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SOME MULTI-SUBLINEAR OPERATORS ON GENERALIZED

MORREY SPACES WITH NON-DOUBLING MEASURES

Yanlong Shi and Xiangxing Tao

Abstract. In this paper the boundedness for a large class of multi-
sublinear operators is established on product generalized Morrey spaces
with non-doubling measures. As special cases, the corresponding results

for multilinear Calderón-Zygmund operators, multilinear fractional inte-
grals and multi-sublinear maximal operators will be obtained.

1. Introduction

A Radon measure µ on Rd is called a doubling measure if it satisfies the
doubling condition, i.e., there is a constant C > 0 such that µ(2Q) ≤ Cµ(Q)
for any cube Q ⊂ Rd. This doubling condition on µ seems to be a key assump-
tion in classical Fourier analysis, however, it has been shown recently that
many results also hold without the doubling assumption, see [4, 8, 9, 14, 15]
among other literatures. In this paper we will investigate a large class of multi-
sublinear operators, including multilinear Calderón-Zygmund operators, mul-
tilinear fractional integrals and multi-sublinear maximal operators, on product
generalized Morrey spaces with non-doubling measures.

In fact, for m ∈ N and m-tuple (f1, f2, . . . , fm), we consider the multi-
sublinear operators T satisfying the following size condition,
(1.1)

|T (f1, . . . , fm)(x)| ≤ C

∫
(Rd)m

|f1(y1) · · · fm(ym)|
(|x− y1|+ · · ·+ |x− ym|)mn−α

m∏
i=1

dµ(yi)
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with 0 ≤ α < mn, where the non-doubling measure µ satisfies the growth
condition

(1.2) µ(Q) ≤ C0[ℓ(Q)]n, 0 < n ≤ d,

for any cube Q ⊂ Rd with its side length ℓ(Q) > 0.
Recall the multilinear fractional integral, for 0 < α < mn,

Iα,m(f1, . . . , fm)(x) =

∫
(Rd)m

f1(y1) · · · fm(ym)

(|x− y1|+ · · ·+ |x− ym|)mn−α

m∏
i=1

dµ(yi),

and the m-linear Calderón-Zygmund operator defined by

T (f1, . . . , fm)(x) =

∫
(Rd)m

K(x, y1, . . . , ym)f1(y1) · · · fm(ym)
m∏
i=1

dµ(yi)

for functions fi with compact support and x ̸∈
∩m

i=1 supp fi, where K is an m-
Calderón-Zygmund kernel defined away from the diagonal x = y1 = · · · = ym
in (Rd)m+1 satisfying the size condition

(1.3) |K(x, y1, y2, . . . , ym)| ≤ C

(
∑m

l=0 |x− yl|)mn

and some smoothness condition, see [1, 15] for details.
When µ is a doubling measure, i.e., n = d, Grafakos and Torres showed in

[1] that the m-linear Calderón-Zygmund operator T is bounded from Lp1(µ)×
· · · × Lpm(µ) into Lp(µ) with 0 < 1/p = 1/p1 + · · · + 1/pm < 1; Kenig and
Stein showed in [2] that Iα,m is a bounded operator from Lp1(µ)×· · ·×Lpm(µ)
into Lp(µ) with 1/p = 1/p1 + · · · + 1/pm − α/n > 0 and p1, . . . , pm > 1.
These results had been extended to Herz spaces, Morrey spaces and generalized
Morrey spaces in [5, 6, 10, 11, 13], and also extended in [4] and [15] to Lebesgue
spaces with non-doubling measures.

On the other hand, Sawano and Tanaka [9] had studied the Calderón-
Zygmund operator and the fractional integral on Morrey spaces with non-
doubling measure. One purpose of this paper is to establish the boundedness
of the m-linear Calderón-Zygmund operator and the multilinear fractional in-
tegral on Morrey spaces with non-doubling measure.

Let us give some notations. The capital letter Q always denotes a cube with
sides parallel to the coordinate axes and ℓ(Q) stands for the side length of Q.
Besides, for c > 0, cQ will mean the cube with the same center as Q and with
ℓ(cQ) = cℓ(Q), Q(x, r) will be the cube centered at x with side length r and
we denote by Q(µ) the set of all doubling cubes with positive µ-measure.

Definition 1.1 ([9]). For k > 1 and 1 ≤ p ≤ q < ∞, the Morrey space
M q

p (k, µ) is defined as

M q
p (k, µ) :=

{
f ∈ Lp

loc(µ) : ∥f∥Mq
p (k,µ)

<∞
}
,
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where the Morrey norm ∥ f ∥Mq
p (k,µ) is given by

∥f∥Mq
p (k,µ)

= sup
Q∈Q(µ)

µ(kQ)
1
q−

1
p

(∫
Q

| f |p dµ
) 1

p

.

It’s worthy to point out that the parameter k > 1 does not affect the set of
M q

p (k, µ). More precisely, for k1 > k2 > 1, M q
p (k1, µ) and M q

p (k2, µ) coincide
as a set and their norms are mutually equivalent. See [9] for details. We will
denote M q

p (2, µ) by M q
p (µ).

Definition 1.2 ([8]). For k > 1 and 1 ≤ p < ∞, and let ϕ be an increasing
function from R+ to R+, then the generalized Morrey space, Lp,ϕ(k, µ), is
defined as

Lp,ϕ(k, µ) :=
{
f ∈ Lp

loc(µ) : ∥f∥Lp,ϕ(k,µ) <∞
}

with the norm ∥ f ∥Lp,ϕ(k,µ) that is given by

∥f∥Lp,ϕ(k,µ) = sup
Q∈Q(µ)

(
1

ϕ(µ(kQ))

∫
Q

|f |pdµ
)1/p

.

