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A PARABOLIC SYSTEM WITH NONLOCAL BOUNDARY
CONDITIONS AND NONLOCAL SOURCES

WENJIE GAO AND YUZHU HAN

ABSTRACT. In this work, the authors study the blow-up properties of so-
lutions to a parabolic system with nonlocal boundary conditions and non-
local sources. Conditions for the existence of global or blow-up solutions
are given. Global blow-up property and precise blow-up rate estimates
are also obtained.

1. Introduction

In this article, we consider the positive classical solutions to the following
porous medium system with nonlocal boundary conditions and nonlocal sources

ut:Aueranvpdz, e, t>0,
vt:Av”+beuqd:c, ze, t>0,

(1.1) u(z,t) = [o ki(x, y)u(y, t)dy, e, t>0,
v(x,t) = [ ka(z,y)v(y, t)dy, x €N, t>0,
u(z,0) = uo(x), v(z,0) =vo(z), x €,

where m, n > 1, a, b, p, ¢ > 0 are constants and (2 is a bounded domain in
RN (N > 1), with smooth boundary 9. ki (x,v), k2(z,y) Z 0 are nonnegative

continuous functions defined for z € 0Q and y € Q, while ug(x), vo(z) are
positive continuous functions and satisfy the compatibility conditions ug(z) =
Jo F1(z, y)uo(y)dy and vo(z) = [, k2(x, y)vo(y)dy for = € 6.

A vector valued function (u(z,t),v(z,t)) is called a classical solution to
Problem (1.1) if (u,v) € [CY23(Q x (0,T)) N C(Q x [0,T))]? for some T, 0 <
T < 400 and satisfies (1.1). If T = 400, (u,v) is called a global solution.

In the past few decades, many physical phenomena have been formulated
into nonlocal parabolic equations, see [14, 21]. Tt has also been suggested that
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nonlocal growth terms present more realistic model in physics for compressible
reactive gases; see [2].

There have been many articles which investigate the properties of solutions
to partial differential equations with local boundary conditions. However, there
are also some important phenomena formulated into parabolic equations cou-
pled with nonlocal boundary conditions in mathematical modelling such as
thermoelasticity theory (see [4, 7, 8]). In this case, the solution u(x,t) de-
scribes entropy per volume of material.

The parabolic problem with nonlocal boundary condition of the following

type

ur = Au+ g(z,u), €N, t>0,
(1.2) u(z,t) = [o k(z,y)u(y,t)dy, =€, t>0,
’LL(.CC,O) = UO(x)v S Qa

was studied by Friedman [12]. He established the global existence of solu-
tion, and showed that the unique solution tends to 0 monotonically and ex-
ponentially as ¢ — +oo in the case of g(x,u) = c(z)u with ¢(x) < 0 and
Jo lk(z,y)|dy < 1 for all z € 0Q. In 1992, Deng [9] gave the comparison prin-
ciple and local existence of classical solution to (1.2) with general g(z,u). For
the case g(x,u) = ¢(x)u, he showed that the solution exists globally and may
increase at most exponentially with ¢ under some weaker assumptions than
those in [13]. Blow-up results of Problem (1.2) are due to Seo [19]. He in-
vestigated Problem (1.2) with g(z,u) = g(u) and gave the blow-up condition
of the positive solutions by using supersolution and subsolution method. The
blow-up rate estimates for the special case g(u) = u? and g(u) = e* were also
derived.

As for more general discussions on dynamics of parabolic problem with non-
local boundary conditions, we refer the reader to [16, 17] by Pao, where the
following problem

uy = Lu+ g(z,u), e t>0,
(1.3) Bu = [, k(z,y)u(y,t)dy, xze€dQ, t>0,
u(z,0) = uo(x), LASEY

with uniformly elliptic operator

L= 3 ay(@) g+ D bila) g + )
i,j=1 i=1

and
Bu = ao@ +u
on

was studied. Later Pao gave the numerical solution to this problem in [18].
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Semilinear parabolic equations and systems with both nonlocal reaction
terms and nonlocal boundary conditions have also been studied. For exam-
ple, the scalar problem

