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Abstract – This paper deals with the analysis of vibration and noise sources in a modular-type SPM 

fractional-slot motor. To reduce cogging torque, torque ripple and unequal radial force, which are the 

main causes of the electromagnetic vibration, the optimal shape of notch and magnet are designed.    
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1. Introduction 
 
This paper proposes a Permanent Magnet Synchronous 

Motor (PMSM) with concentrated winding whose field 

magnet flux does not rely on external power but is supplied 

by a permanent magnet of the rotor. The length of the end 

turn, which causes copper loss, is shorter. So, the efficiency 

and power density are much higher than those for other 

motors [1, 2].  

Recently, a new topology for fractional-slot motors, 

often referred to as “modular-type”, has emerged [3]. This 

type of permanent magnet fractional-slot motor has a 

different winding layout compared with that of a 

conventional permanent magnet motor. Fig. 1 shows a 

winding layout of a modular-type Surface-mounted 

Permanent Magnet (SPM) fractional-slot motor of which 

pole to Slot Ratio is 5:6. 

 

 

Fig. 1 Winding layout 

 

The back-EMF waveform of this ring-type multi-pole 

magnet motor is significantly more sinusoidal than that of 

the conventional permanent magnet motor because the fifth 

and seventh harmonics are much smaller. Also, the cogging 

torque is smaller than that of the conventional permanent 

magnet motor since motor has a great number of least 

common multiples of slots and poles. For these reasons, the 

modular-type SPM fractional-slot motor has a higher 

torque density and lower torque ripple. 

However, the magnetic field of this type of winding has 

more space harmonics, which cause noise and vibration; 

this vibration is the greatest weakness of the modular-type 

motor. And, unequal radial magnetic force in the air gap is 

the main cause of electromagnetic vibration. In this paper, 

in order to reduce cogging torque and torque ripple, an 

optimal notch is designed and the radial magnetic force is 

analyzed; then, an optimal magnet shape is designed for 

equal distribution of radial force. 

 

 

2. Magnetic Circuit Design for Vibration 

Reduction 

 

2.1 Modal analysis 

 

All resonance frequencies and all possible deformations 

of the structure can be computed with the modal analysis, 

which depends only on the design parameters and the 

material properties. Free vibration is generated by inherent 

forces in the absence of external forces. The field has one 

or more the natural frequencies in case of free vibration. 

The natural frequencies are determined by the distribution 

of mass and stiffness and it is the unique characteristics of 

a dynamic system. Finite Element Method(FEM) is used 

for the free vibration analysis; the vibration equation for an 

undamped system is as in the following equation [4]. 

 

 [ ]{ } [ ]{ } 0x x+ =
ii

M K              (1) 

 

where [ ]M  and [ ]K  are the global mass matrix and 

stiffness matrix, respectively. { }x
ii

and { }x are the 

acceleration and the displacement at each point of the 

†   Corresponding Author: Dept. of Electrical and Electronic Engi- 
neering, Changwon National University, Korea. (gtkim@Changwon. 

ac.kr) 

*  Dept. of Electrical and Electronic Engineering, Changwon National 
University, Korea.  

**  Dept. of Research Engineer / W/M Control HA Control R&D Lab. 
LG Electronics Inc, Korea. (woosung12.jang@lge.com ) 

Received: December 19, 2011; Accepted: June 13, 2012 



The Optimal Design of Fractional-slot SPM to Reduce Cogging Torque and Vibration   

 

754 

system. For a linear system, a solution of the free vibration 

will be harmonic in form, as in the following equation. 

 

 ( ){ } { } ii t

i
x t e

ω= Φ                 (2) 

 

i
ω  is the thi  natural frequency, { }

i
Φ  is an eigenvector 

representing the mode shape of the thi  natural frequency 

and t is the time. Substituting (2) in (1), it can be rewritten 

as following. 

 

 [ ] [ ]( ){ }2
0ii t

i i
e
ωω− Φ =K M        (3) 

 [ ] [ ]2
0iω− =K M         (4) 

 

This equation is the eigenvalue problem and represents 

the natural frequencies of the system; the natural 

frequencies occur in the same number as the free vibration. 

To investigate the natural frequencies and mode shapes, 

only the stator is considered. Material constants needed for 

the analysis are assumed to be homogeneous and isotropic 

and lamination of the stator is not considered. Mode shows 

that unique dynamic aspect in the vibration systems. With 

the force of the stator in a frequency band with a unique 

mode appears as a pattern when the stator is vibrated by 

excited force. Vibration modes of the stator can be divided 

into three parts. Firstly, circumferential mode with two-

dimensional planar motion in the axial direction of the 

change is constant. Secondly, the longitudinal mode in the 

direction of the laminate is to have periodic variations. 

Lastly, the radial mode is defined by the circumference 

mode and axial modes are different of vibration shape. 

