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CONVERGENCE OF DOUBLE SERIES OF RANDOM
ELEMENTS IN BANACH SPACES

NGUYEN Duy TiEN AND LE VAN DUNG

ABSTRACT. For a double array of random elements {X;mn;m > 1,n > 1}

in a p-uniformly smooth Banach space, {bmn;m > 1,n > 1} is an array of

positive numbers, convergence of double random series > o> _ 13> | Xpn,
00 57% | b Xmn and strong law of large numbers

m n

b:nLZZXij%Oasm/\n%oo
i=1j=1

are established.

1. Introduction

Consider a double array {X,,,;m > 1,n > 1} of random elements de-
fined on a probability space (2, F, P) taking values in a real separable Banach
space X with norm || - ||, {bmn;m > 1,n > 1} is an array of positive num-
bers. In the current work, we establish convergence a.s of double random series
S > X and Y0 S byt X, and since the convergence of dou-
ble random series > >>_ 5> b1 X, we obtain strong laws of large numbers
bym i1 2 iy Xij — 0 as m An — oo.

Strong law of larger number for double array of random element in Banach
spaces have studied by many authors. For example, Dung et al. [1], Dung and
Tien [2], Quang et al. [8], Roralsky and Thanh [9], Stadtmuller and Thanh
[11]. The three-series theorem for martingale in Banach spaces in case of single
series was established by Tien [13]. However, convergence of double random
series has not been studied. In this paper we not only extend some results of
Su and Tong [12] and Hong and Tsay [4] but also establish the convergence of
double random series.
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2. Preliminaries

Technical definitions relevant to the current work will be discussed in this
section.

For a,b € R, min {a, b} and max {a, b} will be denoted, respectively, by a Ab
and aVb. Denote N be the set of all positive integers, for (i, j) and (m,n) € N2,
(i,7) < (m,n) means that i < m and j < n. Throughout this paper, the symbol
C will denote a generic constant (0 < C' < o0) which is not necessarily the same
one in each appearance.

Scalora [10] introduced the idea of the conditional expectation of a random
element in a Banach space. For a random element V' and sub c-algebra G of
F, the conditional expectation E(V|G) is defined analogously to that in the
random variable case and enjoys similar properties.

A real separable Banach space X is said to be p-uniformly smooth (1 < p <
2) if there exists a finite positive constant C such that such that for any LP
integrable X-valued martingale difference sequence {X,,n > 1},

B> XallP <C Y EIX|”.
i=1 =1

Clearly every real separable Banach space is of 1-uniformly smooth and the
real line (the same as any Hilbert space) is of 2-uniformly smooth. If a real
separable Banach space of p-uniformly smooth for some 1 < p < 2, then it is
of r-uniformly smooth for all r € [1,p). For more details, the reader may refer
to Pisier [7].

To prove the main result we need the following lemmas.

Lemma 2.1. Let {Spn;m > 1,n > 1} be an array of random elements taking

values in Banach space X. Then, Sy, converges a.s. as m An — oo if only if
for alle >0,

2.1 li P — =0.
(2.1) Mim P sup [Spg = Smnll >€ | =0
N<n<gq
Proof. Omitted. O

Remark 2.2. Since inequalities

sup [[Spg — Smnll < sup  [[Sprgr = Spgll < 2 sup [|Spg — Smanll,
m<p mAn<p/<p m<p
n<g mAn<q’/<q n<g

we have that the condition (2.1) is equivalent with

mhithoe & 2B 90 = Smoll > € | =0
n<gq
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Lemma 2.3. Let {amnij;1 < @ < m,1 < j < n} be an array of positive
constants such that

sup ZZamn” <C < oo and hmooamm-j =0 for fized i, j.

mAn—
m>1n>1l 14=1

If {&mn;m > 1,n > 1} is a double array of positive real numbers satisfying

lim 2., =0,
mVn—oo

then

lim E g mnijTij = 0.
mAn— 00

1=1 j=1

Proof. For proof is similar that of Lemma 2.2 of Stadtmuller and Thanh [11].
([

Lemma 2.4 ([1]). Let 1 < p < 2. Let {X;;;1 < i <m,1 <j <n} bea
collection of mn random elements in a real separable Banach space p-uniformly
smooth X. Set F;; is a o-algebra generated by the family of random elements
{ Xk <iorl < j} and Fiq = {0;Q}. If E(Xy|Fi;) = 0 for all (i,j) <
(m,n), then

k l P m n
FE max Xiill <C E||X;P
max 33Xy <o> N EIX),
1<i<n i=1 j=1 =1 j5=1

where the constant C' is independent of m and n.
Let {bpn;m > 1,n > 1} be an array of positive numbers. We define
N(z) = card{(m,n) : by, < x},

and suppose that N(z) < oo, Vz > 0.
Now we define two other functions L(x) and R,(x) which are little different
from that of Su and Tong [12]:

/ Nt log+ Nt )dt and Ry(z) = /°° all izig: Vo) dt

x

for z > 0 and p > 0. We have following lemma.