up — Au = [, g(u)de, (x,t) € Q x (0,T),
(1.4) u(z,t) = [ e, y)uly,t)dy, (z,t) € dQx(0,T),
u(z,0) = uo(x), z €N

was studied by Lin and Liu [15], and parabolic system of the following type
(1.5)

uy — Au = u™(z,t) [,v"(y,t)dy, (x,t) € 2 x (0,T),
vy — Av = v(x, t) [, uP(y,t)dy, (x,t) € 2 x (0,T),
u= [z yuly,t)dy, v= [¥@yly,t)dy, (z,t) €9 x (0,T),
u(z,0) = uo(z), v(z,0)=1wvo(x), LAY

was investigated by Zheng and Kong [26]. Local existence, global existence
and nonexistence of classical solutions were established and blow-up properties
were discussed in their work, respectively.

Recently, Cui and Yang [6] studied the following porous medium problem
with nonlocal boundary condition and nonlocal reaction term

ug = Au™ + au? [, uP(y,t)dy, xe€Q, t>0,
(1.6) u(z,t) = [o k(z,y)u(y, t)dy, x €N, t>0,
U(:L',O):uo(l'), :CEQ)

where m > 1, a, p > 0, ¢ > 0 are constants and ug(z) and k(z,y) satisfy the
same assumptions as given in Problem (1.1). They proved that if p+¢ > 1 and
Jo k(z,y)dy > 1 for x € 99, the solution to Problem (1.6) blows up in finite
time, while if [, k(z,y)dy < 1, there exist both global and blow-up solutions
to Problem (1.6) depending on the initial datum and the constants m, p and
q. Moreover, they obtained the blow-up rate estimates under some conditions.
For more related works, we refer the readers to [3, 20, 22, 24, 25] and references
therein.

The above studies show that the growth and decay properties of solution
to Problem (1.2)-(1.6) depend on the growth of g(x,u), which is similar to
general semilinear equation with homogeneous boundary condition. On the
other hand, due to the appearance of the nonlocal boundary, the properties of
solution heavily depend on the weight function k(z,y) as well.

The present work is partially motivated by [6, 15, 26]. It is known that the
problem

(1.7) ug = Au™ + au®

and the nonlocal one

(1.8) ug = Au™ + a/ uP(y, t)dy
Q
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with homogeneous Dirichlet boundary condition share the same blow-up cri-
teria and blow-up rate. But there do exist some essential differences from the
two problems. For example, the blow-up set of Problem (1.7) consists of a
single point under some conditions for initial datum (such as symmetry and
monotonicity of ug(x)), while Problem (1.8) has global blow-up property (see
[21]). The main purpose of this paper is to study the blow-up properties of
Problem (1.1). Moreover, since the reaction terms are nonlocal, we obtain that
the blow-up set is the whole domain whenever blow-up occurs.

This paper is organized as follows. Section 2 establishes the comparison
principle for Problem (1.1) and Section 3 is devoted to the global existence and
blow-up results of classical solutions. In Section 4, we give the blow-up rate
estimates.

2. Comparison principle

In this section, we establish the comparison principle for Problem (1.1). Let
Qr = Q% (0,T) and 'y = 9Q x (0,T)UQ x {t = 0}. We begin with the
definition of subsolutions and supersolutions to Problem (1.1).

Definition 2.1. A vector valued function (u(z,t),v(x,t)) is called a subsolu-
tion to Problem (1.1) in Q7, if (u,v) € [C*Y(Qr) N C(Qr UT'r)]? satisfies

u, < Au™+a [, vPde, (z,t) € Qr,
vy < A"+ b [ ulde, (z,t) € Qr,

(2.1) u(z,t) < fQ k1 (z,y)u(y, t)dy, (z,t) € 02 x (0,T),
v(z,t) < fQ ka(z, y)v(y, t)dy, (z,t) € 02 x (0,T),
u(z,0) < wug(x), v(z,0) <wvo(x), €

A supersolution is defined in a similar way with each inequality reversed.

Theorem 2.1. Let (u,v) and (@,) be a nonnegative subsolution and a su-
persolution to (1.1), respectively, with (u(x,0),v(x,0)) < (u(zx,0),v(x,0)) for
r € Q. Then (u,v) < (w,0) in Qr if either (u,v) > (e,¢) > (0,0) or
(@,v) > (e,€) > (0,0) holds.

