
would be similar for impulse errors that are constant values in 
the Laplace domain. In other words, the additive error is the 
main factor causing angle errors under normal operation. This 
is why the additive error is focused on in this paper. 

In addition to achieving a zero-steady-state error, the reason 
why the angle controller in Fig. 2 is applied to angle estimation 
becomes pronounced when considering (6). Because the 
transfer functions in (6) are in the form of a low-pass filter, 
high frequency noises can be substantially filtered out by the 
angle controller. 

To consider more specific effects from information errors, 
the ramp variation of the rotor angle can be modeled as (7) 
when the magnitude of the speed is given as wm: 

s s sm m
2

1 ω ωθ ω  ,   if  ω
s s s

= × = = .          (7) 

If (7) is inserted into (6), the estimated speed is derived as 
(8) in the steady state. That is, the speed can be accurately 
estimated even if the information errors are considered. 

s s
m0 0

ˆˆ ˆlimω(t)= lims ω lims (sθ ) ω limω(t)
t s s t®¥ ® ® ®¥

× = × = = .     (8) 

When each side of (6) is subtracted from the actual angle qs, 
the angle error can be derived as: 

s s2
θ pa θ ias s s s

θ2 s s 2 s s
θ pa θ ia θ pa θ ia

k k s k ksˆθ θ θ E
s k k s k k s k k s k k

× +
- = × - ×

+ × + + × +
.  (9) 

Based on (7) and (9), the following are derived if the 
additive and the multiplicative errors are modeled as Em/s and 
kq/s, respectively: 

s s
m0

ˆ ˆlim[θ(t) θ(t)]= lims (θ θ ) E
t s®¥ ®

- × - = -        (10) 
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s s s s
θ θ θ θ0

ˆ ˆlim k [θ(t) θ(t) E (t)] lims k [θ θ E ] 0
t s®¥ ®

× - + = × × - + = .   (11) 

The angle information converges to zero in the steady state 
as derived in (11) by virtue of the angle controller. This 
controller’s action may be slightly different when enabling 
accurate estimations of the rotor angle under any operating 
conditions. Namely, angle information that is expected to be 
equal to an angle error is uniformly forced to be zero even if 
some errors are incorporated into it. Because of this, the G(s) 
shown in Fig. 2 was represented as an ‘angle controller’ in this 
paper rather than an ‘angle estimator’. 

 
B. Error Equation in Sensorless Control Systems 

Comparing (10) with (4), the angle errors are definitely 
caused by additive errors. By discussing the overall sensorless 
system, it can be seen how additive errors occur. In the rotor 
d-q reference frame, the voltage equation is given as: 

r r
s d r qds ds

r r
r d s qqs qs r f

R L ω Lv i 0
ω L R Lv i ω λ

p
p

+ -é ù é ùé ù é ù
= +ê ú ê úê ú ê ú+ê ú ê ú ë ûë ûë û ë û

      (12) 

where p is the derivative operator, and the superscript ‘r’ 
indicates the rotor d-q reference frame. Ld and Lq are the d- and 
q-axis synchronous inductances, Rs is the phase resistance, and 
lf is the flux linkage. wr is the rotating speed in the electrical 
angle. 

Considering (1), the voltages in the rotor reference frame can 
be converted to those in the estimated rotor reference frame: 

r r r
d dds ds ds

dr r r
d dqs qs qs

ˆ cosθ sinθv v v
T[θ ]

ˆ sinθ cosθv v v
é ù é ù é ù-é ù

= =ê ú ê ú ê úê ú
ê ú ê ú ê úë ûë û ë û ë û

.     (13) 

Using the matrix T[qd] in (13), the voltage equation in the 
estimated rotor d-q reference frame can be derived as [8]: 

rr
s r r q dsds

r r
r q s rqs qs

r
q ds d

r fr
q dqs

r
q ds

r r r
q qs

ˆR ω α ω (L β) iv̂
ˆω (L γ) R ω αv̂ i

ˆL γ α i sinθ
ω λˆα L β cosθi

ˆα L γ i
ˆ(ω ω ) ˆ(L β) α i

p

p

é ù- - +é ù é ù
ê ú=ê ú ê ú+ + ê úê ú ë ûë û ë û

é ù+ -é ù é ù
ê ú+ +ê ú ê ú+ ê ú ë ûë û ë û

é ù- +é ù
ê ú+ - × ê ú- + ê úë û ë û

      (14) 

where d qΔL L L= - , d dα ΔLsinθ cosθ= , 2
dβ ΔLsin θ= , and 

2
dγ ΔLcos θ= . 