Lemma 2.5. Let {byn;m > 1,n > 1} be an array of positive numbers satisfy-
ing for each m > 1 and n > 1, b;; < byy, for all (i,7) < (m,n) and by, — 00
as mAn — o0o. Let X be a non-negative real-valued random variables.

(i) If EXL(X) < oo, then

(2.2) P(X > bpy) < 00,
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and
co oo 1 )
2.3 — P(X > s)ds < o0.
9 PRI AREES
(ii) If EXPR,(X) < oo for some p > 0, then
o0 o0 1 bmn
(2.4) Z bT/O sPTIP(X > s)ds < oc.
m=1n=1 """

Proof. First we prove (i). Suppose that EXL(X) < oo, denote dj be the
number of divisors of k& and noting that N(x) is non-decreasing we have

SN P> b)) < Y Y PIN(X) > N(byun))
<33 P(N(X) > mn)

k+1
SCZ/ xlogaxdP(N(X) < x)
k=1"k

= C/ zlogzdP(N(X) < z)
1
=CEN(X)log" N(X) < CEXL(X) < oo.
Next we prove (2.3). Let s = by,t. Then we have

/bmn P(X > s)ds = Z Z/l P(? > by dt

k l 1

b
m=1n=1 """
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g/miiP>bmnd
1

m=1n=1

g/OOEN({)logJFN({)dt
:/ (/ N log+N(t)dt> dP(X < )
/ (/ N(y log N(y) >dP(X<x)

=EXL(X

Letting k Al — oo we obtain (2.3).
Finally, we easily prove (ii) by using method of the proof is similar to that
of (2.3). O

The array of random elements {X,,,;m > 1,n > 1} is said to be weakly
mean dominated by the random element X if, for some 0 < C' < oo,

P{|Xpmnll > 2} < CP{|X| >z}
forallm>1,n>1and z > 0.

3. Main results

With the preliminaries accounted for, the main results may now be estab-
lished. In the following we let {X,n;m > 1,n > 1} be an array of ran-
dom elements defined on a probability (2, F, P) and taking values in a real
separable Banach space X' with norm || - ||, Fx; be a o-algebra generated by
{Xij3t < korj<l}, Fipx = {0;Q}. Suppose that E(Xn|Fmn) = 0 for all
m>1,n2>1.

Theorem 3.1. Let X be a p-uniformly smooth Banach space for some 1 < p <
2. If

(3.1) > ) B Xpn|P < o0,
m=1n=1
then
(3.2) Z Zan converges a.s.,
m=1n=1
(3.3) Z Xomn converges a.s. for every m > 1 and
n=1
(3.4) Z Xon converges a.s. and for every n > 1.

m=1
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Proof. Set Syn =322 3701 Xij-
For an arbitrary € > 0,

m g
P (gﬂ?ﬁ [1Spg = Sinll > 5) <P Jnax | ZZXUH > /2

n<q<l n<q<l i=1 j=n

m q
(3.5) +P e, [ ;;Xij” > /2
If G,nq is the o-algebra generated by the family of random elements {X;;; (1 <
t<kandn < j<qgor(l<i<mandn < j<k)}forl<m<kand
n<q <1, Gin={0;Q}, then G,y C Fpq for all 1 <m <k, n < ¢ <1, which
imply that E(X,4|Gmq) =0forall 1 <m <k, n<gqg<lI.

Applying Markov inequality and Lemma 2.3 we obtain

m q m q
2p

n<q<l  i=1 j=n n<a<l i=1 j=n
C k l
(3.6) < EEZEHXUIIP-
i=1j=n

It is the same (3.6) we also have

m q k 1
C
(3.7) Pl max | > > Xyl >e/2) < > > > B X7

12451 i=1 j=n i=m j=1
It follows from (3.5), (3.6) and (3.7) that

k l k l
C C
P (gg@(h 1Spq — Smnll > 5) < ;Z,ZZEHXMHP + 5 SN EIX|P

n<q<l i=1j=n i=m j=1

This implies, by letting k Al — oo, that

C o0 oo C o0 oo
P sup 1Sy = Snll > ¢ | < 2323 EIXGI + 2 30D EIX|.
e i=1j=n

n<q i=m j=1

We have by (3.1) that
ZZEHXUHP —0asn— oo
i=1j=n

and

oo oo
> > E|XyllP — 0 as m — oo,

i=m j=1
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hence,

P | sup [|Spg — Sl > €] = 0as mAn — oo,
m<p

n<gq

which implies S, converges a.s. as m An — oo (by Lemma 2.1).