Proof. The technique for proving the comparison principle is quite standard.
For example, see [1]. We shall sketch the argument for the convenience of the
readers.

Let ¢;(z,t) € C*1(Qr) (i = 1,2) be nonnegative functions with ¢; [sax (0,7
= 0. Multiplying the first inequality in (2.1) by ¢1(z,t) and then integrating
on Q; for 0 <t < T, we get

/ up1de
Q

< /g(ac,O)(pl(ac,O)dx—i—// (up1r + U™ Apy +a<,01/ypdac)dxdr
Q . Q
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5901 .
/ /ag on / ke (z, y)u(y, T)dy) " dSdr,

where n is the unit outward normal vector on 9€2. On the other hand, the
supersolution w satisfies the reversed inequality

/ uprde
Q

> / u(x,0)p1 (z,0)dz + // up1r + " Apy Jragpl/ vPdx)dadr
t Q
/ / 5(,01 /k:1 x,y)u(y, 7)dy)"dSdr.
o0 On
Set w(x,t) = u(z,t) —u(x,t), z(z,t) = v(z,t) — v(x,t), we have
/w(z,t)gpl(x,t)dxf/w(:c,())cpl(z,())dz
Q

Q

< // (‘Plr+‘I)1($,T)A<p1)wd:cd7'+//t501(/9 By (x,7)2(z, 7)dz)dadr

/ / aa% mE™ / ki (2, y)w(y, 7)dy)dSdr,
o on

Oy (2,7) = /0 m(Qu(z,7) + (1 — 0)a(x, 7)™ 1de,

where

Po(z,7) = a/o p(0u(z, 7) + (1 — 0)v(z, 7))P~1db,

and ¢ is a function between [, k1 (z,y)u(y, 7)dy and [, k1(x,y)u(y, 7)dy. Notic-
ing that (u,v) and (u,v) are bounded functions, it follows from m > 1, p > 1
that ®;, ®5 are bounded nonnegative functions. Now if 0 < p < 1, we have
®5 < aeP~! by using the assumption that v > ¢ or T > e. Thus an appropriate
©1(x,t) may be chosen exactly as in [1, pp. 118-123] to obtain

/ wydx
< Cl/ w(x,0)4dz+ Co // w(z, 7)ydaedr+ Cs // (x,7)ydzdr
< Oy // w(z, 7)1dadr + Cs // z(x, 7)dxdr,

where w; = max{w, 0} and C; > 0. Similarly, we can prove

/ zyde < Cy // w(x, 7)ydedr + Cs // z(x, 7)dadr.
Q t t

Now, the above two inequalities combined with Gronwall’s inequality show that
(w,z) < (0,0). This completes the proof. O
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Remark 2.1. From the above proof, it is easy to see that the comparison prin-
ciple still holds without the assumption (u,v) or (@,v) > (e,€) in the case of

p, ¢ > L.

To obtain the blow-up rate estimates, we need the following positivity lemma,
whose proof is much the same as that of [9].

Lemma 2.1. Suppose that w(z,t),z(z,t) € C(Qr UTT) N C*(Qr) satisfy

—dyi(z, t)Aw > e1 (2, w(z, t) + ez (2, t) [ er(z, t)z(x,t)dz, (z,t) € Qr,
—da(x,t)Az > es(x, t)z(x,t) + cal,t) [ cs(, t)w(z, t)d, a:,t) € Qr,
w(x,t) = [q es(z, y)w(y,t)dy, (z,t) € 90 % (0,T),
2(2,t) = [o co(z, y)2(y, t)dy, (z,1) € 9 x (0,T),

where d;(xz,t) > 0 (i = 1,2) in Qr, ¢; (i = 1,...,8) are bounded functions
in their respective domains, ca,cq,c7,c8 > 0 in Qr, cs(x,y),ce(x,y) > 0 for
x € 00, y € Q and are not identically zero. Then (w(zx,0),z(x,0)) > (0,0) for
x € Q implies (w(x,t), z(x,t)) > (0,0) in Q. Moreover, if cs(z,y), cs(x,y) =
0 or if cs(x,y), ce(x,y) >0 and [, cs(x,y)dy <1, [ ee(z,y)dy <1 a €09,
then (w(z,0), z(x,0)) > (0,0) implies (w(x,t), z(z,t)) > (0,0) in Q.