Since low frequency variations are of great concern 
according to (6), (14) can be further simplified into (15) 
considering (8): 

rr
s r r q dsds

r r
r q s rqs qs

r
q ds d

r fr
q dqs

ˆR ω α ω (L β) iv̂
ˆω (L γ) R ω αv̂ i

ˆL γ α i sinθ
ω λˆα L β cosθi

p

p

é ù- - +é ù é ù
ê ú=ê ú ê ú+ + ê úê ú ë ûë û ë û

é ù+ -é ù é ù
ê ú+ +ê ú ê ú+ ê ú ë ûë û ë û

.     (15) 

The ‘sinqd’ in (15) can be used as angle information because 
it is proportional to the angle error. However, how to extract 
this component can be different with each of the sensorless 

control methods in [1]-[4]. In the sensorless control method of 
interest, it is assumed that ‘sinqd’ can be obtained from the 
d-axis PI output through scaling, as shown in Fig. 3 [1], [5], 
where the feed-forward terms are given as: 
 

r r
ds_ff s ds r q qs

r r
qs_ff s qs r d ds r f

ˆ ˆˆ ˆˆv R i ω L i
ˆ ˆ ˆˆ ˆv ˆ ˆR i +ω L i +ω λ

é ù-é ù
ê ú=ê ú
ê úë û ë û

.        (16) 

However, modeling based on (15) may be insufficient to 
accurately extract ‘sinqd’ since the driving system for the 
PMSM is not reflected. Namely, the actual output voltages are 
assumed to be identical to their references. When the 
distortions between the actual outputs and their references are 
considered, the voltage equation can be modified as: 

rr* dd
s r r q dsds diginv

r* qqr
r q s rqs diginvqs

r
q ds d

r fr
q dqs

ˆR ω α ω (L β) iv̂ vv
ˆω (L γ) R ω αv̂ vvi

ˆL γ α i sinθ
ω λˆα L β cosθi

p

p

é ù- - +é ù é ùé ùé ù
ê ú= + +ê ú ê úê úê ú+ + ê úê ú ê úë û ë ûë û ë ûë û

é ù+ -é ù é ù
ê ú+ +ê ú ê ú+ ê ú ë ûë û ë û

  (17) 

where the subscript ‘inv’ represents the distorted voltages due 
to inverter nonlinearity and the subscript ‘dig’ represents those 
due to digital delay. The superscript ‘*’ represents a reference 
variable. 

Based on (17), the current control loops can be described. In 
particular, the d-axis control loop is detailed since only that 
axis is related to angle estimation, as shown in Fig. 3. The 
d-axis control loop was depicted in Fig. 4 considering (17). 
From the figure, the Laplace transfer function for the d-axis PI 
output can be derived as: 

*
ds_piv

*
qs_piv

*
ds_ffv

*
qs_ffv

r*
dsi

r*
qsi

r
dsî

r
qsî

*
asv
*
bsv
*
csv

rω̂
θ̂

r f

-1
ˆω̂ λ

 
Fig. 3. A sensorless control method. 
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r r
s ds r q qs
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Fig. 4. Control loop for d-axis current. 
 



Analysis of Estimation Errors in Rotor Position for …                             751 
 

 

2
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s ds r q qs q q qs r f d inv dig

k L s (k L k R )s k R
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+
-
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 (18) 

 

where kpd and kid are the PI gains for the d-axis control. 
The following approximations are acceptable since qd and 

d qL L-  are relatively small: 
 

d d dsinθ θ ,cosθ 1» »              (19) 
2

q d q d

s r r d q d

  L β (L L ) θ

  R ω α ω (L L ) θ

ì >> » - ×ï
í

>> » × - ×ïî
.        (20) 

 

If the currents, angle error and distorted voltages in (18) can 
be modeled as the step signals in (21), the d-axis PI output in 
the steady state can be derived as (22) at the rotating speed: 

 

r* r r
ds ds d qs q

d d

d d
inv inv dig dig

ˆ ˆi i I / s , i I / s

 θ Θ / s

 v V / s ,  v V / s

ì = = =
ïï =í
ï = =ïî

        (21) 

