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Abstract. In this paper, we obtain some applications of first order differential subor-

dination and superordination results involving the operator Jλ,p
s,b for certain normalized

p-valent analytic functions associated with that operator.

1. Introduction

Let H(U) be the class of analytic functions in the open unit disc U =
{z : z ∈ C, |z| < 1} and let H[a, p] be the subclass of H(U) consisting of functions
of the form:

(1.1) f(z) = a+ apz
p + ap+1z

p+1 + . . . (a ∈ C; p ∈ N = {1, 2, ...}).

Also, let A(p) denote the class of functions of the form:

(1.2) f(z) = zp +

∞∑
k=1

ak+pz
k+p (p ∈ N) ,

and let A1 = A(1).

If f , g ∈ A(p), we say that f is subordinate to g, written f ≺ g if there exists
a Schwarz function w, which (by definition) is analytic in U with w(0) = 0 and
|w(z)| < 1 for all z ∈ U, such that f(z) = g(w(z)), z ∈ U. Furthermore, if the
function g is univalent in U, then we have the following equivalence (cf., e.g., [5], [9]
and [10]):

f(z) ≺ g(z) ⇔ f(0) = g(0) and f(U) ⊂ g(U).
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Let p, h ∈ H(U) and let φ(r, s, t; z) : C3 × U → C. If p and φ(p(z), zp′(z),
z2p

′′
(z); z) are univalent functions in U and if p satisfies the second-order superor-

dination

(1.3) h(z) ≺ φ(p(z), zp′(z), z2p
′′
(z); z),

then p is a solution of the differential superordination (1.3). Note that if f is
subordinate to g, then g is superordinate to f. An analytic function q is called a
subordinant of (1.3), if q(z) ≺ p(z) for all functions p satisfying (1.3). An univalent
subordinant q̃ that satisfies q(z) ≺ q̃(z) for all subordinants of (1.3) is called the
best subordinant. Recently, Miller and Mocanu [11] obtained sufficient conditions
on the functions h, q and φ for which the following implication holds:

(1.4) h(z) ≺ φ
(
p(z), zp′(z), z2p

′′
(z); z

)
⇒ q(z) ≺ p(z).

Using the results of Miller and Mocanu [11], Bulboaca [4] considered cer-
tain classes of first order differential superordinations as well as superordination-
preserving integral operators [3]. Ali et al. [1], have used the results of Bulboaca
[4] to obtain sufficient conditions for normalized analytic functions to satisfy:

q1(z) ≺
zf ′(z)

f(z)
≺ q2(z),

where q1 and q2 are univalent functions in U with q1 (0) = q2 (0) = 1. Also, Tuneski
[20] obtained a sufficient condition for starlikeness of f in terms of the quantity
f ′′(z)f(z)

(f ′(z))2
. Recently, Shanmugam et al. [17] obtained sufficient conditions for the

normalized analytic functions f to satisfy

q1(z) ≺
f(z)

zf ′(z)
≺ q2(z)

and

q1(z) ≺
z2f ′(z)

{f(z)}2
≺ q2(z).

They [17] also obtained results for functions defined by using Carlson-Shaffer
operator.

For functions f given by (1.1) and g ∈ A(p) given by g(z) = zp +
∞∑
k=1

bk+pz
k+p,

the Hadamard product (or convolution) of f and g is defined by

(f ∗ g)(z) = zp +
∞∑
k=1

ak+pbk+pz
k+p = (g ∗ f)(z).
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We begin our investigation by recalling that a general Hurwitz-Lerch Zeta func-
tion Φ(z, s, a) defined by ( see [19])

(1.5) Φ(z, s, a) =

∞∑
k=0

zk

(k + a)s
,

a ∈ C\Z−
0 = {0,−1,−2, ...};Z−

0 = Z\N,Z =
{
0,+− 1,+− 2, ...

}
; s ∈ C

when |z| < 1;R{s} > 1when |z| = 1.

Recently, Srivastava and Attiya [18] ( see also [8], [13] and [14] ) introduced and in-
vestigated the linear operator Js,b(f) : A1 → A1, defined in terms of the Hadamard
product by

Js,bf(z) = Gs,b(z) ∗ f(z) (z ∈ U ; b ∈ C\Z−
0 ; s ∈ C),

where for convenience,

Gs,b = (1 + b)s[Φ(z, s, b)− b−s] (z ∈ U).