Local (in time) existence of positive classical solutions to Problem (1.1) can
be obtained by using fixed point theorem (see [9, 24]). By the above comparison

principle and Remark 2.1, we can get the uniqueness of classical solution to
Problem (1.1) in the case of p, ¢ > 1.

3. Global existence and blow-up

Compared with the homogeneous Dirichlet boundary conditions, the weight
functions k;(z,y) (¢ = 1,2) play important roles in the global existence or
blow-up results for Problem (1.1).

Theorem 3.1. Assume that [, ki(z,y)dy, [,ko(z,y)dy > 1 for all x € 0.
Then every solution to (1.1) blows up in finite time if pg > 1.

Proof. Let (f, g) be the unique solution to the following ODE

f'(t) = alQlg?, ¢'(t) = b|Q|f9,
f(0) = fo >0, g(0) =go >0,

where || denotes the Lebesgue measure of €. It can be seen from [23] that for
any positive initial datum (fo, go), (f, g) exists globally if and only if pg < 1. If
we choose (fo,90) < (uo,vp), then it is easy to see that (f,g) is a subsolution
to (1.1) since [, k1(x,y)dy, [, k2(z,y)dy > 1 for all 2 € 9. Noticing that
(f,9) > (fo,90) > (0,0), by using the comparison principle, we know that
(f,9) < (u,v). Since (f, g) blows up in finite time when pg > 1, so does (u, v).
The proof is complete. O

Theorem 3.2. Assume that [, ki(x,y)dy = [, ka(x,y)dy =1 for all x € 0.
Then (u,v) exists globally provided that pq < 1.

(3.1)
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Proof. It is easy to verify that the solution to (3.1) is a supersolution to (1.1)

if (fO;gO) is chosen to Sa'tiSfy (ango) > (UOa UO)' Since (fa g) > (fO;gO) > (0’ 0))
the comparison principle implies that (f, g) > (u,v). Thus (u,v) exists globally
if pg < 1. The proof is complete. (]

Theorem 3.3. Assume that [, ki(x,y)dy, [qke(z,y)dy <1 for all x € 99.

(i) If pg < mn, then every solution to (1.1) exists globally.

(ii) If pg = mn, then every solution to (1.1) exists globally if (a,b) is suffi-
ciently small.

(iii) If p,q > 1 with pq > mn, then the unique solution to (1.1) exists globally
provided that (ug,vg) or (a,b) is small, while it blows up in finite time if (ug, vo)
s large enough.

Proof. Let 9(x) be the unique positive classical solution to the linear elliptic

problem

52) {Aweo, zeQ,

P(x) = k(x), =€,

where k() satisfying max{ [, k1 (z, y)dy, [, k2(z,y)dy} < k(z) < 1is asmooth

function. Choose a positive constant €y such that 0 < ¢(x) < 1 for all z € Q

(such € exists since 0 < k(z) < 1). Let K = max, g ¢(z), K = min, g 1().
Define a vector valued function (w(z), z(x)) as follows:

(3.3) w(z) = My (), 2(z) = MRy (),

where M, 1,1 are positive constants to be determined later. Then, we have

w o0 > Mll(/ ky(, y)dy) = > Mll/ k1 (z,y)dy
Q Q
> Mh /Q b (2, ) (y)dy = [ b (2, ) (y)dy,
2
z loa > Mlz(/ ko (x, y)dy)* > Ml2/ ko (z,y)dy
Q Q

(3.4) > M /Q ()0 (y)dy = /Q Fa(,y)2(y)dy.