* *
ds_pi ds_pi0

s s d r q q q r f d inv dig

lim v lims v

ˆ ˆ(R R ) I ω (L L ) I ω λ V V
t s®¥ ®

= ×

» - × + - × - Q + +
.  (22) 

 

Because the d-axis PI output, *
ds_piv , is used as the input to 

the angle controller in Fig. 2, it converges to zero in the steady 
state according to (11). That is, the left side of (22) tends to 
zero. Then, (22) can be rewritten as: 

 

digs s inv
d q q q d

f r r r

ˆ V1 (R R ) Vˆ{(L L ) I I }
λ ω ω ω

-
Q » - × - × + + .  (23) 

 

In (23), the error causing factors are evident. Among the 
parameters of a PMSM, the q-axis inductance and the stator 
winding resistance used for control contribute to angle errors. 
Although the distorted voltages by the driving platform can 
also affect angle errors, their effect should be further described. 

 
C. Distorted Voltages Due to the Inverter Nonlinearity 

The nonlinearity of an inverter originates from the practical 
properties of the inverter [9]-[12]. This nonlinearity per phase 
changes depending on the sign of the output current. Because 
the output currents are regulated as sine-waves, the distortions 
due to nonlinearity are also periodic. This means that the 
distorted voltage due to the inverter can be expressed with a 
Fourier series, comprised of harmonic voltages. Among the 
harmonics, the fundamental one is dominant in magnitude [12]. 

Since the fundamental of the distorted voltages are in phase 
with the fundamental currents, the d-q ratios of the voltage and 
the current vectors are identical to each other. This can be 
expressed as: 

iθ

 

Fig. 5.  Definition of current angle qi. 
r

d d 2 q 2ds1
inv1 inv1 inv1

r 2 r 2
ds1 qs1

r
qs1q d 2 q 2

inv1 inv1 inv1
r 2 r 2
ds1 qs1

îv (v ) (v )
ˆ ˆ(i ) (i )

î
v (v ) (v )

ˆ ˆ(i ) (i )

ì
= × +ï

ï +ï
í
ï = × +ï

+ïî

       (24) 

where the subscript ‘1’ represents the fundamental. 
The distorted voltages in (24) can be further simplified into 

(25) with the definitions of (26) and Fig. 5: 
d
inv i inv1

q
inv i inv1

v cosθ M

v sinθ M

ì = ×ï
í

= ×ïî
             (25) 

 
d 2 q 2

inv1 inv1 inv1M (v ) (v )= + .          (26) 
The d-axis voltage in (25) can be substituted with Vinv in 

(23) considering (21). 
 

D. Distorted Voltages Due to Digital Delay 
Recently, most motor drive systems are implemented with 

digital controls by means of a Digital Signal Processor (DSP). 
Since the source codes of a DSP are only executed per finite 
times, Pulse Width Modulation (PWM) is used to averagely 
synthesize voltage outputs during a period. Moreover, because 
a certain time is consumed in computing the voltage references 
for the PWM, these references in the present period should be 
synthesized during the next period. 

However, during the delay time, the rotor of a PMSM rotates 
at a speed. That is, the voltage vectors synthesized by PWM 
may be applied in unintended directions. If these rotating errors 
are not negligible, the driving performance can be limited and 
the system may fall into instability. To solve these problems, a 
simple compensation method was suggested in [13]. 

The compensation method in [13] can be understood with 
Fig. 6. The original voltage references were assumed to be: 

r*
d_origin

r*
q_origin

v 0

v α (α )

ì =ï
í

= ¹ 0ïî
.           (27) 

The original references and the actual outputs were 
displayed in the rotor d-q reference frame in Fig. 6. In the 
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figure, the bar ‘-’ over a variable represents the average of that 
variable and Tsamp is one sampling period. As shown in Fig. 
6(a), if there is no compensation, the averages of the actual d-q 
voltages deviate from the original references. Only the average 
distortions were considered for analysis since those are 
dominant in low frequency variations. To compensate for the 
digital delay, the voltage references can be intentionally rotated 
ahead by 1.5wrTsamp, as shown in Fig. 6(b) [13]. Then, the 
averages of the actual voltage output can become almost equal 
to the original references. 