We remark that Lp,ϕ(k, µ) = M q
p (k, µ) for ϕ(t) = t1−p/q and 1 ≤ p ≤ q <

∞. Thus, the generalized Morrey spaces is a generalization of Morrey spaces.
Similarly, it’s proved in [8] that, for k1 > k2 > 1, Lp,ϕ(k1, µ) and Lp,ϕ(k2, µ)
coincide as a set and their norms are mutually equivalent. Thus we can write
Lp,ϕ(µ) instead of Lp,ϕ(2, µ) for simplicity. In 2008 Sawano [8] had shown the
boundedness of the Calderón-Zygmund operator and the fractional integral on
Lp,ϕ(µ).

It’s interesting for us to ask whether the m-linear Calderón-Zygmund op-
erator T and the multilinear fractional integral Iα,m are bounded on product
generalized Morrey spaces with non-doubling measure.

In this paper, we will discuss more general multi-sublinear operators T sat-
isfying the condition (1.1), and prove the boundedness of T on product Morrey
spaces and generalized Morrey spaces with non-doubling measure, see Theo-
rems 2.3, 2.6, 3.1 and 3.2 below.

Particularly, we will give the following estimates for the m-linear Calderón-
Zygmund operator T , see Theorems 2.4 and 3.3,

∥T (f1, . . . , fm)∥Mq
p (µ)

≤ C

m∏
i=1

∥fi∥M
qi
pi

(µ)

and

∥T (f1, . . . , fm)∥Lp,ϕ(µ) ≤ C

m∏
i=1

∥fi∥Lpi,ϕi (µ)
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for 1/p = 1/p1 + · · · + 1/pm, 1/q = 1/q1 + · · · + 1/qm and ϕ1/p =
∏m

i=1 ϕ
1/pi

i

under the assumptions

(1.4) sup
0<r<∞

r

ϕi(r)

∫ ∞

r

ϕi(t)

t

dt

t
<∞

and

(1.5)
ϕi(t)

t
≤ C

ϕi(s)

s
for t ≥ s

for each i = 1, 2, . . . ,m.
Simultaneously, we will show the following estimates for the multilinear frac-

tional integral Iα,m, see Theorems 2.7, 3.4 and 3.6,

(1.6) ∥Iα,m(f1, . . . , fm)∥Mq
p (µ)

≤ C
m∏
i=1

∥fi∥M
qi
pi

(µ)

and

∥Iα,m(f1, . . . , fm)∥Lp,ϕ(µ) ≤ C

m∏
i=1

∥fi∥Lpi,ϕi (µ)

for 1/p = 1/p1 + · · · + 1/pm − α/n, 1/q = 1/q1 + · · · + 1/qm − α/n and

ϕ1/p =
∏m

i=1 ϕ
1/pi

i , where ϕi satisfies (1.5) and

(1.7) sup
0<r<∞

r1−αpi/mn

ϕi(r)

∫ ∞

r

ϕi(t)

t1−αpi/mn

dt

t
<∞, i = 1, 2, . . . ,m.

In the paper we will also consider the generalization of Hardy-Littlewood
maximal operator, which is an important example of multi-sublinear opera-
tors. In 1994 Nakai [7] introduced the similar assumptions on ϕ to show the
boundedness of maximal operator in generalized Morrey space Lp,ϕ(Rn). In
2008 Sawano [8] studied modified maximal operator under similar assumptions
on ϕ in the case of non-doubling measure. Inspired by these works, we will also
consider the modified multi-sublinear maximal operator Mκ, which defined by

Mκ(f1, . . . , fm)(x) = sup
x∈Q∈Q(µ)

m∏
i=1

1

µ(κQ)

∫
Q

|fi(yi)|dµ(yi), κ > 1.

This operator was defined in [3] when µ is a Lebesgue measure. It is easy
to see that Mκ is a multi-version of the maximal operator Mκ introduced
by Tolsa [14], and it’s worthy to notice that Mκ is strictly smaller than the
m-fold produce of Mκ. We will establish the boundedness of Mκ on product
generalized Morrey spaces, i.e., Theorems 2.9 and 3.5 below, which implies that

∥Mκ(f1, . . . , fm)∥Mq
p (µ)

≤ C

m∏
i=1

∥fi∥M
qi
pi

(µ)

and

∥Mκ(f1, . . . , fm)∥Lp,ϕ(µ) ≤ C

m∏
i=1

∥fi∥Lpi,ϕi (µ)
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for 1/p = 1/p1 + · · · + 1/pm, 1/q = 1/q1 + · · · + 1/qm and ϕ1/p =
∏m

i=1 ϕ
1/pi

i ,
where each ϕi satisfies (1.5). Here we point out that we do not postulate
anything on measure µ when we study the operator Mκ, that is, here µ is just
a Radon measure.

The paper is organized as follows. The Section 2 focuses on the boundedness
on generalized Morrey spaces Lp,ϕ(µ). In Section 3, we devote to the bound-
edness on Morrey spaces M q

p (µ) . Throughout this paper, the letter C always
remains to denote a positive constant that may varies at each occurrence but
is independent of the essential variable.

2. Boundedness on generalized Morrey spaces Lp,ϕ(µ)

The present section consists of three parts which are about the bounded
estimates on generalized Morrey spaces for the multilinear Calderón-Zygmund
operator, the multilinear fractional integral and the multi-sublinear maximal
operator, respectively.

2.1. Boundedness of multilinear Calderón-Zygmund operators

Let us begin with some requisite lemmas. Using integration by part, see
Lemma 2 in [7] or Lemma 5.3 in [11], we have that:

Lemma 2.1 ([7, 11]). Suppose that ψ : R+ → R+ is an increasing function
satisfying ∫ ∞

r

ψ(s)
ds

s
≤ C ′ψ(r) for all r > 0

with the positive constant C ′. Then we can take the constant C = C ′/(1−C ′ε)
for small real ε > 0 such that∫ ∞

r

ψ(s)sε
ds

s
≤ Cψ(r)rε for all r > 0.

Lemma 2.2. Suppose that ψ is the same as in Lemma 2.1 and 0 < η ≤ 1.
Then there is a constant C > 0 so that∫ ∞

r

ψ(s)η
ds

s
≤ Cψ(r)η for all r > 0.