In [21], Wang et al. defined the operator Jλ,p
s,b : A (p) → A (p) by

(1.6) Jλ,p
s,b f(z) = fλ,p

s,b (z) ∗ f(z)

(z ∈ U ; b ∈ C\Z−
0 ; s ∈ C;λ > −p; p ∈ N; f ∈ A (p)),

where

(1.7) fp
s,b(z) ∗ f

λ,p
s,b (z) =

zp

(1− z)
λ+p

and

(1.8) fp
s,b(z) = zp +

∞∑
k=1

(
p+ k + b

p+ b

)
zk+p (z ∈ U ; p ∈ N) .

It is easy to obtain from (1.6), (1.7) and (1.8) that

(1.9) Jλ,p
s,b f(z) = zp +

∞∑
k=1

(λ+ p)k
k!

(
p+ b

k + p+ b

)s

ak+pz
k+p,

where (γ)k, is the Pochhammer symbol defined in terms of the Gamma function
Γ, by

(γ)k =
Γ(γ + n)

Γ(γ)
=

{
1 (k = 0)
γ(γ + 1)....(γ + k − 1) (k ∈ N).

We note that
J1−p,p
0,b f(z) = f(z) (f ∈ A(p)) .
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Using (1.9), it is easy to verify that (see [21])

(1.10) z
(
Jλ,p
s+1,bf

)′
(z) = (p+ b)Jλ,p

s,b (f)(z)− bJλ,p
s+1,b(f)(z)

and

(1.11) z
(
Jλ,p
s,b f

)′
(z) = (p+ λ)Jλ+1,p

s,b (f)(z)− λJλ,p
s,b (f)(z).

It should be remarked that the linear operator Jλ,p
s,b f (z) is generalization of

many other linear operators considered earlier. We have:
(1) Jλ,p

0,b f(z) = Dλ+p−1f(z) (λ > −p, p ∈ N) , where Dλ+p−1 is the (λ + p − 1)-th
order Ruscheweyh derivative of a function f(z) ∈ A(p) (see [7]);
(2) J1−p,p

1,v f(z) = Jv,pf(z) (v > −p) , where the generalized Bernardi-Libera-
Livingston operator Jv,p was studied by Choi et al. [6];

(3) J1−p,p
m,0 f(z) = Imp f(z) = zp +

∑∞
k=1

(
p

k+p

)m
ak+pz

k+p (m ∈ N0 = N ∪ {0}) ,
where for p = 1 the integral operator Im1 = Im was introduced and studied by
Salagean [15];
(4) J1−p,p

σ,1 f(z) = Iσp f(z) (σ > 0) , where the integral operator Iσp was studied by
Shams et al. [16] and Aouf et al. [2];
(5) J0,1

γ,τf(z) = P γ
τ f(z) (γ ≥ 0, τ > 1) , where the integral operator P γ

τ was intro-
duced and studied by Patel and Sahoo [12].

In this paper, we obtain sufficient conditions for the normalized analytic function
f defined by using the operator Jλ,p

s,b to satisfy:

q1(z) ≺

(
zp

Jλ,p
s,b f(z)

)µ

≺ q2(z)

and q1 and q2 are given univalent functions in U.

2. Definitions and preliminaries

In order to prove our results, we shall need the following definition and lemmas.

Definition 1([11]). Let Q be the set of all functions f that are analytic and
injective on U \ E(f), where

E(f) = {ζ ∈ ∂U : lim
z→ζ

f(z) = ∞},

and are such that f ′(ζ) ̸= 0 for ζ ∈ ∂U \ E(f).

Lemma 1([9]). Let q be univalent in the unit disc U , and let θ and φ be analytic
in a domain D containing q(U), with φ(w) ̸= 0 when w ∈ q(U). Set

(2.1) Q(z) = zq′(z)φ(q(z)) and h(z) = θ(q(z)) +Q(z)
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suppose that
(i) Q is a starlike function in U ,

(ii) Re

{
zh′(z)

Q(z)

}
> 0, z ∈ U .

If p is analytic in U with p(0) = q(0), p(U) ⊆ D and

(2.2) θ(p(z)) + zp′(z)φ(p(z)) ≺ θ(q(z)) + zq′(z)φ(q(z)),

then p(z) ≺ q(z), and q is the best dominant of (2.2).