Considering the compensation principle, the required voltage 
references can be approximately expressed as: 

 

r* r
r samp r sampds ds

r* r
r samp r sampqs qs

cos(1.5ω T ) sin(1.5ω T )v v
sin(1.5ω T ) cos(1.5ω T )v v

-é ù é ùé ù
»ê ú ê úê ú

ê ú ê úë ûë û ë û
.   (28) 

 

In a practical system using feedback controllers, the voltage 
references are changed in real time to appropriately regulate the 
output currents. Namely, if there is no compensation, the 
integrators of the controllers work for balancing the voltage 
distortions caused by the digital delay. Considering (28), the 
balancing voltages accumulated in the integrators can be 
approximated as: 

d r* r
dig ds ds
q r* r
dig qs qs

r*
r samp r samp ds

r*
r samp r samp qs

v v v
v v v

1 cos(1.5ω T ) sin(1.5ω T ) v
sin(1.5ω T ) 1 cos(1.5ω T ) v

é ù é ù-
=ê ú ê ú-ê ú ê úë û ë û

- - é ùé ù
= ê úê ú- ê úë û ë û

.   (29) 

More approximations similar to (19) can be applied to (29) 
since the value of 1.5wrTsamp is small enough. Then, (29) is 
simplified into (30). If (21) is considered, the d-axis voltage in 
(30) can be substituted with Vdig in (23). 

d r*
r sampdig ds

q r*
r sampdig qs

0 1.5ω Tv v
1.5ω T 0v v

-é ù é ùé ù
»ê ú ê úê ú

ê ú ê úë ûë û ë û
.     (30) 

 
E. Detailed Error Equation 

From (21), (23), (25), (26) and (30), the error equation can 
be derived as: 

r rs s
d q q qs ds

f r

r*inv1 i
samp qs

r

ˆ1 (R R )ˆ ˆˆθ {(L L ) i i
λ ω

M cosθ ˆ                       1.5T v }
ω

-
» - × - ×

+ - ×
.    (31) 

It can be clearly understood through (31) which factors 
result in angle errors. Compared with [5], the effects of the 
driving system were additionally detailed in the error equation. 
It is also easy to figure out the conditions under which the 
angle error from a specific factor increases or decreases. Each 
term in (31) is scrutinized with experimental results. 

 

III. SIMULATIONS AND EXPERIMENTS 
 

A. Experimental Set-Up 
An 8-pole Surface Mounted PMSM (SMPMSM) was used 

to observe angle errors. Its rated speed is 1500 r/min and its 
rated current is 15 Arms. In addition, an induction machine was 
used to apply a load torque to the SMPMSM. Although a 5000 
ppr encoder was installed, as shown in Fig. 7, this encoder was 
only used to measure angle errors in real time. Namely, the 
SMPMSM was driven by the sensorless control method in [1]. 

The dc-link voltage of the VSIs for the motors was about 
310 V. The controllers were implemented on a DSP board 
based on a TMS320VC33, whose sampling period was set at 
100 ms. In addition, the switching period was 200 ms and the 
dead-time was set at 3 ms. 

To consider the effect of the flux linkage of the permanent 
magnet in the error equation, the interior PMSMs (IPMSM) 
shown in Fig. 8 were also considered, whose rotors and stators 
can be interchanged. 

 
B. Simulation and Experimental Results 

In the following results, the angle errors were displayed with 
the relevant variables composing each term in (31). The 
tendency of the error equation can be confirmed by changing 
the relevant variables. 

rq

rd

r sampω T

r r*
qs q_originv v¹

r
dsv 0¹

r*
originv

sampT delay

 

r*
compv

rq

rd

r sampω T

r samp1.5ω T

r r*
qs q_originv v»

r
dsv 0»

r*
originv

 
Fig. 6.  Compensation for the digital delay : (a) no compensation, 
(b) with compensation. 
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Fig. 7.  Experimental set-up for the SMPMSM. 

 
Fig. 8.  IPMSMs used for experiments. 