Here we use the assumptions [, ki(x,y)dy < 1forallz € 92 and 0 < ¥ (z) < 1.
On the other hand, we have

wy — Aw™ — a/ 2Pdr = M™ ey — aMP2 / w%d:c
Q Q
> M™hey — a|QIMPREK ™,
zt—Az”—b/ wide = M™2¢y — bM w%d:c
Q

Q
(3.5) > M ze — b|QIMIE ™.
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(i) In the case of pg < mn, we can choose Iy, lo > 0 such that % > % > 1,
Combining (3.4) with (3.5), we know that if we take

1

M= max{(a|Q|F;60_1)mllfplz , (b|Q|FE€0_1)”L21Tll’

(1 mascuo @)/, (I maxcv () /"2,
2
then (w, z) defined as in (3.3) is a supersolution to Problem (1.1) and (w, z) >
(MhK% , M2 K7). The comparison principle guarantees that (u,v) < (w,2),
and hence (u,v) exists globally.
(ii) In the case of pg = mn, we can choose lj, lo > 0 such that % =

ﬁ—? = 4. Then for any given (ug,vo), we first choose M > 0 suitable large

such that (ug,ve) < (Mhem (z), M2y% (z)). Set ag = Q'K ", by =
60|Q|’1?7%, then it is easy to verify that (w, z) is a supersolution to Problem
(1.1) provided a < ag, b < bg. Thus we know that (u,v) exists globally by
using the comparison principle again.

(iii) In the case of pg > mn, there exist both global and blow-up solutions
depending on the initial data (ug,vo) and the coefficients (a,b). For the global
existence part, the proof is similar to that of (i) and (ii). First, choose Iy, Iz > 0
such that 7 < % < L. For any given a, b> 0, if we take

M = min{(eoa |Q 'K ") 7w, (ob” QTR )T
then (w, z) is a supersolution to (1.1) provided that

(3.6) (o, v0) < (M"¢p (), M2 (x)).

By the comparison principle, we know that (u,v) exists globally provided that
(ug,vo) satisfies (3.6).

On the other hand, for any given initial datum (ug, vo), there exists a suitable
large constant M > 0 such that (ug,ve) < (M4 (x), M'2¢% (x)). For such

a fixed M, set ag = 60|Q|_1F7%M’"l1_pl2, by = 60|Q|_1?7%M"l2_‘111. Then
we know that (w,z) is a supersolution to (1.1) if (a,b) < (ag,bp). Again by
using the comparison principle, we obtain the global existence of (u,v).

To prove the blow-up result, we consider the following porous medium prob-
lem

gt:Agmeandex, e, t>0,
(3.7) v, = Au" + be ulde, e, t>0,
w(x,t) = v(x,t) =0, z €, t>0,

u(,0) = ug(x) < uo(@),v(z,0) = vy(r) <vo(z), e

Let (u,v) be the unique solution to Problem (3.7). It is obvious that (u,v) is
a subsolution to Problem (1.1). It can be seen from [11] that (u,v) blows up
in finite time if (uy(z),vy(z)) is large enough. Thus, the unique solution to
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(1.1) blows up in finite time if (ug, vo) is large enough by using the comparison
principle. The proof is complete. (]

At the end of this section, we shall point out that the blow-up is global
whenever blow-up occurs.

Definition 3.1. Suppose that (u,v) blows up in a finite time 7. We say that

*

x* is a blow-up point of (u,v) if lim sup,_, - (u(z*,t) + v(z*,t)) = +oo.

We say that the blow-up is global if every point in §2 is a blow-up point. To
prove the global blow-up property, we need the following lemma first.

Lemma 3.1. Assume that the solution (u,v) to Problem (1.1) blows up in a
finite time T'. Let

hi(t) = a /Q e, Hy(t) = /O b (s)ds,

ha(t) = b /Q wide, H(t) = /O t ha(s)ds.

Then we have

limsup h;(t) = 400, lim H;(t) = 400, i=1,2.
t—T— t=T-

Proof. Let U(t) = max, qu(x,t), V(t) = max, gv(x,t). Then U(t) and V(t)
are Lipschitz continuous and satisfy (see [13], Theorem 4.5)
(3.8) U'(t) <hi(t), V'(t)<he(t) ae.te(0,T).
Integrating the inequalities in (3.8) over (0,t), we get
(3.9) U(t) <U)+ Hi(t), V(t) <V(0)+ Ha(t), te(0,T).
Since (u,v) blows up in a finite time 7', it can be deduced that

U() = +o0o0 or V(t) > +oo as t—T".
Without loss of generality, we may assume that U(t) — +oo as t — T~. Then
we see from the first inequality in (3.9) that lim,_,,— H;(t) = 400, which in
turn implies limsup, ;- hi(t) = 4o0o0. By the definition of hq(t), we have
limsup,_,,— V(t) = +00. Applying the second inequality in (3.9), we obtain

lim;_,p- Hy(t) = 400 and limsup,_,;- ha(t) = +o00. The proof is complete.
O

Theorem 3.4. If the solution (u,v) to (1.1) blows up in a finite time T, then
(u,v) blows up globally.

