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We derive the point-spread function of the reconstructed image from a point-source complex hologram,
which includes phase error caused by polarization components, in the longitudinal direction of the point-
spread function and analyze the effect of the error sources of polarization components having influence
on image reconstruction of a point-source complex hologram in incoherent triangular holography.
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I. INTRODUCTION

Incoherent holography that is not affected by the coherence
length has been considered a valuable technique for 3-D
imaging in that incoherent light sources can be used. Several
schemes have been presented for incoherent recording.
Lohmann [1] and Cochran [2] suggested an interferometric
arrangement for obtaining interference patterns from an
object illuminated by an extended source. Although incoherent
holography is an attractive technique, it has several draw-
backs. One of the main disadvantages is that the ratio of
the bias to the spatially varying intensity at the hologram
plane builds up rapidly as the number of points in the
object that contribute to the intensity pattern increases. Another
disadvantage is that, when incoherent on-axis holograms
are reconstructed, twin images appear simultaneously, and
they cannot be separated. Therefore, the bias and twin images
degrade the contrast of the reconstructed image.

To reduce the bias level, Kozma and Massey [3] suggested
a modulation method for separating the spatially varying
part from the bias. Mugnier and Sirat [4] suggested the
use of a liquid-crystal light valve and a mask to resolve
the bias and twin images. Recently, Poon et al.[ 5] proposed
a technique that can simultaneously obtain sine and cosine
Fresnel holograms to remove twin images. In previous
work, we presented a new passive-device system [6], based
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on a triangular interferometer [2], that removes the bias
and twin images using a phase-shifting technique [7, 8].
However, the quality of the reconstructed image in incoherent
triangular holography is also affected by the phase error in
addition to the bias and the twin images of a complex
hologram. The phase error of the hologram in incoherent
triangular holography is caused by imperfection of a wave
plate, the azimuth angle error of a wave plate, and the azimuth
angle error of a linear polarizer. [9] In this paper, we derive
the point-spread function of the reconstructed image from a
point-source complex hologram, which includes phase error
caused by polarization components, in the longitudinal direction
of the point-spread function and analyze the effect of the
error sources of polarization components on the corresponding
intensity of reconstructed image about the phase retardation
error of a wave plate, the azimuth angle error of a wave
plate, and the azimuth angle error of a linear polarizer.

II. PRINCIPLES OF INCOHERENT
TRIANGULAR HOLOGRAPHY

In the proposed modification of the triangular interfero-
meter, we adjust the relative phase between two optical
waves that travel the triangular interferometer in clockwise
(cw) and counterclockwise (ccw) directions. This is done

Color versions of one or more of the figures in this paper are available online.
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FIG. 1. Modified triangular interferometer.

by use of a polarizing beam splitter (PBS), a linear polarizer
(LP), and a N4 wave plate (WP). Figure 1 shows the proposed
system obtained with a modified triangular interferometer
(MTI). Lensl and lens2 have focal lengths of fi and f,
respectively. If the linear polarizer and the wave plate are
removed and the polarizing beam splitter is replaced with
an ordinary beam splitter, the system is the same as the
Cochran triangular interferometer [2].

Both the input plane and the output plane are located at
common focal planes of lensl and lens2. In Fig. 1 we
consider a single point of an incoherent object whose coordi-
nate is given by (Xo, Yo, -Z0), Where 7, is positive (7o is the
distance from the object to the input plane). The complex
amplitudes in front of a wave plate of the light that travels
cw and ccw, respectively, are given by

Pon(5,7) = i%exp{— ,—% - x> + (- yof]} = aexp(-if),)
0

2427, ,

(1

Pe(6:3) = i——exp —ii[(ﬂx—x)”(ﬂy—y ) It =bexp-ie,,)
cew > 2\/57220 220 0 0 cew. R
2

where k is the wave number, zp is the distance from the
object to the input plane, and o =—f,/f,, 3=—f,/f,. By
adjusting the relative phase between two optical waves
using the linear polarizer and the wave plate, we can
obtain the four intensities at the output plane as listed in
Table 1:

0.9) =0, (x.) ~ 0, (x.0) = (k) 22){(x= ) + (= 1) = (&7 + D)}
x=x,Aa+p),
N =yo/(a+ﬁ),
2=z, 0d - ),
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TABLE 1. Intensity patterns by combination of a wave plate
and a linear polarizer

AZ.I muth angI.e ofa Phase retardation Point-Spread
linear polarizer .
of a wave plate Function
(degree)
b4 1 .
r== Sli=sin o(x, )]
0 4 1
r=-= 201+ si
5 S [+sin o, 0]
a 1
r== -
45 5 S l+cos 9, )]
n 1
-45 r== Sli=cos 9, ]

See [6, 10] with respect to the above equations. By
controlling four intensities either electronically or optically,
we obtain the final complex hologram without bias:

H(x,y) = exp{ig(x, )}, 3)

Therefore, bias and twin images can be removed by the
choice of four sequential sets of LP and WP and mani-
pulation of the detected light intensities electronically.