 

   

      (a) 643.5(Hz)               (b) 1635(Hz) 

 

   

     (c) 1909.4(Hz)              (d) 2737.1(Hz) 

Fig. 2 Mode shapes corresponding to natural frequencies 

Fig. 2 shows mode shapes corresponding to natural 

frequencies. Fig. 2(a) and (c) are the oval modes at 

643.5(Hz) and 1909.4(Hz), respectively. These modes are 

the main components of the vibration and noise, so the 

resonance in this mode should be avoided. 

 

2.2 Reduction of vibration by cogging torque 

reduction 

 

Sources of vibration in the motor can be divided by 

mechanical and electromagnetic vibration. Firstly, Sources 

of mechanical vibration have rotor dynamic, rotor 

unbalance, bearings, flexible shaft etcetera. Secondly, 

Sources of electromagnetic vibrations have the cogging 

torque, torque ripple, and time-varying traction. Lastly, the 

main reason is radial force which is a force between rotor 

and stator in excited force. So, it makes vibration and noise. 

In particular, if oscillation frequency of the electro- 

magnetic excited force is similar to oscillation frequency of 

the motor structure, motor have not only abrasion of 

component but also performance degradation of motor. So, 

it is necessary to minimize vibration and noise for excited 

force. 

The cogging torque is an irregular torque in the motor 

and the force of the tangential direction that moves to a 

location where the magnetic energy is minimal. Regardless 

of the load current, the cogging torque is caused by the 

interaction between the permanent magnet and the slot. For 

the IPMSM, the cogging torque is largely generated due to 

a considerable change in the magnetic distribution on the 

rotor surface including a permanent magnet. The position 

(α ) and width ( γ ) of the notch, which can offset the 
cogging torque, can be calculated with the energy 

distribution of the air-gap using a Fourier Series, because 

the cogging torque is generated by the irregular magnetic 

distribution on the rotor surface. For the slotless IPMSM, 

which changes a permeance in the air-gap, the energy 

function according to the magnetization distribution is as 

shown in Fig. 3. 
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The cogging torque is presented as a harmonic wave 

during the motor operating, and it is multiples dividing the 

least common multiple of the number of permanent magnet 

poles and slots by poles. Therefore, the frequency of 

cogging torque formula is as follows: 

 

 
( , )

,     1, 2,3,....Pn

nG nLCM S P
f n

P P
= = = .      (6) 

 

In order to reduce the cogging torque of the harmonic 

components shown as the above formula, a notch that can 

change the distribution of the flux density shape is designed. 
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Fig. 3. The equivalent magnetization distribution of the 

basic model. 

 

That is, a torque that is opposite the cogging torque is 

generated by changing the flux density of the air-gap. Thus, 

the cogging torque is offset. Fig. 4 shows the equivalent 

magnetization distribution of the notch applied model [6]. 

 

 

Fig. 4. The equivalent magnetization distribution of the 

notch applied model. 

 

In the PMSM, a magnetic force always exists between 

the permanent magnet and the stator core. This force, along 

with the impact of the torque, produces cogging torque by 

the mutual attraction between teeth of the stator and the 

permanent magnet that is installed in the rotor. In the 

permanent magnet motor, the cogging torque is the main 

source of the vibration; the frequency of the cogging torque 

that is affected by the least common multiple of slots and 

poles is as follows.  

 

 
60

s

c cm

N
f k l= × ×                 (7) 

 

where c
f  is the frequency of the cogging torque, k is an 

integer (1,2,3….), cm
l  is the least common multiple of 

slots and poles, and s
N  is the revolutions per minute. The 

magnitude of the cogging torque is decided by the radial 

flux density r
B  and the tangential flux density t

B , as 

shown in (8). 
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0

1
r tB B circumferential stress

µ
=   

where ef
L  is the effective stack length, r is the radius of the 

flux density as calculated and 0
µ  is the permeability of air. 

In order to reduce the cogging torque, the functions of 

cogging torque and dummy slot are found using a Fourier 

series and then notch design parameters are decided. 

Finally, the function of the notch design is as follows. 
 

 ( ) ( )
( )

( )( )sin
cos cos 0

sin

Pn

Pn Pn

Pn

f r
f f x

f a
θ θ+ ⋅ + =      (9) 

 
( , )
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nLCM S P
f n

P
= =          

 
where n is the degree of the harmonics, r is the width of the 

dummy slot and x is the position of the dummy slot. The 

position and width of the notch are shown in Fig. 5.  
 

 

(a) positions of notches 
 

      

(b) notch 1 
 

 

(c) notch 2 

Fig. 5. Position and width of notches 
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In the case of the Notch 1 model, the position and width 

of the notch are found using a Fourier series. As shown in 

Fig. 5(b), in the case of the modular-type SPM fractional-

slot motor, when the positions of the notch are found by 

Fourier series, it can be seen that the positions of the notch 

are not distributed on all of the teeth equally, which is 

different from the situation of the conventional permanent 

magnet motor. Fig. 6 shows the cogging torques and time 

harmonic distributions of the basic model and the notch 

models. It can also be ascertained that the frequency 

components of the cogging torque, found with Eq. (7), 

coincide with the analysis value. 