Proof. The method used in our paper to prove the global blow-up property
is similar to that of [5]. For any given x; € Q, set Ry = dist(z1,00Q), Q1 =
{z;]z — 1] < R1} and r = |x — z41]. Choose two functions wg(r) and zo(r) such
that

wo(r),zo(r) >0 for 0<r <Ry, wo(R1)==z2(R1)=0,
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wo(r) <wo(z), 20(r) <wo(z), wi(r),z5(r) <0 for 0<r < Ry.

Consider the following problem

wy = Aw™ + hq (t), x€Q,t>0,

= Az"+ ho(t Oq,t
(3.10) 2 2" + ha(t), €0, t>0,
w(z,t) = z(x,t) = 0, x € 00,t >0,

w(x,0) =wo(r), z(z,0)=2(r), =€ Q.

Then by a similar method used in [13] one sees that w(z,t) = w(r,t), z(x,t) =
z(r,t) and w,(r,t), z.(r;t) < 0 for 0 < r < R; and t > 0. By the classical
comparison principle for porous medium system, we know that
(3.11) w(x,t) <wu(z,t), z(z,t) <v(z,t), z€, 0<t<T.
Denote by Ay > 0 and ¢(z) > 0 (x € Q) the first eigenvalue and the corre-
sponding eigenfunction of the eigenvalue problem

—Adp=Xp, €, o¢x)=0, =z€dN.

Normalizing: fﬂl ¢(x)dx = 1.
Multiplying both sides of the first equation in (3.10) by ¢(z) and integrating
the resulting equality over Q1; = Q; x (0,1), we get

| wtetot@as = [ wo@ot@as - [ urodsds+ e

t ma¢
_/0 /691 w Edads
(3.12) = /Ql wo(z)p(z)dz — A\ //QH wmpdrds + Hi(t).

From (3.12) and the fact that w, < 0, one obtains
(3.13) w(zy,t) > / wo(z)p(z)dr — A\ // w¢pdads + Hi(t).
|95 1t

Letting t — T~ and applying Lemma 3.1 we know that if fOT le wmpdrds <
400, then

lim sup w(z1,t) = 0.

t—T—
It is obvious that if fOT Jo, w"ddrds = +o0, then limsup,_,p— w(x1,t) = +o0.
Using (3.11) and the arbitrariness of x1, we see that u(x,t) blows up globally.
Applying similar arguments to the second equation in (3.10), we can deduce
that v(z,t) also blows up globally. Thus we complete the proof. O

Remark 3.1. From Theorem 3.4, we know that the blow-up set of porous
medium system with nonlocal boundary conditions is the same as that of the
homogeneous Dirichlet boundary conditions when the sources are nonlocal.
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4. Blow-up rate estimates

In this section, we will show the blow-up rate of the solution to Problem
(1.1) in the case of p, ¢ > 1 and [, ki(z,y)dy < 1 (i = 1,2) for z € 9Q. To
achieve this, we need an additional assumption on the initial datum (ug,vo):

(H) ug, vo € C?(Q) for some 0 < o < 1 and there exists a constant
6 > dp > 0 such that

Ault + a/ vhdz > 5u6"k1+1, Avf + b/ uddz > 5v3k2+1,
Q Q
where dg, k1, ko will be given later. The main result of this section is the
following theorem on the blow-up rate.