 
First, by setting the motor currents to null at a certain 

rotating speed, (31) can be simplified into: 
r*

d samp qs
f

1 ˆθ ( 1.5T v )
λ

» - × .           (32) 

In general, the d-axis current is regulated to null for a 
SMPMSM. To fulfill the conditions required for (32), the load 
torque by the induction machine was adjusted toward canceling 
out the friction torque. As a result, the q-axis current that 
contributes to the torque was also maintained at around zero, as 
shown in Fig. 9(a). Although the all of the currents are almost 
zero, the q-axis voltage reference can still be varied by the back 
EMFs. Then, the mechanical speed was increased from 400 
r/min to 1200 r/min by 200 r/min increments. In Fig. 9(a), as 
the speed increased, the q-axis voltage references increased and 
the magnitude of the angle error also increased. These 
variations correspond to the predictions based on (32). 

The same procedure was repeated while the digital delay 
was compensated by the method in [13]. As a result, the angle 
errors were maintained at around zero, as shown in Fig. 9(b) 
despite the same speed variations. That is, the angle errors in 
Fig. 9(a) are regarded as being caused by the digital delay and 
are evidently mitigated by the compensation. Although (32) 
was not very accurate in terms of figures, the mechanism that 
reflects the digital delay on the angle errors could be well 
explained with the error equation. In the all of the following 
results, the compensation for the digital delay is fundamentally 

assumed. 
When the d-axis current is regulated to be zero and the 

q-axis current is not, the current angle can be p/2 or –p/2 
according to Fig. 5. This means that the cosine of the current 
angle is zero. Then, error equation (31) can be simplified into: 

r
d s s qs

f

1 ˆˆθ (L L ) i
λ

» × - ×            (33) 

where Ls is the synchronous inductance of the SMPMSM since 
the d-q inductances are identical in SMPMSMs. 
The accuracy of (33) can be confirmed in the simulation result 
of Fig. 10(a), where the inverter is ideal. Namely, the angle 
errors are accurately predicted by (33) even in terms of the 
figures when the actual Ls was set to 2.6mH in the simulation. 
Considering the small differences between the q-axis currents, 
the angle errors in the experiment shown in Fig. 10(b) presents 
almost the same results. 

In Fig. 11, only the load torque was increased from 3 N-m to 
7 N-m when compared with Fig. 10(b). Because the average 
q-axis current increased up to 12.8 A, the angle error per 
inductance error increased as predicted by (33). 

The terms in (31), which have not been discussed yet, are all 
related to the d-axis current. This means that the effects of each 
term must be superimposed when the d-axis current is not zero. 
However, each variation could be distinguished in the test 
set-up because they were very different in magnitude. 
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0A 0V

r*
qsv̂

(a)

dθ

 

rpmω̂

0rad

800r/min

r
qsî
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Fig. 9. Angle errors by the digital control with -1N-m load, (a) 
without compensation, (b) with compensation : dθ  [0.05rad/div], 

rpmω̂ [200r/min/div], r
qsî [2A/div], r

qsv̂ [20V/div], Time [2s/div]. 
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Fig. 10. Angle errors by inductance errors with 3N-m load at 
800r/min, (a) simulation, (b) experiment : dθ [0.05rad/div], 

sL̂ [0.5mH/div], r
qsî [0.5A/div], Time [2s/div]. 

 
First, the term from the inverter nonlinearity was considered 

when a stator resistance accepted as being accurate was used 
for control. If the inductance and resistance for the control are 
accurate, (31) can be simplified into: 

inv1 i
d

f r

1 M cosθθ
λ ω

» × .           (34) 

To observe the tendency in (34), the d-axis current was 
adjusted under no load, as shown in Fig. 12(a). As a result, the 
angle errors presented a cosine pattern as predicted by (34). In 
addition, the influence of the rotating speed in (34) can be 
confirmed through a comparison of Figs. 12(a) and (b). 
Because the speed was doubled in Fig. 12(b), the angle errors 
were reduced to half of those in Fig. 12(a) while the 
cosine-variations of current angles were almost the same. 

Now, the remaining term is related to the resistance error. 
When the inverter nonlinearity is compensated [12] and the 
inductance for the control is accurate, (31) can be simplified 
into: 

rs s
d ds

f r

ˆ1 (R R ) ˆθ i
λ ω

-
» × - × .          (35) 

According to (35), when the d-axis current is negative, the 
angle errors are proportional to the resistance errors. This 
tendency was examined through the simulation, where the 
inverter is ideal and the actual resistance was set to 0.224W. 

The expected proportionality was confirmed in Fig. 13(a). 