III. PHASE ERROR OF INCOHERENT
TRIANGULAR HOLOGRAPHY

The main potential sources of error in the MTI are the
imperfections of the polarization elements and azimuth
angle error of the polarization elements. We shall analyze
the effects of these potential error sources one by one.

In Fig. 1, the Jones matrix [11] of output beam in the
output plane is given by

Evur = A(¢2)W(¢1)Em B (4)

where E;, represents input optical wave, and A(yp2) and W)
represent Jones matrices of a linear polarizer and a wave
plate, respectively. The Jones matrices of polarization elements
are given by, respectively,

b -6,
E, =[P )= exp( 3 eow) 5)
Pew aexp(-i6,,) /,
2 .
cos 1/2)sin 2
Ay) = b(ﬂz ( ')2 2] (6)
(1/2)sin2¢, sin” @, s

r r r
2isin® @, sin— + exp(—i — —isin2@, sin—
isin” gysin— p( 12) isin2¢; sin—

Wip)= LT T
—2isin” ¢, sma+exp(15) ,

Q)

r
—isin2@, sin—
b, 5
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where W) represents the Jones matrix for A/4 plate. o,
and ¢ represent the azimuth angle of a linear polarizer
and a wave plate, respectively. I' represents the phase
retardation of a wave plate. The intensity of Eq. (4) is
given by

2

I =|E

(©)

out

3.1. Phase Envor Caused by the Imperfections of a Wave
Plate

We shall deal mainly with the errors that are introduced
by imperfections in the A/4 plate. In this case, we assume
that the azimuth angle error of the wave plate is zero. The
phase error introduced by imperfections in the A\/4 plate
can be obtained from four intensity patterns as listed in
Table 2, which are obtained from Egs. (4) to (8).

From Table 2, the phase difference ¢' of optical waves
DPew and peey 1S given by

tan @'= % =tan@sin )

3 4 >

where ¢ includes the error introduced by a wave plate.
For a nonideal \/4 plate, we have

4
FZE-HU. (10)

where w is the error in the relative retardation introduced
by plate. Substituting Eq. (10) into Eq. (9), we obtain

tan ¢'= tan ¢ cos w €8))

TABLE 2. Intensity patterns by combination of a wave plate
and a linear polarizer

Azimuth angle |Azimuth angle of]
of alinear polarizer| a wave plate Point-Spread Function
(degree) (degree)
1, =%a2(1 —cos') +
0
%bz(l +cosD)—absingsin"
45 | |
45 13:5a2+5b2+abcos¢
45 1 :la2+lb27abcos¢
i T2 2
1 s
1, =§a (I-cosI') +
-45 0 1, o
Eb (1+cosI') + absin gsinT"

Since
tan ¢'=tan(¢+A¢)ztan¢+A¢secz¢, (12)

we can calculate the phase error that is due to the
imperfections of a wave plate from Egs. (11) and (12) as
follows:

Ag,, = —%af sin(2¢) (13)

3.2. Phase Emor Caused by the Azimuth Angle Error
of a Wave Plate

In this section, we shall deal with the phase error that is
introduced by the azimuth angle error in the \/4 plate. In
this case, we assume that a wave plate is ideal and the
azimuth angle errors of all polarization elements are zero
except for a wave plate. The azimuth angle of a wave plate
means the angle that the slow axis of a wave plate is
rotated with respect to horizontal axis as shown in Fig. 2.

For o1=7/4 and ¢, =-7/4, we assume that azimuths of
a wave plate are p1=7/4+f and o, =7/4+ [, where
p1 and [, represent the azimuth angle errors of a wave
plate.

The phase error introduced by the azimuth angle error
of a wave plate can be obtained from four intensity patterns
as listed in Table 3.