Theorem 4.1. Suppose that (ug, vo) satisfies the assumption (H), p, ¢ > 1 and
Jo ki(z,y)dy <1 (i =1,2). If (u,v) is the classical solution to (1.1) and blows
up n a finite time T, then there exist four positive constants C1,Csy,Cs,Cy
such that

Cy < maxu(z, t)(T — t)”p‘l—tll < Cy,
€N

C3 < maxv(z, t)(T — t)Pthll < (4.
TEQN

In order to get the blow-up rate estimates, we firstly introduce some trans-
formations. Let u™ = U(z,t), v™ = V(x,t). Then (1.1) becomes

U =mU™ (AU 4 a [, VPrdz), z€N, t>0,
V, =nV"2(AV +b [, U%dz), e, t>0,
(4.1) {U(x,t) = (J,, k1 (z, y)U (y,t)dy)™, z €N, t>0,
V(x,t) = ([ ko (z, )V (y, t)dy)"™, z €N, t>0,

)
U(x,0) = Up(z) = ug'(z), V(z,0) =Vo(z) =vi(z), z€Q,

where 0 <rp = (m—1)/m < 1,0<r = (n—-1)/n <1, pp = p/n and
a1 = q/m.

Under these transformations, the assumption (H) becomes

(H') Uy, Vo € C*(Q) for some 0 < a < 1 and there exists a constant
6 > dp > 0 such that

(4.2) A%+a/

VP de > sUP T AV 4 b / UL dx > sV timre,
Q

Q
where dg, ki, ko will be determined later.

Suppose that the solution to (4.1) blows up in a finite time T, and set
Mi(t) = max, g Ul(z,t), Ma(t) = max, 5V (z,t), then we can get the blow-
up rate from the following lemmas.

z€Q
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Lemma 4.1. Suppose that Uy, Vo satisfy (H'). Then there exists a positive
constant K1 such that
(g1 =r1+1)(py —ra+1)

(4.3) Mlql_”ﬂ(t) + Mgl_”"’l(t) > K (T —t) ma-0-r)0-r2) |
Proof. We can easily see that M;(t), Ms(t) are Lipschitz continuous (see [13],
Theorem 4.5) and thus they are differentiable almost everywhere.

By the equations in (4.1) and AM;(t) <0, AM,(t) <0, we have
(4.4)

M (t) < malQIM]* () ME (£), M(t) < nblQIME ()M (1) ace. t € (0,T).
Noticing that gy —r14+1 > 0 and p; —r2+1 > 0, we get the following inequalities
by virtue of Young’s inequality

(M4 1) + M (1))
< (malQl(gr — 1 + 1)+ nblQ(pr — > + 1)) M M

(g1 —mi+)p1+(p1—rot1l)ay

(4.5) < C(METH () 4+ MET T ()T @ DG et
Here (q@:fill)fiﬂg:;i?“ > 1, since p, ¢ > 1. Integrating (4.5) over (¢,T),
we obtain (4.3). O
Lemma 4.2. Suppose that Uy, Vi satisfy (H'). Then we have
(46) Ut > 60Uk1+1a V;f > 60Vk2+1a (:L'at) € QT)
where
po b= (L—r)d—ry) 0 prgr = (1 —71)(1 —72)
! p1+1—ro T @+1l-m

d > 0o = max{dy,d2} > 0,

maki (k1 +1)|Q] k1 +1 n
r1(2k1 +1—11) p1 + ko
nbks (ks +1)|Q ks + 1
ro(2ka+1—12) 1 + k1

Proof. Set Ji(z,t) = Uy — SgUM L, Jo(x,t) = Vi — 6oVF2H for (2,t) € Qr,
then by assumption (H'), we have

01 =

3

09 =

a1
k1

(4.7) Ji(z,0) >0, Jo(z,0) >0, ze€f.
A straightforward computation yields
(4.8)

Jig —mU ATy — 2r 86U Jy — map U™ | VP L hde
Q

= U I+ méoky (ky + D)UY VU? 4 r 62U+

+ map16oU™ /

VPR de — made(1 + ky ) UM T / VPrde
Q

Q
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v

T15§U2k1+1 + map16oU™ /

VPrthde — mady(1 + ky)UMH / VPide
Q

Q

v

T15§U2k1+1 +map150UT1/Vp1+k2dz
Q

p1/(p1+k2)
—ma&)(lJrk:l)|Q|k2/(m+k2)UlirT1 </ Vp1+k2d:c) )
Q

Since k1/(2k1 + 1 —1r1) +p1/(p1 + k2) = 1, by virtue of Young’s inequality, we

have
p1/(p1+k2)
Ukl (/ V;U1+k2d$)
Q

I 92k1+k17r1 0 p1tka
49 <21 prhtion P70 /VPI*’“Zd :
(4.9) T2k +1-m p1+ka Jo !
where
(4.10) 0= (ki + 1)/ (p1 + ko)) Bk |gpake/(paka)”,