Proof. For any R > 0 and 0 < η ≤ 1, the Hölder inequality and Lemma 2.1
imply that∫ R

r

ψ(s)η
ds

s
=

∫ R

r

[ψ(s)ηs]
1

s

ds

s

≤ C

(∫ R

r

ψ(s)s
1
η
ds

s

)η (∫ R

r

1

s
1

1−η+1
ds

)1−η

≤ Cψ(r)ηr

(∫ R

r

s−
1

1−η−1ds

)1−η
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≤ Cψ(r)ηr

(
− 1

1− η
R− 1

1−η +
1

1− η
r−

1
1−η

)1−η

.

Then, let R→ ∞, we get the conclusion of the lemma. □

Let us state our main result of this subsection.

Theorem 2.3. Assume that T is a multi-sublinear operator satisfying (1.1)
with α = 0. Let 1 < pi <∞ satisfy 1/p = 1/p1 + · · ·+ 1/pm < 1,

ϕ1/p = ϕ
1/p1

1 ϕ
1/p2

2 · · ·ϕ1/pm
m ,

where each function ϕi : R+ → R+ satisfies the assumptions (1.4) and (1.5).
If T is bounded from Lp1(µ)× · · · × Lpm(µ) to Lp(µ), then there is a constant
C > 0 independent of fi such that

∥T (f1, . . . , fm)∥Lp,ϕ(µ) ≤ C
m∏
i=1

∥fi∥Lpi,ϕi (µ) .

Proof. Fix a cube Q ∈ Q(µ) and write fi = f0i + f∞i , where f0i = fiχ2Q and
f∞i = fi − f0i for i = 1, . . . ,m. Then along this decomposition, we get

|T (f1, . . . , fm)(x)| ≤
∑

τ1,...,τm∈{0,∞}

|T (fτ11 , . . . , fτmm ) (x)|

= |T
(
f01 , . . . , f

0
m

)
(x)|+

∑
′|T (fτ11 , . . . , fτmm ) (x)|,

where each term in
∑ ′ contains at least one τi ̸= 0. This implies(

1

ϕ(µ(4Q))

∫
Q

|T (f1, . . . , fm)(x)|pdµ(x)
)1/p

≤ C(H1 +H2),

where

H1 :=

(
1

ϕ(µ(4Q))

∫
Q

|T
(
f01 , . . . , f

0
m

)
(x)|pdµ(x)

)1/p

and

H2 :=
∑

′
(

1

ϕ(µ(4Q))

∫
Q

|T (fτ11 , . . . , fτmm ) (x)|pdµ(x)
)1/p

.

Next we analyze each term separately. For H1, by the Lp boundedness of
T , it is easy to see that

H1 ≤ C
m∏
i=1

∥fiχ2Q∥Lpi

ϕ
1/pi

i (µ(4Q))
≤ C

m∏
i=1

∥fi∥Lpi,ϕi (µ).

For H2, let us begin with the case τ1 = · · · = τm = ∞. Denoting by cQ the
center of Q, we have |yi − x| ∼ |yi − cQ| for x ∈ Q and yi ∈ (2Q)c. Hence, by
the condition (1.1), we obtain the following point-wise estimate for x ∈ Q,

|T (f∞1 , . . . , f∞m ) (x)|
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≤ C

∫
(Rd\B(cQ,ℓ(Q)))m

|f1(y1) · · · fm(ym)|
(|y1 − cQ|+ · · ·+ |ym − cQ|)mn

dµ(y1) · · · dµ(ym).

Then, the following equality

mn

∫ ∞

|y1−cQ|+···+|ym−cQ|

dl

lmn+1
=

1

(|y1 − cQ|+ · · ·+ |ym − cQ|)mn

and Fubini theorem yield

|T (f∞1 , . . . , f∞m ) (x)|

≤ C

∫ ∞

ℓ(Q)

1

lmn+1

∫
Σm

i=1|yi−cQ|<l

|f1(y1) · · · fm(ym)|dµ(y1) · · · dµ(ym)dl

≤ C

∫ ∞

ℓ(Q)

1

lmn+1

(∫
B(cQ,l)

· · ·
∫
B(cQ,l)

|f1(y1) · · · fm(ym)|dµ(y1) · · · dµ(ym)

)
dl.

By using the Hölder inequality and the growth condition (1.2) of µ, we get

|T (f∞1 , . . . , f∞m ) (x)|

≤ C

∫ ∞

ℓ(Q)

1

lmn+1

m∏
i=1

µ(B(cQ, l))
1−1/pi

[∫
B(cQ,l)

|fi(yi)|pidµ(yi)

]1/pi
 dl

≤ C

∫ ∞

ℓ(Q)

1

ln/p+1

(
m∏
i=1

ϕ
1/pi

i (µ(B(cQ, 2l)))∥fi∥Lpi,ϕi (µ)

)
dl

≤ C

(∫ ∞

ℓ(Q)

ϕ1(C02
nln)1/p1 · · ·ϕm(C02

nln)1/pm

ln/p
dl

l

)
m∏
i=1

∥fi∥Lpi,ϕi (µ)

= C

(∫ ∞

ℓ(Q)

ϕ1(C02
nln)1/p1

ln/p1
× · · · × ϕm(C02

nln)1/pm

ln/pm

dl

l

)
m∏
i=1

∥fi∥Lpi,ϕi (µ)

≤ C
m∏
i=1

[∫ ∞

ℓ(Q)

(
ϕi(C02

nln)

ln

)1/p
dl

l

]p/pi

∥fi∥Lpi,ϕi (µ)

≤ C
m∏
i=1

(
ϕi(C02

nℓ(Q)n)

ℓ(Q)n

)1/pi

∥fi∥Lpi,ϕi (µ).

Here, we used Lemma 2.2 by taking ψ(l) = ϕi(C02
nln)

C02nln
and η = 1/p < 1 in the

last relation.
Hence, applying the assumption (1.5), we obtain

|T (f∞1 , . . . , f∞m ) (x)| ≤ C

m∏
i=1

(
ϕi(C02

ndnℓ(Q)n)

ℓ(Q)n

)1/pi

∥fi∥Lpi,ϕi (µ)



914 YANLONG SHI AND XIANGXING TAO

≤ C

m∏
i=1

(
ϕi(µ(2dQ))

µ(2dQ)

)1/pi

∥fi∥Lpi,ϕi (µ).