By the same procedure as section 3.1, we obtain the
phase error due to the azimuth angle of a wave plate as

Ad,,, =B /(1+sin’ g—2cot2fsing) - B, cosz¢’ (14)

where cot 28 = (a* - b")/2ab.
If a=b , then cot2f =0. In this case, phase error is as
follows:

A, =F (1+sin’p)— B, cos’ ¢ (15)

Azimuth angle

Horizontal axis

Wave plate Polarizer Output plane

FIG. 2. Illustration for the azimuth angle of a wave plate and
a linear polarizer.
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TABLE 3. Intensity patterns by combination of a wave plate
and a linear polarizer considering only azimuth angle error of
a wave plate
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TABLE 4. Intensity patterns by combination of a wave plate
and a linear polarizer only azimuth angle error of a linear
polarizer

Azimuth angle of | Azimuth angle of Azimuth angle of| Azimuth angle of]
a linear polarizer | a wave plate Point-Spread Function a linear polarizer| a wave plate Point-Spread Function
(degree) (degree) (degree) (degree)
1 1
4545, I =5a2+b2(§+2ﬂ12) 45 ll=é(az+h2)+
0 —abl(Zﬂl cos ¢1+ sin §) 017 ab(2y, cos¢ —sing)
_Lt o2 420 2 1
454, 12—211 +b (2+2ﬂ2 ) Izzl(a2+b2)+
—ab(2B, cosd —sin §) -45 2
1 2 ab(2y, cos @ +sin ¢)
13=5a2(1+2ﬂ1+2ﬂ1 )+ n
L=—(a>+b*)+
45 45+4, %bz(172ﬂ1 282+ 45+7> 45 2 '
ab(cos @ + 2y, sin @)
ab(cos ¢ -2, sin p) N
1, R I, =—(a*+b*)-
1y =54 A-28+28")+ -45+7> 45 2
ab(cos@+2y;sin @)
-45 45+ﬂ1 %b2(1+2ﬁ1+2ﬂ12)7
ab(cos ¢ —2 [, sing)

3.3. Phase enor caused by the azimuth angle error of
a linear polarizer

We deal with the phase error that is introduced by the
azimuth angle error in the linear polarizer. In this case, we
assume that a linear polarizer is ideal and the azimuth
angle errors of all polarization elements are zero except for
a linear polarizer. The azimuth angle of a linear polarizer
means the angle that the x-axis of a linear polarizer is
rotated with respect to horizontal axis as shown in Fig. 2.

For ¢,=0, p,=m/4 and ¢ =-7/4, we assume that
azimuths of a linear polarizer including error are ¢>=0+
Vi, w2=mlA+y, and ¢,=-m/4+ys, respectively, and
where y1, ¥», and 3 represent the azimuth angle errors of
a linear polarizer.

The phase error introduced by the azimuth angle error
of a linear polarizer can be obtained from four intensity
patterns as listed in Table 4.

By the same procedure as section 3.1, we obtain the phase
error caused by the azimuth angle of a linear polarizer as

A@,, =—(y,+y;)sin’ ¢ (16)

3.4. Total Phase Error Caused by the Polarization Com-
ponents
The total phase error by polarization components is
written by adding Egs. (13), (15), and (16) giving

A¢1=—%w2 sin(2¢) + S, (1+ sin? @) -5, cos’ o—(y, + 7/3)sin2 @
(17)

In the extraction of the phase term using the combination

of polarization elements, the phase error occurs. The retardation
error of the commercially available wave plate makes the
second-order error very small. Accordingly, the phase error
in the MTI is mainly due to the azimuth angle errors of
the polarization elements.

IV. EFFECT OF ERROR SOURCES OF
POLARIZATION COMPONENTS ON THE
IMAGE RECONSTRUCTION OF THE COMPLEX
HOLOGRAM

4.1. Imperfections of a Wave Plate
A point-source hologram considering the phase error of
Eq. (13) due to a wave plate is described as

H,(x,y) =exp(=ig,,) (18)

where H, represents the complex hologram corresponding
to real image and ¢, :¢—%w251n2¢. For simplicity, we
now consider a single point-source hologram whose coordi-
nate (x1, y1) is given by (0,0). Then H, becomes

H,(x,y)= exp<—i{(k 122)(x" + yz)—%a)z sin[(k/ z,)(x> + yz)]}>
(19)
According to Fresnel diffraction theory, the complex

amplitude is given by

U2 = expCi)f [, H,.(é,rnexp{ -7+ -mp? ]}dfdn

(20)

