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ABSTRACT

This paper presents an error-bounded B-spline fitting technique to approximate unorganized
data within a prescribed error tolerance. The proposed approach includes two main steps: least-
squares minimization and error-bounded approximation. A B-spline hypervolume is first
described as a data representation model, which includes its mathematical definition and the
data structure for implementation. Then we present the least-squares minimization technique for
the generation of an approximate B-spline model from the given data set, which provides a
unique solution to the problem: overdetermined, underdetermined, or ill-conditioned problem.
We also explain an algorithm for the error-bounded approximation which recursively refines the
initial base model obtained from the least-squares minimization until the Euclidean distance
between the model and the given data is within the given error tolerance. The proposed
approach is demonstrated with some examples to show its usefulness and a good possibility for

various applications.
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dFo] Ay 2Z2<] (tensor product spline) &
S Zheth ok o] 4 ()2 o] 2§ #ERY
T8 Ao & BT Stk & exbd fEE =
SZFE el wle] 2zt o] EAE ), o]

d

21 (1)9] B-2=Z8R] sto]|H EF F32dl 9Jal &

A% 5 9,
Ay, ..., u,) = z Z A T (). T (u,)
i;=0 i,=0 (1)

7N ue b FrEE = B Ao M A%
o, A iERh_ A9 2 FAE (iy,...,40,)°l 3l
Gale 24 e YAk ndl ki o o
o] A MEF % LT (order)E HEIA,
Nix () & 87} k9l AT38e B2Eeel 7]
A ETL—r(normahzed B-spline basis function)ZA] o}
o] ZA WE (knot vector) AdolA] o]t}

0 N/ A
Tj_{ti]. };:oj ' =1,...,e)
d9) 4 (1) %o ke DAY BT
5

94 7HA S 2 7Q7HE 25k ]:]——--/] P (2)9,]_7151.
o] 7+A% Bd JEZ Al & 5

AW =S ANw) @
=0

N=nx...xn,

Table 1. Data structure of a B-spline hypervolume

ke
Nie, Te(ue)

I=iy+(ny) it (nyxny)-iy+
+(nx...xn,_y)-1,

k
N,(u) = Ni]l’T](ul) X ... %
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oA glo] FEA A BxE Mle] HiolE D
7k 2] Gyt o] FARE ), o) g Had 2
AP ARl 4] )l <8 2AH 0% EH
sk BaFekl Ay 2APIY SuelEe
AW &=} e}

D = {(x, f)|x; eE‘f eR’} (i=0,...,M-1)

3)
1714 x= HlolE ¢ (data site), f= Hl°E Zk
(data value)2}aL F-Et}

Member data Description Data type Number of data
e Space dimension Integer 1
K Number of scalar fields or vector size of A; Integer 1
n(j=1,-,e) | Number of control points (for the j-th direction) Integer: 1d-array e
k (j=1,,e) | Order of B-spline function (for the j-th direction) Integer: 1d-array e
e
T,(j=1,,¢) | Knot vector (for the j-th direction) Float: 2d-array > (m+k)
=1
A;(I=0,-,N-1)| Control points (cf: the symbol ~ denotes the total number.) Float: 2d-array sx(ny xn,)
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n=...=n,=int(Ma) “4) For each i=0,., ki 1, do {
(U V)
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;
Fig. 1 An algorithm for determining the knot vectors
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PROBLEM

Find the control points {A} of A(u) where {A} = {A;]|1
=0,---, N-1} and N denotes the total number of control
points.

INPUT

1){D;} ={(x;,f;)| x; eE*,f, e R*} (i=0,:--, M ~1)

Dmand k;(j=1,---, e)

OUTPUT

{A} = {)“n-"'»"".\'-ﬁ.r eRY

ALGORITHM
Build [N]=[(N,(x,)),;]eR*""

Build {f}={f,,---f)_}" eR*"™

If rank[N] = min(N, M)

Then
If M > N, then compute {A} = ([N]"[N])"'[N]" {f}
If M < N, then compute {A} =[N]" ([N][N]" )" {f}

If rank[N] < min(N, M)

Then
compute {A} by using Pseudo-inverse technique and
singular value decomposition algorithm.

Fig. 2 An algorithm for determining the control points
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PROBLEM
Find A(u) that satisfies |f(x,.)_Auj.}| < (E=0,...,M=1)
INPUT
1) Data set:
D} = {(x, . f(x)|x; e E°, f(x;) e R*} (i=0,....,M-1)

2) Error tolerance: g,

OUTPUT
A(u)

ALGORITHM

Construct A(u) as an initial base model which is
generated by the least squares minimization shown in
the section 3.

Repeat until &

{

Find 5 = max |.|""*}_’“’*]|

<&

Find &=(&,5,--£) suchthat 5 =| (&) A®)|
For eachj = ].w ,e,do {
Foreachi=1,- n,,do{

-1 - Zf”.",

For each /=0,--- k2, do {

i)
If (9, <i<tfp,05

Then 1) insert { to knot vector T;
2) set m; = i-1
3) exit for-i-loop
}
For each /=0,---
If 7= !H:

141 *
Then 1) set m; = i—1
2) exit for-i-loop

J—1, do {

}
} // end of for-i-loop

} // end of for-j-loop

Compute

1) m= my + (g Yty + (s oy + <+ (1 --n,_ i,
2) N, (&)= N, (§)x--x N, (&)

3) aa, -fO-AG)

N, (S)
Set A=A, +AA,
} // end of repeat-loop

Fig. 4 An algorithm for error-bounded approximation
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Fig. 6 Number of control points required for the given
error tolerance: (a) M = 251; (b) M = 501
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