Integrating this over Q, by the assumption (1.5), we obtain(
1

ϕ(µ(4Q))

∫
Q

|T (f∞1 , . . . , f∞m ) (x)|pdµ(x)
)1/p

≤ C
m∏
i=1

∥fi∥Lpi,ϕi (µ)

(
µ(Q)

ϕ(µ(4Q))
× ϕi(µ(2dQ))

µ(2dQ))

)1/pi

≤ C
m∏
i=1

∥fi∥Lpi,ϕi (µ).

What remains to be considered are the terms in H2 such that τi1 = · · · =
τiℓ = 0 for some {i1, . . . , iℓ} ⊂ {1, . . . ,m}, where 1 ≤ ℓ < m. Applying partly
the technique used in the estimates for |T (f∞1 , . . . , f∞m ) (x)| and the Hölder
inequality, we get

|T (fτ11 , . . . , fτ1m ) (x)|

≤ C

∫
(2Q)ℓ

∏
i∈{i1,...,iℓ}

|fi(yi)|dµ(yi)×
∫

(Rd\2Q)m−ℓ

∏
i ̸∈{i1,...,iℓ} |fi(yi))|dµ(yi)

(
∑

i̸∈{i1,...,iℓ} |yi − cQ|)mn

≤ C
∏

i∈{i1,...,iℓ}

(
ϕi(µ(4Q))

µ(4Q)

)1/pi

µ(4Q)∥fi∥Lpi,ϕi (µ)

×
∫ ∞

ℓ(Q)

1

l
∑

i ̸∈{i1,...,iℓ}
n/pi+ℓn+1

 ∏
i ̸∈{i1,...,iℓ}

ϕ
1/pi

i (µ(B(cQ, 2l))∥fi∥Lpi,ϕi (µ)

 dl

≤ C
∏

i∈{i1,...,iℓ}

(
ϕi(µ(4Q))

µ(4Q)

)1/pi

∥fi∥Lpi,ϕi (µ)

×
∫ ∞

ℓ(Q)

1

l
∑

i ̸∈{i1,...,iℓ}
n/pi+1

 ∏
i̸∈{i1,...,iℓ}

ϕ
1/pi

i (µ(B(cQ, 2l))∥fi∥Lpi,ϕi (µ)

 dl

≤ C
∏

i∈{i1,...,il}

ϕi(µ(4Q))1/pi

µ(4Q)1/pi
∥fi∥Lpi,ϕi (µ) ×

∏
i ̸∈{i1,...,iℓ}

ϕi(µ(2dQ))1/pi

µ(2dQ)1/pi
∥fi∥Lpi,ϕi (µ)

≤ C
m∏
i=1

ϕi(µ(4Q))1/pi

µ(4Q)1/pi
∥fi∥Lpi,ϕi (µ)

= C
ϕ(µ(4Q))1/p

µ(4Q)1/p

m∏
i=1

∥fi∥Lpi,ϕi (µ).
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Then we obtain that(
1

ϕ(µ(4Q))

∫
Q

|T (fτ11 , . . . , fτ1m ) (x)|pdµ(x)
)1/p

≤ C
m∏
i=1

∥fi∥Lpi,ϕi (µ),

and so we have arrived at the expression considered in the previous case. Com-
bining the arguments above, we complete the proof of the theorem. □

It is easy to see from (1.3) that the m-linear Calderón-Zygmund operator
T satisfy (1.1). Thus, by its Lp boundedness, we get the following theorem
immediately.

Theorem 2.4. Let ϕ, ϕi, p, pi be the same as in Theorem 2.3 for each i =
1, 2, . . . ,m. Then there is a constant C > 0 independent of fi such that

∥T (f1, . . . , fm)∥Lp,ϕ(µ) ≤ C

m∏
i=1

∥fi∥Lpi,ϕi (µ) .

2.2. Boundedness of multilinear fractional integrals operators

To prove our theorem we need a covering lemma.

Lemma 2.5 ([8]). Let b > a > 0 be fixed positive numbers and ρ > 1. Suppose
that µ is a Randon measure and Qa,b = {Q ∈ Q(µ) : a ≤ µ(ρ2Q) ≤ b} ̸= ∅.
Then there exist N subfamilies Q(µ)a,b,1, . . . ,Q(µ)a,b,N such that

{ρQ : Q ∈ Q(µ)a,b,j} is disjoint for all j = 1, . . . , N

and for all Q ∈ Q(µ)a,b we can find Q′ ∈ ∪N
j=1Q(µ)a,b,j such that Q ⊂ ρQ′.

Here N does not depend on a nor b.

Let us begin with our main conclusion in this part.

Theorem 2.6. Assume that 0 < α < mn and T is a multi-sublinear operator
satisfying (1.1). Let 1 < pi < mn/α satisfy 1/p = 1/p1 + · · ·+ 1/pm − α/n,

ϕ1/p = ϕ
1/p1

1 ϕ
1/p2

2 · · ·ϕ1/pm
m ,

where each function ϕi : R+ → R+ satisfies the conditions (1.5) and (1.7). If
T is bounded from Lp1(µ) × · · · × Lpm(µ) to Lp(µ), then there is a constant
C > 0 independent of fi such that

∥T (f1, . . . , fm)∥Lp,ϕ(µ) ≤ C
m∏
i=1

∥fi∥Lpi,ϕi (µ) .