Lk
-
2z
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where R is the radius of the hologram size. Considering
the complex amplitude in the z-axis direction, Eq. (20) becomes

U(0,0,2)= éexp(—ikz)j |- A ) exp[— z%(gz +1’ )}dfdn

2D

772SR2

If there is negligible overlap of the various diffracted
terms, the corresponding intensity of the reconstructed image
of point-source hologram along the z-axis direction becomes

KR & 0 1 5 ok 1 1 2m
1(0,0,2) =—— J S (——w?)sinc = (——-=—+=")R* },
00.2) ==~ PIRIRCCR i

m=—oco

22)

where Ji(*) is a Bessel function of the first kind, order x.

The intensity patterns corresponding to Eq. (22) are
plotted together in Fig. 3; the phase retardation errors of a
wave plate(i.e. w) for 27/300, 27/150, 27/50, 27/30,
27/15, and 27/8 were considered. Also, hologram size,
wavelength and the distance from the object to the input
plane were set to 0.05 m, 632.8 nm and 0.3 m, respecti-
vely, and o*- f° was set to unity.

Figure 3 (a) and (b) represent the 3-D plot of normalized
intensity for the phase retardation errors caused by the

o o o =
5~ © ® o
Normalized intensity

o
)

| 00
2pi/300 &
2pi150 &

0.29990 0.29995 0.30000 0.30005 0.30010 Q\\
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T
2pif300

— 2pif150 |
———2pif75

Normalized intensity

03 03 03 03 03 03 03 03 03 03 03
z axis [m]

(b)
FIG. 3. Normalized intensity of reconstructed image of a

point-source hologram for phase error due to the imperfections
of wave plate.

imperfections of a wave plate and the front view for the
normalized intensity beyond 0.9 in Fig. 3 (a), respectively.
As shown in Fig. 3, as phase retardation error increases,
the intensity of reconstructed image has very little change.
When the phase retardation errors range from 2m/300 to
21/8, the normalized intensity of reconstructed image is
down by about 1.2%. This means that the reconstructed
image of complex hologram created by using the commercially
available wave plate is not influenced by the phase retardation
error of a wave plate.

4.2. Azimuth Angle Error of a Wave Plate

By the same procedure as section 4.1, we obtain the
corresponding intensity of the reconstructed image of
point-source hologram along the z-axis direction using the
phase error of Eq. (14) as

KPRY & 1
100.2) === qg‘;#{—z(ﬂﬁﬂz)}

- (23)
<30, 2 cotZﬂ)}s‘incz{g(iflJrz—quﬂ)Rz}.
— zZy oz zy

The intensity patterns corresponding to Eq. (23) are
plotted together in Fig. 4; the azimuth angle errors of a
wave plate(i.e. £+ f2) for 272/300, 272/150, 27/50, 27/30,
27/15, and 27z/8 were considered. Figure 4 (a) and (b)
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FIG. 4. Normalized intensity of reconstructed image of a
point-source hologram for phase error due to the azimuth
angle error of a wave plate.
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represent 3-D plot of normalized intensity for the azimuth
angle error of a wave plate and the front view for the
normalized intensity beyond 0.9 in Fig. 4 (a), respectively.

As shown in Fig. 4, as azimuth angle error increases,
the intensity of the reconstructed image decreases. When
the azimuth angle errors of a wave plate range from 27
/300 to 2m/8, the normalized intensity of the reconstructed
image is down by about 7.5%. Decrease of the normalized
intensity caused by azimuth angle error of a wave plate is
nearly 7 times that caused by imperfections of a wave plate.
This means that the reconstructed image of the complex
hologram is influenced by not imperfection of a wave
plate but the azimuth angle error of a wave plate.

4.3. Azimuth Angle Emor of a Linear Polarizer

By the same procedure as section 4.1, we obtain the
corresponding intensity of the reconstructed image of the
point-source hologram along the z-axis direction using the
phase error of Eq. (15) as
{ (yﬁy;}smcz{g(%gﬂf)RZ} 24)

1(0,0, z)—

The intensity patterns corresponding to Eq. (24) are
plotted together in Fig. 5; the azimuth angle errors of a
linear polarizer (i.e. y»+ y3) for 27/300, 27z/150, 27/50,
27/30, 27/15, and 27z/8 were considered. Figure 5 (a) and
(b) represent 3-D plot of normalized intensity for the
azimuth angle error of a linear polarizer and the front view
for the normalized intensity beyond 0.9 in Fig. 5 (a), respectively.