Lemma 2([4]). Let q be a convex univalent function in U and θ and φ be analytic
in a domain D containing q(U). Suppose that

(i) Re

{
θ′(q(z))

φ(q(z))

}
> 0 for z ∈ U ,

(ii) Q(z) = zq′(z)φ(q(z)) is starlike univalent in U.
If p ∈ H[q(0), 1]∩Q, with p(U) ⊆ D, θ(p(z))+ zp′(z)φ(p(z)) is univalent in U, and

(2.3) θ(q(z)) + zq′(z)φ(q(z)) ≺ θ(p(z)) + zp′(z)φ(p(z)),

then q(z) ≺ p(z), and q is the best subordinant of (2.3).

3. Applications to the operator Jλ,p
s,b and sandwich theorems

Unless otherwise mentioned, we shall assume in the reminder of this paper that
b ∈ C\Z−

0 , s ∈ C, p ∈ N, λ > −p, γ, τ, ζ ∈ C,Ω, µ ∈ C∗ = C\ {0} , z ∈ U and the
powers are understood as principle values.

Theorem 1. Let q(z) be analytic and univalent in U with q(z) ̸= 0. Suppose that
zq

′
(z)

q(z) is starlike univalent in U. Let

(3.1) Re{1 + γ

Ω
q(z) +

2ζ

Ω
(q(z))

2 − zq
′
(z)

q(z)
+

zq′′(z)

q′(z)
} > 0,

and

χ(f, s, b, λ, p, γ, τ, ζ,Ω, µ) =τ + γ

(
zp

Jλ,p
s,b f(z)

)µ

+ ζ

(
zp

Jλ,p
s,b f(z)

)2µ

+Ωµ

p−
z
(
Jλ,p
s,b f(z)

)′

Jλ,p
s,b f(z)

 .

(3.2)

If q satisfies the following subordination:

(3.3) χ(f, s, b, λ, p, γ, τ, ζ,Ω, µ) ≺ τ + γq(z) + ζ (q(z))
2
+Ω

zq
′
(z)

q(z)
.
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Then

(3.4)

(
zp

Jλ,p
s,b f(z)

)µ

≺ q(z)

and q is the best dominant.

Proof. Define a function p(z) by

(3.5) p(z) =

(
zp

Jλ,p
s,b f(z)

)µ

(z ∈ U).

Then the function p(z) is analytic in U and p(0) = 1. Therefore, differentiating
(3.5) logarithmically with respect to z and using the identity (1.10) in the resulting
equation, we have

τ + γ

(
zp

Jλ,p
s,b f(z)

)µ

+ ζ

(
zp

Jλ,p
s,b f(z)

)2µ

+Ωµ

p−
z
(
Jλ,p
s,b f(z)

)′

Jλ,p
s,b f(z)



(3.6) = τ + γp(z) + ζ (p(z))
2
+Ω zp

′
(z)

p(z) .

Using (3.3) and (3.6), we have

(3.7) τ + γp(z) + ζ (p(z))
2
+Ω zp

′
(z)

p(z) ≺ τ + γq(z) + ζ (q(z))
2
+Ω

zq
′
(z)

q(z)
.

Setting

(3.8) θ (w) = τ + γw + ζw2 and φ (w) =
Ω

w

it can be easily observed that θ is analytic in C, φ is analytic in C∗ and φ (w) ̸=
0 (w ∈ C∗). Hence, the result now follows by using Lemma 1. 2

Taking q(z) =
1 +Az

1 +Bz
(−1 ≤ B < A ≤ 1) in Theorem 1, the condition (3.1)

reduces to

(3.9) Re{1+ γ

Ω

(
1 +Az

1 +Bz

)
+

2ζ

Ω

(
1 +Az

1 +Bz

)2

− (A−B)z

(1 +Az) (1 +Bz)
− 2Bz

1 +Bz
} > 0.

hence, we obtain the following corollary.

Corollary 1. Let f(z) ∈ A(p), assume that (3.9) holds true, −1 ≤ B < A ≤ 1 and
(3.10)

χ(f, s, b, λ, p, γ, τ, ζ,Ω, µ) ≺ τ +γ

(
1 +Az

1 +Bz

)
+ζ

(
1 +Az

1 +Bz

)2

+Ω
(A−B) z

(1 +Az) (1 +Bz)
,
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where χ(f, s, b, λ, p, γ, τ, ζ,Ω, µ) is given by (3.2), then(
zp

Jλ,p
s,b f(z)

)µ

≺ 1 +Az

1 +Bz
,

and 1+Az
1+Bz is the best dominant of (3.10).