Furthermore, the observed angle errors coincided with the 
calculated errors by (35) and very similar waveforms were 
observed in the experiment of Fig. 13(b). This correspondence 
means that (35) is valid, and that the angle errors in Fig. 12 
originated from the inverter nonlinearity because the 
compensated result was equal to the ideal results. Additionally, 
to consider the effect of speed in (35), the speed was doubled in 
Fig. 14. As expected by (35), the angle error per the resistance 
error was reduced by the speed increment. 

Although each term in (31) has been discussed, the 
multiplicative effect of the flux linkage has not been considered. 
For this consideration, the IPMSMs in Fig. 8 were used. The 
rotor of one IPMSM was demagnetized through over currents. 
That is, the flux density of one of the rotor’s magnets was 
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Fig. 11. Angle errors by inductance errors with 7N-m at 800r/min : 

dθ [0.05rad/div], sL̂ [0.5mH/div], r
qsî [0.5A/div], Time [2s/div]. 
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Fig. 12. Angle error by the inverter nonlinearity with no load, (a) 
500r/min, (b) 1000r/min : dθ [0.1rad/div], r

dsî [2A/div], 
r
qsî [2A/div], icosθ [0.5/div],  Time [2s/div]. 
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smaller than that of the others. Each rotor in Fig. 8 was 
sequentially assembled and tested with the same stator for 
observing the angle errors affected by a varied flux linkage. 
When the d-axis current was regulated to be null, the angle 
errors due to the inductance errors can be described with: 

r
d q q qs

f

1 ˆˆθ (L L ) i
λ

» × - × .            (36) 

The experimental results are shown in Fig. 15. When each 
inductance error was changed by 2 mH, the corresponding 
angle errors were 0.091 and 0.117 rad, respectively in Figs. 
15(a) and (b). These results show that the angle error per the 

inductance error increased with a decrement of the flux linkage, 
which coincides with the expectation of (36). 

Two features were observed in Figs. 15(a) and (b). One was 
the slight current increment during the test in Fig. 15(b). Even 
if angle errors can be altered by the q-axis current as indicated 
in (36), the variation of the current is only 2.78% whereas the 
angle error per the inductance error was changed by 28.57%. In 
other words, the difference between the angle errors in Figs. 
15(a) and (b) originated mainly from the varied flux linkage. 

The other observed feature was that the inductance making 
the angle error equal to zero was changed from 10.7 to 11.9 
mH. When the resultant flux of a PMSM increases, the stator 
inductance may be decreased [16]. Conversely, the resultant 
flux of the IPMSM under examination was decreased by the 
demagnetization. Thus, it can be inferred that the actual 
inductance was increased in Fig. 15(b) due to the reduced flux. 

Every part of the error equation in (31) has been discussed 
with experimental results. In particular, the angle errors caused 
by the parameter errors were accurately predicted by the error 
equation in terms of figures. Although it was not very accurate 
for predicting the angle errors caused by the non-ideal 
properties of a driving system, their tendency depending on the 
operating conditions were credibly explained with the error 
equation. 
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sR̂

dθ

 

0rad

0A

0.224W

r
qsî
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Fig. 13. Angle error by resistance errors with 1N-m load at
500r/min, (a) simulation, (b) experiment : dθ [0.01rad/div], 
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Fig. 14. Angle error by resistance errors with no load at 1000r/min : 
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Fig. 15. Angle error changed by flux linkage at 3000r/min, (a) high 
flux density, (b) low flux density : dθ [0.04rad/div], 
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IV. CONCLUSION 
 
In a sensorless control system, the estimated angle may be 

inaccurate for many reasons. In this paper, these reasons were 
comprehensively specified through an error equation. The error 
equation was so simple that intuitions on angle errors could be 
easily obtained. In addition to the error-causing factors, the 
operating conditions that increase angle errors could also be 
explained. To demonstrate the validity of the equation, several 
PMSMs driven by a sensorless control method were tested. 

The tendency of the predicted angle errors were well 
matched to that of the measured angle errors for parameter 
errors. Therefore, the error equation can be utilized to 
determine the tolerance ranges of parameter variations when a 
PMSM is designed for a sensorless control system. 
Furthermore, the compensation priority over the error-causing 
factors can be appropriately determined by the error equation if 
the sensorless application of the PMSM is specified. 
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