We now prove (3.3). For each m > 1, set Hp,1 = {Q;0} and H,,, is the
o-algebra generated by the family of random elements {X,,;;1 < j < n} for
n > 1, we have that {S* = Z?zl Xmjs Hmn;n > 1} is a martingale satisfying
Yoo E|ST, — S|P < oo (by (3.1)). Applying Theorem 2.2 of Woyczyriski
[14] we obtain the conclusion (3.3).

For proof of (3.4) is similar to that of (3.3). The proof is completed. O

Remark 3.2. Noting that (3.2), (3.3) and (3.4) imply X, — 0 a.s. asmVn —
oo. Hence, under the condition (3.1) we obtain lim,vn— o || Xmn| = 0 a.s. This
remark will be used in Theorem 3.4 and Theorem 3.6.

Theorem 3.1 can be applied to obtain a version of the three-series theorem
for double random series.

Theorem 3.3. Let X be a p-uniformly smooth Banach space for some 1l < p <
2 and c be a positive constant. Set Yin = XmnI (|| Xmnl| > ¢). Suppose that
E(Y;;|Fij) is measurable with respect to Fpy for all i <m or j < n. If

(1) 12t P Xmnl| > €) < o0,

(1i) Yoo >0 E(Ymn|Fmn) converges a.s., and

(iiD) Y1 et Bl (Yinn — EYin|Fna) 1P < 00,
then Y °_ 3" | Xpn converges a.s.

Proof. We have by (i) that

SN P(Xoun # Yon) < YD P Xl > ) < o0.

m=1n=1 m=1n=1
By virtue of Borel-Cantelli lemma, we have
P(Xpn # Yinio.) = 0.

So, to prove theorem, it suffices to show

(3.8) i i Yinn converges a.s.

m=1n=1

In view of Theorem 3.1, we have by (iii) that

(3.9) Z Z(Ym" — E(Youn|Fmn)) converges a.s.

m=1n=1

Combining (ii) and (3.9) yields (3.8) holds.
The proof is completed. O
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The following theorem is a version of Theorem 4.2 of Su and Tong [12] for
double arrays of random elements in p-uniformly smooth Banach spaces.

Theorem 3.4. Let X be a p-uniformly smooth Banach space for some 1 <
p < 2 and let {byn;m > 1,n > 1} be an array of positive numbers satisfying
for each m > 1 and n > 1, bjj < by for all (4,5) < (m,n) and by, — 00 as
mAn — oo. Suppose that Suppose that E(Y;;|F;;) is measurable with respect
to Fon for alli <m or j <mn. Set

N(x) = card{(m,n) : byp, <z} Yz > 0.

If {Xmn;m > 1,n > 1} is weakly mean dominated by random element X such
that

(3.10) E(IXIPRy(1X])) < o0

and

(3.11) E(IXIILAIX])) < oo,

then

(3.12) Z Z X converges a.s.
m=1n=1 bmn

And if {bpn;m > 1,n > 1} is an array of positive numbers satisfying for
eachm > 1 and n > 1, byj < by for all (i,5) < (m,n) and (i,7) # (m,n),
bmn — 00 as m An — oo, then

(3.13) lim  b,L i iXij =0 a.s.

mAn—00
=1 j=1

Proof. For each m, n, set Y = Xonn I (| Xomnll < bmn)y Zmn = Xon I (| X mn|
> binn)y Unn = Yo —E Ymn | Fmn)s Vinn = Zmn—E(Zmn| Fmn)- Tt is clear that
Xmn = Unmn + Vinn. Moreover, E(Upn|Fmn) = E(Vin|Fmn) = 0 for m > 1,
n > 1. If G;, and G}, are the o-algebras generated by the family of random
elements {U;; : 4 < korj <} and {V; : i < kor j < I}, respectively, then
Gy, C Fr and Gp; C Fiy for all (k,1) < (m,n), which imply that E(U|G},;) =
E(Viu|Gr,) = 0 for all (k,1) < (m,n). Hence, in order to prove (3.12) we prove

oo o0 oo (oo}
Umn an
g g 5 and E E 5 converge a.s.
m=1n=1 """ m=1n=1 """