Taking q(z) =

(
1 + z

1− z

)v

(0 < v ≤ 1) in Theorem 1, the condition (3.1) reduces

to

(3.11) Re{1 + γ

Ω

(
1 + z

1− z

)v

+
2ζ

Ω

(
1 + z

1− z

)2v

− 2z2

1− z2
} > 0,

hence, we obtain the following corollary.

Corollary 2. Let f(z) ∈ A(p), assume that (3.11) holds true, 0 < v ≤ 1 and

(3.12) χ(f, s, b, λ, p, γ, τ, ζ,Ω, µ) ≺ τ + γ

(
1 + z

1− z

)v

+ ζ

(
1 + z

1− z

)2v

+Ω
2vz

(1− z)
2 ,

where χ(f, s, b, λ, p, γ, τ, ζ,Ω, µ) is given by (3.2), then(
zp

Jλ,p
s,b f(z)

)µ

≺
(
1 + z

1− z

)v

,

and

(
1 + z

1− z

)v

is the best dominant of (3.12).

Putting s = 0 and λ = 1 − p (p ∈ N) in Theorem 1, we obtain the following
corollary.

Corollary 3. Let q(z) be analytic and univalent in U with q(z) ̸= 0. Suppose that
zq

′
(z)

q(z) is starlike univalent in U. If f(z) ∈ A(p), assume that (3.1) holds true and

(3.13) G(f, p, γ, τ, ζ,Ω, µ) = τ + γ

(
zp

f(z)

)µ

+ ζ

(
zp

f(z)

)2µ

+Ωµ

(
p− zf

′
(z)

f(z)

)
.

If q satisfies the following subordination:

(3.14) G(f, p, γ, τ, ζ,Ω, µ) ≺ τ + γq(z) + ζ (q(z))
2
+Ω

zq
′
(z)

q(z)
.

Then (
zp

f(z)

)µ

≺ q(z)
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and q is the best dominant of (3.14).

Putting p = 1 in Corollary 3, we obtain the following corollary.

Corollary 4. Let q(z) be analytic and univalent in U with q(z) ̸= 0. Suppose that
zq

′
(z)

q(z) is starlike univalent in U. If f(z) ∈ A, assume that (3.1) holds true and

(3.15) K(f, p, γ, τ, ζ,Ω, µ) = τ + γ

(
z

f(z)

)µ

+ ζ

(
z

f(z)

)2µ

+Ωµ

(
1− zf

′
(z)

f(z)

)
.

If q satisfies the following subordination:

(3.16) K(f, p, γ, τ, ζ,Ω, µ) ≺ τ + γq(z) + ζ (q(z))
2
+Ω

zq
′
(z)

q(z)
.

Then (
z

f(z)

)µ

≺ q(z)

and q is the best dominant of (3.16).

Putting s = 0 in Theorem 1, we obtain the following corollary.

Corollary 5. Let q(z) be analytic and univalent in U with q(z) ̸= 0. Suppose that
zq

′
(z)

q(z) is starlike univalent in U. If f(z) ∈ A(p), assume that (3.1) holds true and

D(f, p, λ, γ, τ, ζ,Ω, µ)

=τ + γ
(

zp

Dλ+p−1f(z)

)µ
+ ζ

(
zp

Dλ+p−1f(z)

)2µ
+Ωµ

(
p− z(Dλ+p−1f(z))

′

Dλ+p−1f(z)

)
.

(3.17)

If q satisfies the following subordination:

(3.18) D(f, p, λ, γ, τ, ζ,Ω, µ) ≺ τ + γq(z) + ζ (q(z))
2
+Ω

zq
′
(z)

q(z)
,

then (
zp

Dλ+p−1f(z)

)µ

≺ q(z)

and q is the best dominant of (3.18).

Putting s = 1, b = v (v > −p) and λ = 1− p (p ∈ N) in Theorem 1, we obtain
the following corollary.