Proof. Fix a cube Q ∈ Q(µ) as before and ρ > 1, decompose fi according to
2KQ. Namely, we split fi = f0i + f∞i , where f0i = fiχ2KQ and f∞i = fi − f0i
for i = 1, . . . ,m, where K is large enough according to the value of ρ. Along
this decomposition, we get

|T (f1, . . . , fm)(x)| ≤ |T
(
f01 , . . . , f

0
m

)
(x)|+

∑
′|T (fτ11 , . . . , fτmm ) (x)|,

where each term in
∑ ′ contains at least one τi ̸= 0.
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Then we need show(
1

ϕ(µ(4KQ))

∫
Q

|T (fτ11 , . . . , fτmm )(x)|pdµ(x)
)1/p

≤ C

m∏
i=1

∥fi∥Lpi,ϕi (µ)

for {τ1, . . . , τm} ∈ {0,∞}.
The estimate for the case τ1 = · · · = τm = 0 is simple. By the Lp bounded-

ness of T , we have(
1

ϕ(µ(4KQ))

∫
Q

|T (f01 , . . . , f
0
m)(x)|pdµ(x)

)1/p

≤ C

m∏
i=1

(
1

ϕi(µ(4KQ))

∫
2KQ

|fi(x)|pidµ(x)

)1/pi

≤ C

m∏
i=1

∥fi∥Lpi,ϕi (µ) .

We now turn our attention to the estimate for τ1 = · · · = τm = ∞. For
x ∈ Q and yi ∈ (Rd \ 2KQ), assume that x, yi ∈ R ∈ Q(µ), then we can find
a constant L > K which is large enough such that ρR ⊂ LQ for ρ > 1, these
facts imply Lℓ(Q) ≥ ρℓ(R) > ℓ(R) ≥ |x − yi| ≥ (K − 1/2)ℓ(Q). Then, using
the growth condition (1.2) of measure µ, we have a pointwise estimate

|T (f∞1 , . . . , f∞m ) (x)|

≤ C

∫
(Rd\2KQ)m

(
sup

x,yi∈R∈Q(µ)

m∏
i=1

1

µ(ρR)1−α/mn

)
m∏
i=1

|fi(yi)|dµ(yi)

≤ C
m∏
i=1

∫
Rd\2KQ

sup
x,yi∈R∈Q(µ)

1

µ(ρR)1−α/mn
|fi(yi)|dµ(yi).

A geometric observation again shows that
√
ρR engulfs 2Q, the center of

Q in its interior, provided K is large enough and R intersects both Q and
Rd \ 2KQ. Therefore, we get

|T (f∞1 , . . . , f∞m ) (x)| ≤ C

m∏
i=1

∫
Rd\2KQ

sup
R∈Q(µ)

{yi}
∪

2Q⊂R

1

µ(
√
ρR)1−α/mn

|fi(yi)|dµ(yi).

Let us set, for each i = 1, 2, . . . ,m and j ≥ 1,

Dij :=

yi ∈ Rd \ 2KQ : 2j−1µ(2Q) ≤ inf
R∈Q(µ)

{yi}
∪

2Q⊂Int(R)

µ(
√
ρR) ≤ 2jµ(2Q)

 ,

where Int(R) denotes the interior of a set R. Applying Lemma 2.5, we can find

N ∈ N depending only on ρ and d, and a collection of cubes Qij
1 , Q

ij
2 , . . . , Q

ij
N

which contain x such that Dij ⊂
√
ρQij

1 ∪√
ρQij

2 ∪· · ·∪√
ρQij

N and µ(
√
ρQij

l ) ≤
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2jµ(2Q) for all 1 ≤ l ≤ N , j ∈ N and i ∈ {1, . . . ,m}. Thus, by the Hölder
inequality, we obtain

|T (f∞1 , . . . , f∞m ) (x)|

≤ C
m∏
i=1

 ∞∑
j=1

1

(2jµ(2Q))1−α/mn

∫
Dij

|fi(yi)|dµ(yi)


≤ C

m∏
i=1

 ∞∑
j=1

N∑
l=1

1

(2jµ(2Q))1−α/mn

∫
√
ρQij

l

|fi(yi)|dµ(yi)


≤ C

m∏
i=1

 ∞∑
j=1

N∑
l=1

1

(2jµ(2Q))1/pi−α/mn

(∫
√
ρQij

l

|fi(yi)|pidµ(yi)

)1/pi


≤ C
m∏
i=1

 ∞∑
j=1

N∑
l=1

ϕi(µ(2
√
ρQij

l ))
1/pi

(2jµ(2Q))1/pi−α/mn
∥fi∥Lpi,ϕi (µ)


≤ C

m∏
i=1

 ∞∑
j=1

N∑
l=1

ϕi(2
jµ(2Q))1/pi

(2jµ(2Q))1/pi−α/mn
∥fi∥Lpi,ϕi (µ)


≤ C

m∏
i=1

∥fi∥Lpi,ϕi (µ)

∞∑
j=1

ϕi(2
jµ(2Q))1/pi

(2jµ(2Q))1/pi−α/mn

for all x ∈ Q.
By the assumption (1.7) and Lemma 2.2, we have

∞∑
j=1

ϕi(2
jµ(2Q))1/pi

(2jµ(2Q))1/pi−α/mn
≤ C

(
ϕi(µ(2Q))

(µ(2Q))1−αpi/mn

)1/pi

.

Thus, we obtain(
1

ϕ(µ(4KQ))

∫
Q

|T (f∞1 , . . . , f∞m ) (x)|pdµ(x)
)1/p

≤ C

m∏
i=1

∥fi∥Lpi,ϕi (µ) .