Substituting (4.9) and (4.10) into (4.8) deduces

Jlt — mU”AJl — 27’150Uk1<]1 — maplU” / VplilJQdSC
Q

(4.11)

v

7’15§U2k1+1+map150U”/ yritkz g
Q

_ m;]folj}(lkl +T 1) |Q|k2/(;ﬂ1+k2)9ZMJl:iT1 [2kitl
1 —-T
P 2 Q
= 7’150(50 — 51>U2k1+1
> 0.
Similarly, we have
(4.12) Jot —nV"2 ATy — 2r980V*2 Jy — nbq V™2 / U=t ydr > 0.
Q

Fix (z,t) € 0Q x (0,T), we have
m—1
et = ([ mtoa)
Q
mki+1
x (/ mky (@, y)ue(y, t)dy — do (/ ki (:v,y)u(y,t)dy) ) :
Q Q
Since Uy(y,t) = Ji(y,t) + dU* 1 (y,t), we have

Amh@wm@ﬁ@_%(ﬁmuwmmw@ymﬂ
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5 </Q ke (a, ) U (y, £)dy — </Q kl(:c,y)U#(y,t)dyyle)

1—

+ /Q k1 (SC, y)UTm (yv t)‘]l (yv t>dy

Noticing that 0 < Fy(z) = [, ki(x,y)dy < 1, = € 99, we can apply Jensen’s
inequality to get

1+mky

/Q plnt ot </g k(e y)U (y, t)dy) o

> Fi(x) (/Q ba(a U™ (0,1) F?(yx))MkIH - </Q kl(Ly)Ui(y’t)dy) o

> 0.

Hence, for (z,t) € 9Q x (0,T'), we have
(4.13)

Ji(a,t) > ( / m(:c,y)Ui(y,t)dy)m_l ( / k1<x,y>U%<y,t>J1<y,t>dy) |

Similarly, we have
(4.14)

o, t) > ( / kz(z,y)v%(y,wdy)nl < / kz(x,y>vlrf‘<y,t)<fz<y,t>dy) |

Since U(z,t), V(x,t) are positive continuous functions for (x,t) € Q x [0,7T), it
follows from (4.7), (4.11)-(4.14) and Lemma 2.1 that Ji(z,t), Ja(z,t) > 0 for
(z,t) € Qx[0,T), ie., U > §U" T Vi > §oV*2+1. The proof is complete. [

Integrating (4.6) over (¢,T), we conclude that
Uz, t) < K3(T — t)*(PlJrl*Tz)/(qul*(1*7“1)(1*7"2)),
(4.15) V(x,t) < K4(T — t)*(qﬁrl*ﬁ)/(mql*(1*?“1)(1*7“2))7

where K3, K4 are positive constants independent of ¢. Combining (4.3) with
(4.15), we obtain the following result.

Lemma 4.3. Suppose that Uy, Vi satisfy (H'). If (U, V) is the solution to
system (4.1) and blows up in a finite time T, then there exist four positive
constants K3, K4, K5, Kg such that

+1-r
K5 < max U(m, t)(T — t) p1t;1f(11*r1)(21*r2) < Ks’
zEQ
q1+1—nr
Kg < maxV(z,t)(T — t)ma-t-mt—m < K.
zeQ

According the transformations and Lemma 4.3, we obtain Theorem 4.1.
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Remark 4.1. From Theorem 4.1, we know that in the case of [, k;(z,y)dy < 1,
xz € 00, p > 1 and ¢ > 1, the blow-up rate of porous medium system with
nonlocal boundary conditions is the same as that of porous medium system
with homogeneous Dirichlet boundary conditions when the reaction terms are
nonlocal.
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