Corollary 6. Let q(z) be analytic and univalent in U with q(z) ̸= 0. Suppose that
zq

′
(z)

q(z) is starlike univalent in U. If f(z) ∈ A(p), assume that (3.1) holds true and

(3.19)

(f, v, p, γ, τ, ζ,Ω, µ) = τ + γ
(

zp

Jv,pf(z)

)µ
+ ζ

(
zp

Jv,pf(z)

)2µ
+Ωµ

(
p− z(Jv,pf(z))

′

Jv,pf(z)

)
.
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If q satisfies the following subordination:

(3.20) (f, v, p, β, δ, α, η, µ) ≺ τ + γq(z) + ζ (q(z))
2
+Ω

zq
′
(z)

q(z)
,

then (
zp

Jv,pf(z)

)µ

≺ q(z)

and q is the best dominant of (3.20).

Putting s = m (m ∈ N0) , b = 0 and λ = 1− p (p ∈ N) in Theorem 1, we obtain
the following corollary.

Corollary 7. Let q(z) be analytic and univalent in U with q(z) ̸= 0. Suppose that
zq

′
(z)

q(z) is starlike univalent in U. If f(z) ∈ A(p), assume that (3.1) holds true and

(3.21)

S(f,m, p, γ, τ, ζ,Ω, µ) = τ+γ

(
zp

Imp f(z)

)µ

+ζ

(
zp

Imp f(z)

)2µ

+Ωµ

(
p− z(Im

p f(z))
′

Im
p f(z)

)
.

If q satisfies the following subordination:

(3.22) S(f,m, p, γ, τ, ζ,Ω, µ) ≺ τ + γq(z) + ζ (q(z))
2
+Ω

zq
′
(z)

q(z)
,

then (
zp

Imp f(z)

)µ

≺ q(z)

and q is the best dominant of (3.22).

Putting s = σ (σ > 0) , b = 1 and λ = 1 − p (p ∈ N) in Theorem 1, we obtain
the following corollary.

Corollary 8. Let q(z) be analytic and univalent in U with q(z) ̸= 0. Suppose that
zq

′
(z)

q(z) is starlike univalent in U. If f(z) ∈ A(p), assume that (3.1) holds true and

(3.23)

φ(f, σ, p, γ, τ, ζ,Ω, µ) = τ + γ

(
zp

Iσp f(z)

)µ

+ ζ

(
zp

Iσp f(z)

)2µ

+Ωµ

(
p− z(Iσ

p f(z))
′

Iσ
p f(z)

)
.

If q satisfies the following subordination:

(3.24) φ(f, σ, p, γ, τ, ζ,Ω, µ) ≺ τ + γq(z) + ζ (q(z))
2
+Ω

zq
′
(z)

q(z)
,

then (
zp

Iσp f(z)

)µ

≺ q(z)
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and q is the best dominant of (3.24).

Theorem 2. Let q be a convex univalent function in U, q(z) ̸= 0 and zq
′
(z)

q(z) be

starlike univalent in U. Assume that

(3.25) Re

{
2ζ

Ω
(q(z))

2
+

γ

Ω
q(z)

}
> 0.

If f ∈ A(p), 0 ̸=
(

zp

Jλ,p
s,b f(z)

)µ

∈ H[q(0), 1] ∩ Q, χ(f, s, b, λ, p, γ, τ, ζ,Ω, µ) univalent

in U, and

(3.26) τ + γq(z) + ζ (q(z))
2
+Ω

zq
′
(z)

q(z)
≺ χ(f, s, b, λ, p, γ, τ, ζ,Ω, µ),

where χ(f, s, b, λ, p, γ, τ, ζ,Ω, µ) is given by (3.2), then

q(z) ≺

(
zp

Jλ,p
s,b f(z)

)µ

,

and q is the best subordinant of (3.26).

Proof. Taking

θ (w) = τ + γw + ζw2 and φ (w) =
Ω

w
,

it is easily observed that θ is analytic in C, φ is analytic in C∗ and φ (w) ̸=
0 (w ∈ C∗) . Since q is a convex (univalent) function it follows that

Re

{
θ′(q(z))

φ(q(z))

}
= Re

{
2ζ

Ω
(q(z))

2
+

γ

Ω
q(z)

}
q
′
(z) > 0.

Thus the assertion (3.26) of Theorem 2 follows by an application of Lemma 2. 2

Putting s = 0 and λ = 1− p (p ∈ N) in Theorem 2, it is easy to check that the
assumption (3.25) holds, we obtain the following corollary.