At last, we have to consider the case τi1 = · · · = τiℓ = 0 for some {i1, . . . , iℓ}
⊂ {1, . . . ,m}, where 1 ≤ ℓ < m. Applying partly the technique used in the
estimate of |T (f∞1 , . . . , f∞m ) (x)| and the Hölder inequality, we get

|T (fτ11 , . . . , fτ1m ) (x)|

≤ C

∫
(2KQ)ℓ

∏
i∈{i1,...,iℓ}

|fi(yi)|dµ(yi)×
∫

(Rd\2KQ)m−ℓ

∏
i ̸∈{i1,...,iℓ} |fi(yi))|dµ(yi)

(
∑

i ̸∈{i1,...,iℓ} |x− yi|)mn−α

≤ C
∏

i∈{i1,...,iℓ}

µ(2KQ)1−1/pi

 ∫
2KQ

|fi(yi)|pidµ(yi)

1/pi
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×
∫

(Rd\2KQ)m−ℓ

∏
i̸∈{i1,...,iℓ} |fi(yi))|dµ(yi)∏

i ̸∈{i1,...,iℓ} |x− yi|n−α/(m−ℓ)+nℓ/(m−ℓ)

≤ C
∏

i∈{i1,...,iℓ}

ϕi(µ(4KQ))1/pi

µ(2Q)1/pi−1
∥fi∥Lpi,ϕi (µ)

× µ(2Q)ℓ
∏

i ̸∈{i1,...,iℓ}

∫
Rd\2KQ

(
sup

x,yi∈R∈Q(µ)

1

µ(ρR)1−α/(m−ℓ)n

)
|fi(yi))|dµ(yi)

≤ C
∏

i∈{i1,...,iℓ}

ϕi(µ(4KQ))1/pi

µ(2Q)1/pi
∥fi∥Lpi,ϕi (µ)

×
∏

i ̸∈{i1,...,iℓ}

ϕi(µ(2Q))1/pi

µ(2Q)1/pi−α/(m−ℓ)n
∥fi∥Lpi,ϕi (µ)

≤ C

m∏
i=1

ϕi(µ(4KQ))1/pi

µ(2Q)1/pi−α/mn
∥fi∥Lpi,ϕi (µ)

= C

(
ϕ(µ(4KQ))

µ(2Q)

)1/p m∏
i=1

∥fi∥Lpi,ϕi (µ).

Hence, we get(
1

ϕ(µ(4KQ))

∫
Q

|T (fτ11 , . . . , fτ1m ) (x)|pdµ(x)
)1/p

≤ C

m∏
i=1

∥fi∥Lpi,ϕi (µ).

If we combine this with the estimate for {τ1, . . . , τm} ∈ {0,∞}, the proof of
this theorem is completed. □

As a corollary, we obtain the following theorem for the multilinear fractional
integral operator Iα,m, 0 < α < mn.

Theorem 2.7. Let ϕ, ϕi, α, p, pi be the same as in Theorem 2.6 for each i =
1, 2, . . . ,m. Then there is a constant C > 0 independent of fi such that

∥Iα,m(f1, . . . , fm)∥Lp,ϕ(µ) ≤ C
m∏
i=1

∥fi∥Lpi,ϕi (µ) .

2.3. Boundedness of multi-sublinear maximal operator Mκ

In this part we investigate the maximal operator Mκ defined in Section 1.
Since Mκ is strictly smaller than the m-fold produce of the operator Mκ, then
the Hölder inequality yields that:
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Lemma 2.8. Let κ, p, pi > 1 and 1/p = 1/p1 + · · · + 1/pm. Then there is a
constant C > 0 independent of fi such that

∥Mκ(f1, . . . , fm)∥Lp(µ) ≤ C
m∏
i=1

∥fi∥Lpi (µ) .

Now we prove the boundedness ofMκ on product generalized Morrey spaces.

Theorem 2.9. Let ϕ, p, pi be the same as in Theorem 2.3, and let ϕi satisfy
the condition (1.5) for each i = 1, 2, . . . ,m. Then there is a constant C > 0
independent of fi such that

∥Mκ(f1, . . . , fm)∥Lp,ϕ(µ) ≤ C
m∏
i=1

∥fi∥Lpi,ϕi (µ) .

Proof. Fix Q ∈ Q(µ) be a cube with side length ℓ(Q), let Q∗ be the cube with
the same center of Q and side length κ+7

κ−1 times the side-length of Q. Obviously,
in order to prove the theorem, it suffices to establish the following inequality(

1

ϕ(µ( 2κ(κ+7)
κ2−1 Q))

∫
Q

|Mκ(f1, . . . , fm)(x)|pdµ(x)

)1/p

≤ C
m∏
i=1

∥fi∥Lpi,ϕi ( 2κ
κ+1 ,µ)

.

Write fi as f0i + f∞i , where f0i = fiχQ∗ and f∞i = fi − f0i for each i =
1, . . . ,m. Then, it is easy to see that

Mκ(f1, . . . , fm)(x) ≤ Mκ

(
f01 , . . . , f

0
m

)
(x) +

∑
′Mκ (f

τ1
1 , . . . , fτmm ) (x),

where each term in
∑ ′ contains at least one τi ̸= 0.

For the case τ1 = · · · = τk = 0, using the boundedness of Mκ from Lp1(µ)×
· · · × Lpm(µ) into Lp(µ), i.e., Theorem 2.8, we have(

1

ϕ(µ( 2κ(κ+7)
κ2−1 Q))

∫
Q

|Mκ

(
f01 , . . . , f

0
m

)
(x)|pdµ(x)

)1/p

≤ C

m∏
i=1

(
1

ϕi(µ(
2κ(κ+7)
κ2−1 Q))

∫
κ+7
κ−1Q

|fi(x)|pidµ(x)

)1/pi

≤ C

m∏
i=1

∥fi∥Lpi,ϕi ( 2κ
κ+1 ,µ)

.

Now, consider the case τi = ∞ for each i = 1, . . . ,m. For every x ∈ Q,
in order to let R

∩
κ+7
κ−1Q ̸= ∅ for cube R, suppose that yi ∈ R ∈ Q(µ) and

ℓ(R) ≥ 8
κ−1

ℓ(Q)
2 . A geometric observation shows

Mκ (f
∞
1 , . . . , f∞m ) (x) = sup

x∈R∈Q(µ)

m∏
i=1

1

µ(κR)

∫
R

|f∞i (yi)|dµ(yi)
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≤ sup
x∈R∈Q(µ)

Q⊂R

m∏
i=1

1

µ( 2κ
κ+1R)

∫
R

|fi(yi)|dµ(yi).