In the case of the Notch 1 model, as shown Fig. 6, it can 

be seen that the fundamental harmonic of the cogging 

torque increases by 42.1(%) compared with that of the 

basic model, which causes an increment of torque ripple. 

Also, it is predicted that the amplitude of vibration is larger 

than that of the basic model because 600(Hz) component of 

cogging torque and mode (a) of natural frequency resonate.  
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(a) cogging torque 
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(b) time harmonic distribution 

Fig. 6. Characteristic of cogging torque 

 

However, in the case of the notch 2 model, the 

fundamental harmonic of the cogging torque decreases by 

57.9(%) compared with that of the basic model, which 

causes a decrease of torque ripple. No resonances were 

occurred between frequencies of cogging torque and 

natural frequencies. 

 

2.3 Reduction of vibration by equal distribution of 

radial force  

 

The radial force density distribution on the stator surface, 

which results from the air-gap magnetic field under no-

load and on-load conditions, is the main cause of 

electromagnetic noise and vibration, and can be evaluated 

analytically by Maxwell`s stress tensor method [5, 7]. Thus, 

 

 
2 2

0

1
( , ) [ ( , ) ( , )]

2
rad s r s sF t B t B tθθ θ θ

µ
= −        (10) 

 

where rad
F  is the radial component of force density, r

B  

and Bθ  are the radial and tangential components of the 

air-gap flux density, 0
µ  is the permeability of free space, 

s
θ  is the angular position at the stator and t is the time. 

The radial force density of the basic model, using (10), is 

shown in Fig. 7. The black line means radial force density 

and red line is radial force density distribution. In the case 

of the basic model, the distribution of the radial force 

density is close to oval-shaped, so it is predicted that the 

amplitude of vibration will be larger than that of the 

conventional permanent magnet motor.  
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Fig. 7. Radial force density of the basic model 
 
So it is necessary to eliminate the harmonics of the air 

gap flux density by equal radial force density distribution; 

resonances between the frequencies of the radial force 

density and the natural frequencies of the stator should be 

avoided. The frequency spectrum of the radial force 

density is shown in Fig. 8. It is confirmed that the 

amplitudes of the frequency bandwidth of the resonance 

possibility are very small compared to the major 

components of radial force density. Therefore, it is 
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considered that the effect of resonance can be disregarded, 

compared with the frequency components of each mode in 

Fig. 2. 

The harmonics in the air gap flux density due to the 

magnet field and armature reaction field are shown in Fig. 

9. It is confirmed that the magnet field includes harmonics 

orders 5th , 15th , 25th , …, while the armature reaction 

field includes 1st , 5th , 7th , 11th , 13th , …. The 

interaction between the odd space harmonics in the 

magnetic field and the armature reaction field has a major 

effect on the radial force density.  
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Fig. 8. Frequency spectrum of the radial force density 
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(a) magnet field 

  

0 5 10 15 20 25 30

0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

R
a
d
ia
l 
fl
u
x
 d
e
n
s
it
y
 [
T
]

Harmonic order
 

(b) armature reaction field 

Fig. 9. Harmonics in air gap flux density 

To distribute radial force density equally, the optimal 

design of the magnet shape and dummy slot was carried 

out as shown in Fig. 10. FEM and DOE (Design of 

Experiment) were used for optimal design of the magnet 

shape. Design parameters A, B, and C are 13.75 (mm), 

23.98(mm) and 13.75(mm), respectively. In the case of the 

proposed model, the harmonic components of the radial 

force density mostly decreased, except for the 10th 

harmonic of radial force density, compared with those of 

the basic model shown in Fig. 11. 

 

 

Fig. 10. Proposed model 

 

The radial force density of the proposed model is shown 

in Fig. 12. Due to the equal distribution of the radial force 

density, it is predicted that the electromagnetic vibration 

will be reduced.  
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Fig. 11. Harmonic analysis of Radial force density 

 

However, because the effective air-gap length in this 

model is a little larger than that of the basic model, the 

average output torque of the proposed model is slightly 

smaller than that of the basic model, as shown in Fig. 13. 

Nevertheless, in the case of the proposed model, the torque 

ripple is considerably improved to 1.16(%), compared with 

that of the basic model, which is 6.18 (%). 
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Fig. 12. Radial force density of the proposed model 

 

0 50 100 150 200 250 300 350

0

1

2

3

4

5

6

O
u
tp
u
t 
T
o
rq
u
e
 [
N
m
]

Mechanical angle [degree]

 Basic model

 Proposed model

 

Fig. 13. Comparison of output torques 

 

3. Conclusion 

 

This study deals with the analysis of vibration sources 

and method of vibration reduction in a modular-type SPM 

fractional-slot motor. By applying a new-type of notch and 

optimal design of the magnet, it is expected that the 

amplitude of vibration electromagnetic vibration will be 

reduced as a result of decreased cogging torque and equal 

distribution of radial force density. Later, a prototype 

machine will be made and then a comparison of 

experimental and analyzed values will be done to prove the 

validity of this research. 
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