Corollary 9. Let q be a convex univalent function in U, q(z) ̸= 0 and zq
′
(z)

q(z)

be starlike univalent in U . If f ∈ A(p), 0 ̸=
(

zp

f(z)

)µ
∈ H[q(0), 1] ∩ Q and

G(f, p, γ, τ, ζ,Ω, µ)univalent in U, where G(f, p, γ, τ, ζ,Ω, µ) is given by (3.13), then

(3.27) τ + γq(z) + ζ (q(z))
2
+Ω

zq
′
(z)

q(z)
≺ G(f, p, γ, τ, ζ,Ω, µ),

implies

q(z) ≺
(

zp

f(z)

)µ
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and qis the best dominant of (3.27).

Putting s = 0 in Theorem 2, it is easy to check that the assumption (3.25)
holds, we obtain the following corollary.

Corollary 10. Let q be a convex univalent function in U, q(z) ̸= 0 and zq
′
(z)

q(z)

be starlike univalent in U . If f ∈ A(p), 0 ̸=
(

zp

Dλ+p−1f(z)

)µ
∈ H[q(0), 1] ∩ Q and

D(f, p, λ, γ, τ, ζ,Ω, µ) univalent in U, where D(f, p, λ, γ, τ, ζ,Ω, µ) is given by (3.17),
then

(3.28) τ + γq(z) + ζ (q(z))
2
+Ω

zq
′
(z)

q(z)
≺ D(f, p, λ, γ, τ, ζ,Ω, µ),

implies

q(z) ≺
(

zp

Dλ+p−1f(z)

)µ

and q is the best dominant of (3.28).

Putting s = 1, b = v (v > −p) and λ = 1 − p (p ∈ N) in Theorem 2, it is easy
to check that the assumption (3.25) holds, we obtain the following corollary.

Corollary 11. Let q be a convex univalent function in U, q(z) ̸= 0 and zq
′
(z)

q(z)

be starlike univalent in U . If f ∈ A(p), 0 ̸=
(

zp

Jv,pf(z)

)µ
∈ H[q(0), 1] ∩ Q and

(f, v, p, γ, τ, ζ,Ω, µ) univalent in U, where (f, v, p, γ, τ, ζ,Ω, µ) is given by (3.19),
then

(3.29) τ + γq(z) + ζ (q(z))
2
+Ω

zq
′
(z)

q(z)
≺ (f, v, p, γ, τ, ζ,Ω, µ),

implies

q(z) ≺
(

zp

Jv,pf(z)

)µ

and q is the best dominant of (3.29).

Putting s = m (m ∈ N0) , b = 0 and λ = 1− p (p ∈ N) in Theorem 2, it is easy
to check that the assumption (3.25) holds, we obtain the following corollary.

Corollary 12. Let q be a convex univalent function in U, q(z) ̸= 0 and zq
′
(z)

q(z)

be starlike univalent in U . If f ∈ A(p), 0 ̸=
(

zp

Im
p f(z)

)µ
∈ H[q(0), 1] ∩ Q

and S(f,m, p, γ, τ, ζ,Ω, µ) univalent in U, where S(f,m, p, γ, τ, ζ,Ω, µ) is given by
(3.21), then

(3.30) τ + γq(z) + ζ (q(z))
2
+Ω

zq
′
(z)

q(z)
≺ S(f,m, p, γ, τ, ζ,Ω, µ),
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implies

q(z) ≺
(

zp

Imp f(z)

)µ

and q is the best dominant of (3.30).

Putting s = σ (σ > 0) , b = 1 and λ = 1− p (p ∈ N) in Theorem 2, it is easy to
check that the assumption (3.25) holds, we obtain the following corollary.

Corollary 13. Let q be a convex univalent function in U, q(z) ̸= 0 and zq
′
(z)

q(z)

be starlike univalent in U . If f ∈ A(p), 0 ̸=
(

zp

Iσ
p f(z)

)µ
∈ H[q(0), 1] ∩ Q and

φ(f, σ, p, γ, τ, ζ,Ω, µ) univalent in U, where φ(f, σ, p, γ, τ, ζ,Ω, µ) is given by (3.23),
then

(3.31) τ + γq(z) + ζ (q(z))
2
+Ω

zq
′
(z)

q(z)
≺ φ(f, σ, p, γ, τ, ζ,Ω, µ),

implies

q(z) ≺
(

zp

Iσp f(z)

)µ

and q is the best dominant of (3.31).

Combining Theorem 1 and Theorem 2, we get the following sandwich theorem.