Then, the fact Q ⊂ R ⊂ 2κ
κ+1R and the condition (1.5) yield that(

1

ϕ(µ( 2κ(κ+7)
κ2−1 Q))

∫
Q

|Mκ (f
∞
1 , . . . , f∞m ) (x)|pdµ(x)

)1/p

≤

(
µ(Q)

ϕ(µ( 2κ(κ+7)
κ2−1 Q))

)1/p

sup
x∈R∈Q(µ)

Q⊂R

m∏
i=1

1

µ( 2κ
κ+1R)

∫
R

|fi(yi)|dµ(yi)

≤
(

µ(Q)

ϕ(µ(Q))

)1/p

× sup
x∈R∈Q(µ)

Q⊂R

m∏
i=1

(
ϕi(µ(

2κ
κ+1R))

µ( 2κ
κ+1R)

)1/pi
(

1

ϕi(µ(
2κ
κ+1R))

∫
R

|fi(yi)|pidµ(yi)

)1/pi

≤ sup
x∈R∈Q(µ)

Q⊂R

m∏
i=1

(
µ(Q)

ϕi(µ(Q))
×
ϕi(µ(

2κ
κ+1R))

µ( 2κ
κ+1R)

)1/pi

×

(
1

ϕi(µ(
2κ
κ+1R))

∫
R

|fi(yi)|pidµ(yi)

)1/pi

≤ C
m∏
i=1

(
1

ϕi(µ(
2κ
κ+1R))

∫
R

|fi(yi)|pidµ(yi)

)1/pi

≤ C
m∏
i=1

∥fi∥Lpi,ϕi ( 2κ
κ+1 ,µ)

.

We are left now to consider the case τi1 = · · · = τil = 0 for some {i1, . . . , il} ⊂
{1, . . . ,m}, where 1 ≤ l < m. It is to see that

Mκ (f
τ1
1 , . . . , fτmm ) (x) = sup

x∈R∈Q(µ)

m∏
i=1

1

µ(κR)

∫
R

|fτii (yi)|dµ(yi)

≤ sup
x∈R∈Q(µ)

∏
i∈{i1,...,il}

1

µ(κR)

∫
R

|f0i (yi)|dµ(yi)

× sup
x∈R∈Q(µ)

Q⊂R

∏
i̸∈{i1,...,il}

1

µ( 2κ
κ+1R)

∫
R

|f∞i (yi)|dµ(yi)

≤ Mκ

(
f0i1 , . . . , f

0
il

)
(x)
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× sup
x∈R∈Q(µ)

Q⊂R

∏
i̸∈{i1,...,il}

1

µ( 2κ
κ+1R)

∫
R

|fi(yi)|dµ(yi).

Let 1/h1 =
∑

i∈{i1,...,il} 1/pi and 1/h2 =
∑

i ̸∈{i1,...,il} 1/pi. Then 1/p =

1/h1 + 1/h2. Applying the Hölder inequality and (1.5), we get(
1

ϕ(µ( 2κ(κ+7)
κ2−1 Q))

∫
Q

|Mκ (f
τ1
1 , . . . , fτmm ) (x)|pdµ(x)

)1/p

≤

(
1

ϕ(µ( 2κ(κ+7)
κ2−1 Q))

∫
Q

|Mκ

(
f0i1 , . . . , f

0
il

)
(x)|h1dµ(x)

)1/h1

×

(
µ(Q)

ϕ(µ( 2κ(κ+7)
κ2−1 Q))

)1/h2

sup
x∈R∈Q(µ)

Q⊂R

∏
i ̸∈{i1,...,il}

1

µ( 2κ
κ+1R)

∫
R

|fi(yi)|dµ(yi)

≤ C
m∏
i=1

∥fi∥Lpi,ϕi ( 2κ
κ+1 ,µ)

.

Finally, a combination of the estimates above finishes the proof of the theo-
rem. □

3. Boundedness on Morrey spaces M q
p (µ)

It is easy to see that the function ϕi(t) = t1−pi/qi , 1 < pi ≤ qi <∞, satisfies
the assumptions (1.4), (1.5) and (1.7) for each i = 1, 2, . . . ,m. Then we can
obtain the following three theorems from the theorems above.

Theorem 3.1. Assume that T is a multi-sublinear operator satisfying (1.1)
with α = 0. Let 1 < pi ≤ qi < ∞, 1 < p ≤ q < ∞, 1/p = 1/p1 + · · · + 1/pm
and 1/q = 1/q1 + · · · + 1/qm. If T is bounded from Lp1(µ) × · · · × Lpm(µ) to
Lp(µ), then there is a constant C > 0 independent of fi such that

∥T (f1, . . . , fm)∥Mq
p (µ)

≤ C

m∏
i=1

∥fi∥M
qi
pi

(µ) .

Theorem 3.2. Assume that 0 < α < mn and T is a multi-sublinear operator
satisfying (1.1). Let 0 < α < mn, 1 < pi ≤ qi < mn/α, 1 < p ≤ q < ∞,
1/p = 1/p1 + · · · + 1/pm − α/n and 1/q = 1/q1 + · · · + 1/qm − α/n. If T is
bounded from Lp1(µ) × · · · × Lpm(µ) to Lp(µ), then there is a constant C > 0
independent of fi such that

∥T (f1, . . . , fm)∥Mq
p (µ)

≤ C
m∏
i=1

∥fi∥M
qi
pi

(µ) .
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Theorem 3.3. Assume that T is a m-linear Calderón-Zygmund operator, 1 <
pi ≤ qi <∞, 1 < p ≤ q <∞, 1/p = 1/p1 + · · ·+ 1/pm and 1/q = 1/q1 + · · ·+
1/qm. Then there is a constant C > 0 independent of fi such that

∥T (f1, . . . , fm)∥Mq
p (µ)

≤ C
m∏
i=1

∥fi∥M
qi
pi

(µ) .

Theorem 3.4. Assume that Iα,m is a multilinear fractional integral operator.
Let 0 < α < mn, 1 < pi ≤ qi < mn/α, 1 < p ≤ q < ∞, 1/p = 1/p1 + · · · +
1/pm−α/n and 1/q = 1/q1+ · · ·+1/qm−α/n. Then there is a constant C > 0
independent of fi such that

∥Iα,m(f1, . . . , fm)∥Mq
p (µ)

≤ C

m∏
i=1

∥fi∥M
qi
pi

(µ) .