As shown in Fig. 5, as azimuth angle error increases,
the intensity of the reconstructed image decreases. When
the azimuth angle errors of the linear polarizer range from
21/300 to 27/8, the normalized intensity of the reconstructed
image is down by about 7.5%. Decrease of the normalized
intensity caused by azimuth angle error of a linear polarizer
is nearly 7 times that caused by imperfections of a wave
plate. This means that the reconstructed image of the
complex hologram is influenced by the azimuth angle error
of a linear polarizer. Figure 4 and 5 are pretty similar.
From the results, we conclude that the azimuth angle error
of polarization components has a similar influence on image
reconstruction of the complex hologram.

4.4. Total Emor

By the same procedure as section 4.1, we obtain the
corresponding intensity of the reconstructed image of the
point-source hologram along the z-axis direction using the
phase error of Eq. (16) as

1(002)_—ZJ (w))ZJ {—%(ﬂﬁﬂz—h—?’a)}

m=—oo

2
X‘vincz{g(i—l+2—m+—q)Rz},

zy z oz oz

(25)

- So0-Gil Kim 261

o o o o
= © & o
Normalized intensity

o
N

TTTTTTTTTd

&
0.0 &
2pi/300 §

2pil150 &
’JJ 2pil75 Q\\
2pi/30 (
/}I N 2pil15 @'4\
2pil8 QQ
0.29990 0.29995 0.30000 0.30005 0.30010 \,&
z axis [m] ,g><\\
(a)
1 T T
2pif300

0.99 ———— 2pif150

ogsf R ol
--crE A [ 2pif30
= 2pif15
@
2 097 ——-2pi8
€ 0%
O
o 095F
N
S 094t
£
5 093t
=

092}

091

09

" L s P | " L " L "
03 03 03 03 03 03 03 03 03 03
z axis [m]

(b)

FIG. 5. Normalized intensity of reconstructed image of a
point-source hologram for phase error due to the azimuth
angle error of a linear polarizer.

o
w

where Ji(*) is a Bessel function of the first kind, order x.
For the case that the total phase error is zero, intensity is
equal to the result of [8] and the intensity of the recon-
structed image is sinc function and is maximum at z;.

The intensity patterns corresponding to Eq. (25) are plotted
together in Fig. 6, in which the phase retardation error of
a wave plate(ie. @) was set to 27/300 and six error
sums(i.e. £1+ B2 - y> - ys) for 272/300, 272/150, 272/50, 27/30,
27/15, and 27/8 were considered.

Figure 6 (a) and (b) represent 3-D plot for the total
error sum and the front view for the normalized intensity
beyond 0.9 in Fig. 6 (a), respectively. As shown in Fig. 6,
as total error sum increases, the intensity of the reconstructed
image decreases. When the total errors range from 21/300
to 21m/8, the normalized intensity is down by about 7.5%.

Considering the Rayleigh criterion, we can conclude that
the longitudinal resolution of the reconstructed image decreases
as the total phase error increases because the total phase
error is proportional to the error sum. From the results, it
can be seen that the resolving power of an incoherent
triangular holography in the longitudinal direction is inversely
proportional to the total error. In conclusion, the minimum
separation of a three-dimensional object that can be resolved
by the incoherent triangular interferometer is proportional
to the phase error of the polarization elements.
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FIG. 6. Normalized intensity of reconstructed image of a
point-source hologram for total phase error by polarization
components.

V. CONCLUSION

We derived the point-spread function of the reconstructed
image from a point-source complex hologram, which includes
phase error caused by polarization components, in the
longitudinal direction of the point-spread function and analyzed
the effect of the error sources of polarization components
on the corresponding intensity of reconstructed image about
the phase retardation error of a wave plate, the azimuth
angle error of a wave plate, and the azimuth angle error of
a linear polarizer.

As phase retardation error of a wave plate increases, the
intensity of the reconstructed image changes very little. On
the other hand, as azinuth angle error of polarization components

increases, the intensity of the reconstructed image decreases.

From the results, the commercially available wave plates
don’t have an influence on image reconstruction of the
complex hologram. The quality of the reconstructed image
in incoherent triangular holography is affected by the azimuth
angle errors of the polarization elements, which have a
similar influence on image reconstruction of the complex
hologram.
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