Theorem 3. Let q1 be convex univalent in U and q2 be univalent in U,q1 ̸= 0 and
q2 ̸= 0 in U. Suppose that q1 and q2 satisfies (3.1) and (3.25), respectively. If

f ∈ A(p),

(
zp

Jλ,p
s,b f(z)

)µ

∈ H[q(0), 1] ∩ Q and χ(f, s, b, λ, p, γ, τ, ζ,Ω, µ) is univalent

in U, where χ(f, s, b, λ, p, γ, τ, ζ,Ω, µ) is defined in (3.2), then

τ + γq1(z) + ζ (q1(z))
2
+Ω

zq
′

1(z)

q1(z)
≺ χ(f, s, b, λ, p, γ, τ, ζ,Ω, µ)

≺ τ + γq2(z) + ζ (q2(z))
2
+Ω

zq
′

2(z)

q2(z)
,

(3.32)

implies

q1(z) ≺

(
zp

Jλ,p
s,b f(z)

)µ

≺ q2(z)

and q1, q2 are respectively the best subordinant and dominant of (3.32).

Putting s = 0 and λ = 1 − p (p ∈ N) in Theorem 3, we obtain the following
corollary.

Corollary 14. Let q1 be convex univalent in U and q2 univalent in U, q1 ̸= 0 and
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q2 ̸= 0 in U. Suppose that q1 and q2 satisfies (3.1) and (3.25), respectively. If

f ∈ A(p),
(

zp

f(z)

)µ
∈ H[q(0), 1]∩Q and G(f, p, γ, τ, ζ,Ω, µ) is univalent in U, where

G(f, p, γ, τ, ζ,Ω, µ) is defined in (3.13), then

τ + γq1(z) + ζ (q1(z))
2
+Ω

zq
′

1(z)

q1(z)
≺ G(f, p, γ, τ, ζ,Ω, µ)

≺ τ + γq2(z) + ζ (q2(z))
2
+Ω

zq
′

2(z)

q2(z)
,

(3.33)

implies

q1(z) ≺
(

zp

f(z)

)µ

≺ q2(z)

and q1, q2 are respectively the best subordinant and dominant of (3.33).

Remark. Combining: (1) Corollary 5 and Corollary 10; (2) Corollary 6 and Corol-
lary 11; (3) Corollary 7 and Corollary 12; (4)Corollary 8 and Corollary 13, we obtain
similar sandwich theorems for the corresponding operators.
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[5] T. Bulboacă, Differential Subordinations and Superordinations, Recent Results,
House of Scientific Book Publ., Cluj-Napoca, 2005.

[6] J. H. Choi, M. Saigo and H. M. Srivastava, Some inclusion properties of a certain
family of integral operators, J. Math. Anal. Appl., 276(2002), 432-445.

[7] V. Kumar and S. L. Shakla, Multivalent functions defined by Ruscheweyh derivatives,
I, Indian J. Pure Appl. Math., 15(1984), 1216-1227; II, Indian J. Pure Appl. Math.,
15(1984), 1228-1238.



222 M. K. Aouf, A. Shamandy, A. O. Mostafa and E. A. Adwan

[8] J. L. Liu, Subordinations for certain multivalent analytic functions associated with the
generalized Srivastava-Attiya operator, Integral Transforms Spec. Funct., 18(2007),
207-216.

[9] S. S. Miller and P. T. Mocanu, Differential Subordination : Theory and Applications,
Series on Monographs and Textbooks in Pure and Applied Mathematics, Vol. 225,
Marcel Dekker Inc., New York and Basel, 2000.

[10] S. S. Miller and P. T. Mocanu, Differential subordinations and univalent functions,
Michigan Math. J., 28(1981), 157-171.

[11] S. S. Miller and P. T. Mocanu, Subordinates of differential superordinations, Complex
Variables, 48(2003), 815-826.

[12] J. Patel and P. Sahoo, Som applications of dierential subordination to certain one-
parameter families of integral operators, Indian J. Pure Appl. Math., 35(2004), 1167-
1177.

[13] J. K. Prajapat and S. P. Goyal, Applications of Srivastava–Attiya operator to the
classes of strongly starlike and strongly convex functions, J. Math. Inequal., 3(2009),
129-137.

[14] D. Raducanu and H. M. Srivastava, A new class of analytic functions defined by
means of a convolution operator involving the Hurwitz–Lerch Zeta function, Integral
Transforms Spec. Funct., 18(2007), 933-943.
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