Applying the strangle inequality and inequality (1.6) of Lemma 1.2 [3] we have

o X El Vi N ElZoal

co oo 1 00
<2 — P(|| Xmn|| > s)d
<2305 5 [ Pl > s

m=1n mn
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+2) > P Xl > bynn)

m=1n=1
<CZZ / P(IX| > s)ds
m=1n=1 mn
+CZZP(||X\|>bmn)
m=1n=1

< o0 (by Lemma 2.4)
which implies by Theorem 3.1 that

(3.14) Z Z mn

m=1n=1

Again applying the strangle inequality and equality (1.5) of Lemma 1.2 [3]
we have

E Um E Younl||?

m=1n=1 m=1n=1

CZZ;/ PP (| Xy > 5)ds

m=1n=1 ™M" Jbmn

—C S PO Xl > bn)

m=1n=1
<O S g [T e s
m=1n=1
—CZZP||X||>bmn>
m=1n=1

< oo (by Lemma 2.4)
which implies by Theorem 3.1 that

oo o0

(3.15) Z Z Unnn converges a.s.

m=1n=1 """

Now we prove (3.13). Since (3.14) and (3.15) we have by Theorem 3.1 that
b;ﬁlen — 0 a.s. and b;ﬁLUmn — 0 a.s. as mVn — oo. Hence,

vlggoo b | Xonn|| = 0 a.s.

Applying Lemma 2.2 with amni; = bb# we have

A b, IZZIIXWIHOas

i=1 j=1
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and using the strangle inequality
m n

1B > 0D Xl < b DD 11X

i=1j=1 i=1 j=1
we obtain (3.13). O

Corollary 3.5. Let X be a p-uniformly smooth Banach space for somel < p <
2. Let {amn;m > 1,n > 1} be an array of real numbers such that amy, # 0, let
{bmn;m > 1,n > 1} be an array of positive numbers satisfying for each m > 1
and n > 1, bij < by and bij/lai;| < bmn/|amn| for all (i,7) < (m,n) and
(1,7) # (m,n), bypn/|amn| = 00 as m An — co. Suppose that E(X,;; I(]| X5 <
bi;)|Fij) is measurable with respect to Foy for alli <m or j <mn. Set

N(z) = card{(m,n) : b <z} Vz>0.

' |amn|
If {Xmn;m > 1,n > 1} is weakly mean dominated by random element X such
that (3.10) and (3.11) hold, then

m

n
lim b—1§ § a;; X;; =0 a.s.
mANn— 00 mn K K

i=1 j=1

Finally, we extend Theorem 2.1 of Hong and Tsay [4] to double array of
random elements. It is the same Theorem 3.4, we establish convergence of
double random series before obtaining strong laws of large numbers.

Theorem 3.6. Let X' be a p-uniformly smooth Banach space for some 1 <
p < 2 and let {byn;m > 1,n > 1} be an array of positive numbers. Suppose
that E(Y;;|Fi;) is measurable with respect to Fpny, for allt < m or j < mn. Let
{®rn;m > 1,n > 1} be an array of positive Borel functions and let Crpp > 1,
D 21, by > 1, 0 < By < p be constants satisfying for u > v > 0,

ubmn B (u) uPmn

<D

Cmn vbmn, - (I)mn(v) - mmn fuﬁmn :

If

3

5 5Bl o

m=1 1

where Ay, = max{c%m,Dmn}, then (3.12) holds. And if {bmn;m >1,n> 1}
is an array of positive numbers satisfying for each m > 1 andn > 1, b;; < by
for all (i,7) < (m,n) and byy — 00 as m An — oo, then (3.13) holds.

n

Proof. Set the same Y., Zmn, Unn and V,,, as in the proof of Theorem 3.4.
It is similar to the proof of Theorem 3.4, we show that

(3.16) Sy AVl o

m=1n=1
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and

R [2 P
(3.17) >N E b;””

m=1n=1

First we prove (3.16).

ElVonl
>y Eltenl

m=1n=1

o1 Zml

bmn

Zmn Gmn
£ (12221)
1 mn

@ (1Zumn )

Mg
hE

3
Il
-
3
Il
-

E%g
NE

3
ﬂ‘
3
Il

oL
WK

m—1n—1 Cmn q)mn (bmn)
— Pinn (|| Zmnll)
<2 Apn B —————>
20 2 A
— Py (| Xomanll)
S22 0 AmBg G <
m=1n=1

Finally we prove (3.17).

Umn Ymn P
55 pllnlr <2”ZZE” ol

m=1n=1
Bmn
Yo |
Bl —
< bmn

A
e &
M8 i

m=1n=1
— Do ([[Yinn 1)
<C Dy B ——m—""
<CY > -
m=1n=1
N — ‘I)’rnn(H)/an)
<C Apn B————>
<CY > Do )
m=1n=1
— P ([ Xmn )
<C Apn B—————~
SO 2 A e
The proof is completed.
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