Theorem 3.5. Let κ > 1, 1 < pi ≤ qi < ∞, 1 < p ≤ q < ∞, 1/p =
1/p1+ · · ·+1/pm and 1/q = 1/q1+ · · ·+1/qm. Then there is a constant C > 0
independent of fi such that

∥Mκ(f1, . . . , fm)∥Mq
p (µ)

≤ C
m∏
i=1

∥fi∥M
qi
pi

(µ) .

Here we point out that, in Theorem 3.4, we get the boundedness for Iα,m
under the assumption 1 < pi < mn/α for each i = 1, 2, . . . ,m. But this
assumption is unnatural, we want to obtain the estimates for the operator
Iα,m in the natural condition 1 < pi < ∞. The following theorem will arrive
at our desire.

Theorem 3.6. Suppose that 0 < α < mn, 1 < pi ≤ qi < ∞, 1 < p ≤ q < ∞.
Let 1/l = 1/p1 + · · · + 1/pm, 1/h = 1/q1 + · · · + 1/qm and p/q = l/h, 1/q =
1/h− α/n > 0. Then there is a constant C > 0 independent of fi such that

∥Iα,m(f1, . . . , fm)∥Mq
p (µ)

≤ C
m∏
i=1

∥fi∥M
qi
pi

(µ) .

Proof. Obviously, for all x, yi ∈ Rd, x ̸= yi, i = 1, 2, . . . ,m, there is

|Iα,m(f1, . . . , fm)(x)|

≤
∫
(Rd)m

|f1(y1)| · · · |fm(ym)|
(|x− y1|+ · · ·+ |x− ym|)mn−α dµ(y1) · · · dµ(ym).

Since 0 < α < mn, we can get

1

(|x− y1|+ · · ·+ |x− ym|)mn−α = C

∫ ∞

|x−y1|+···+|x−ym|
σα−mn−1dσ.

Thus, applying Fubini theorem, we have, for any δ > 0, that

|Iα,m(f1, . . . , fm)(x)(x)|
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≤ C

∫ ∞

0

∫
{|x−y1|+···+|x−ym|<σ}

σα−mn−1
m∏
i=1

|fi(yi)|dµ(yi)dσ

≤ C

∫ ∞

0

(
m∏
i=1

1

σn

∫
B(x,σ)

|fi(yi)|dµ(yi)

)
σα−1dσ

≤ C

{∫ δ

0

+

∫ ∞

δ

}(
m∏
i=1

Fi(σ, x)

)
σα−1dσ =: C(I1 + I2),

where

Fi(σ, x) :=
1

σn

∫
B(x,σ)

|fi(yi)|dµ(yi) for i = 1, 2, . . . ,m.

For I1, by the growth condition of µ, it is easy to see that

I1 ≤ C

∫ δ

0

Mκ(f1, . . . , fm)(x)σα−1dσ ≤ CδαMκ(f1, . . . , fm)(x).

Meanwhile, for I2, let Q(x, σ) be the cube whose center is x and side length
is σ, by the Hölder’s inequality and the growth condition, we obtain

Fi(σ, x) ≤
µ(B(x, σ))

1− 1
pi

σn

(∫
B(x,σ)

|fi(yi)|pidµ(yi)

) 1
pi

≤ Cσ
− n

qi σ
n
qi

− n
pi

(∫
B(x,σ)

|fi(yi)|pidµ(yi)

) 1
pi

≤ Cσ
− n

qi µ(Q(x, 4σ))
1
qi

− 1
pi

(∫
Q(x,2σ)

|fi(yi)|pidµ(yi)

) 1
pi

≤ Cσ
− n

qi ∥fi∥M
qi
pi

(µ) .

Thus, by 1/q = 1/q1 + · · ·+ 1/qm − α/n, it follows that

I2 ≤ C

∫ ∞

δ

(
m∏
i=1

σ
− n

qi ∥fi∥M
qi
pi

(µ)

)
σα−1dσ

≤ C
m∏
i=1

∥fi∥M
qi
pi

(µ)

∫ ∞

δ

σ−n
q −1dσ

≤ Cδ−
n
q

m∏
i=1

∥fi∥M
qi
pi

(µ) .

Summing the estimates for I1 and I2, we get

|Iα,m(f1, . . . , fm)(x)| ≤ C

[
δαMκ(f1, . . . , fm)(x) + δ−

n
q

m∏
i=1

∥fi∥M
qi
pi

(µ)

]
.
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Now we take δ such that

δαMκ(f1, . . . , fm)(x) = δ−
n
q

m∏
i=1

∥fi∥M
qi
pi

(µ) .

This implies
(3.1)

|Iα,m(f1, . . . , fm)(x)| ≤ C

(
m∏
i=1

∥fi∥M
qi
pi

(µ)

)1−h/q

Mκ(f1, . . . , fm)(x)h/q

with a constant C > 0 independent of fi.
Since 1 < pi ≤ qi < ∞, 1 < p ≤ q < ∞, 1/l = 1/p1 + · · · + 1/pm,

1/h = 1/q1 + · · · + 1/qm and p/q = l/h. For any Q ∈ Q(µ), using the Hölder
inequality and Theorem 3.5, we obtain

µ(2Q)
p
q−1

∫
Q

Mκ(f1, . . . , fm)(x)
ph
q dµ(x)

=

{
µ(2Q)

1
h− 1

l

[∫
Q

Mκ(f1, . . . , fm)(x)ldµ(x)

] 1
l

}l

≤ C

(
m∏
i=1

∥fi∥M
qi
pi

(µ)

)l

.

Then, combine the above estimates with the inequality (3.1), we will imme-
diately get the desired inequality, i.e.,

∥Iα,m(f1, . . . , fm)∥Mq
p (µ)

≤ C

(
m∏
i=1

∥fi∥M
qi
pi

(µ)

)1−h
q +

l
p

= C

m∏
i=1

∥fi∥M
qi
pi

(µ) .

The proof of Theorem 3.6 is completed. □
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