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A NEW EXTENSION ON THE HARDY-HILBERT
INEQUALITY

YU ZHOU AND MINGZHE GAO

ABSTRACT. A new Hardy-Hilbert type integral inequality for double se-
ries with weights can be established by introducing a parameter A (with
A>1— %) and a weight function of the form 2= 7 (with » > 1). And
the constant factors of new inequalities established are proved to be the
best possible. In particular, for case r = 2, a new Hilbert type inequality
is obtained. As applications, an equivalent form is considered.

1. Introduction

Let {a,} and {b,} be non-negative sequences of real numbers, % + % =1
andp>1Ifzn1n<+ooandznln<+oo then
(n2) : l

= (In ) a,,b, i = b ¢
1.1 n < p M
GO DD Dl gt el Bl DOL Y BN O BL

m=1n=1 p n=1 n=1
and
1.2 p b
(12) mzzngm—i—n_smg Zla ;" ’

where the constant factors (zZ=)? in (1.1) and 7= in (1.2) are the best

possible. And the equalities in (1111) and (1.2) hold if and only if {a,}, or {b,}
is a zero-sequence. They are the famous Hardy-Hilbert inequalities (see [6]),

Owing to the importance of the Hardy-Hilbert inequality in analysis and
applications, some mathematicians have been studying them. In particular,
some excellent results of (1.2) appear in a lot of the articles (such as [1, 2, 3, 4, 8]
etc.). However, the research articles of (1.1) are few. The purpose of the
present paper is to establish an extension of (1.1), and to prove the constant
factor to be the best possible. And then some important and especial results
are enumerated, and an equivalent form is considered.
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For convenience, we introduce some notations. Let % + % =1, p>1and
a= %. Define a function by
In(nzx) n . 1
(13) f(ZL') —_ (nz)>—1 ((nm)a) ) if z 7£ no
%, if x= %,

where n is a positive integer, A > 1 —a and & € (0,+ o0). It is easy to
verify that f(z) is continuous in (0,4 oo). We stipulate that {a,} and {b,}
be two non-negative sequences of real numbers. These notations will be used
frequently throughout the paper.
2. Some lemmas

In order to prove our main results, we need the following lemmas.
Lemma 2.1. Let f(x) be a function by (1.3). Then f(z) ] 0.
Proof. Taking the derivative for f(z), it is easy to deduce that
(2.1) J(x) <0.

Hence the result is obtained at once. O

Lemma 2.2. If substituting y for n in (1.3), define a function by

yIn(zy)
g = )
S (EmEY
then when y is sufficiently large, g(y) | 0.

(2.2)

Proof. Taking the derivative for g(y), it is easy to deduce that ¢’(y) < 0, when
y is sufficiently large. It follows that lemma is true. O

Lemma 2.3. Let 0 < b< 1. Then

(23) /000 ulnfu1 G)bdu - (sin7(rb7r))2'

Proof. Let Re o > Re 8 > 0. It is known from the paper [5] and [7] that

/°° xebP* T ?
dx=| —— | .
Lo € —1 asin 2%

[e3%

Substituting e’ for u in (2.3), it is easy to deduce that
o 1\° +00 4o(1-D)t
/ ") du= / —l}
o u—1\u |
2 2
B T _ T
N (sin(l —b)7r> <sin(b7r)) ' 0
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Lemma 2.4. Let n be a positive integer. Define a function by

= Inmn n
(2.4) w(\,n) = mZ:l CrSTe <(mn)a>.
Then
(2.5) w(A,n) < C3,
where Cy is defined by
(2.6) C i

B Asin (3 (1—a)7)

Proof. Tt is known from Lemma 2.1 that f(z) | 0. Hence we have
= Inmn n
A7) =
o = 32 5 ()

< f(z)dx
0

- | (mzw) b

Substituting u for (nx)*, and noticing that a = = < i. In fact, based on AG

p

3
g L

1
5

)

inequality we have p—lq < % (% + %) =

1
5.
obtain 1 — 3 (1 — a) > 0. And then using (2.3), it is easy to deduce that

*  Innz n 1 [ Inu (1) 7309
dx = — — | - du
o (nz)* =1\ (nz)® A2y u—1\u

- ()\sin (3(1— a)w)) =0

It follows that the inequality (2.5) is valid. O

And owing to A > 1 — a, we can

Lemma 2.5. Let f(z) be a function by (1.3). Define a function by

(27) o) = [ fl@yax—310) = R(o).
where R(n) = [° p(z)f'(z)dx and that p(z) = {z} — 1. Then
em) >0 and p(n) —0 (n — o).

Proof. Applying Euler-Maclaurin summation formula to w(A,n) and Lemma
2.4, we have

oo 1 oo
w(\n) = flz)dx+ - f(1) + p(x) f'(x)dx
(2.8) /1 2 /1

= /OOO f(z)dx — p(n) = C} — ¢(n),
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where ¢(n) is a function defined by (2.7). O

At first, based on (2.5) and (2.8), we obtain ¢(n) > 0.

Next, it follows from Lemma 2.2 that the integral fo xz)dx — 0(n — 00).
Clearly f( )>0and f(1) =0 (n — o).

It is known from (2.1) that f/(z) < 0, and it is obvious that p(z) < 0. So
we have R(n) > 0. It follows that ¢(n) — 0 (n — o).

3. Statement of main results

Theorem 3.1. Let {a,} and {b,} be two non-negative sequences of real num-

bers, %Jr% =1Lp>1land X\ > 1—a. If Zzo:lnl_%ag < 4+ oo and
2

S n'TEbe < 4 oo, then

S (Inmn) ambs, = e P e g
(3.1) szgoi <;n1 pag> <nz_:1nl mg) ;

where Cy is defined by (2.6). And the constant factor C3 in (3.1) is the best
possible. And that the equality in (3.1) holds if and only if {an}, or {b,} is a
zero-sequence.

B =

When A =1, Cy is denoted by C. It is known from (2.6) that C' = 7.

Based on Theorem 3.1, the following result is obtained.

Corollary 3.1. With the assumptions as Theorem 3.1, then
(3.2)

Sy tmande (x Y (zn “24 >;<gn1§b;§>;,

2
where the constant factor ($) in (3.2) is the best possible. And that the
equality in (3.2) holds if and only if {a,}, or {b,} is a zero-sequence.

In particular, when p = 2, a Hilbert-type inequality is gotten.

Corollary 3.2. If > a2 <+ o0 and Y, b2 < + oo, then
1 1
(3.3) i i (In mn)am,by, < Z 2 3 i . 3
' = (mn)* -1 — )\sm — L

2
in (3.3) is the best possible. And that the
equality in (3.3) holds if and only if {a,}, or {by} is a zero-sequence.

where the constant factor (/\LW
sSin ﬂ

If p = 2 and A = 1, then the inequality (3.3) is reduced into the following
result.
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Corollary 3.3. If > a2 <+ o0 and Y, b2 < + oo, then
3 3
= (Inmn)amby, >
(34) DI e pa Z an | (D200
m=1n=1 n=1

where the constant factor w2 in (3.4) is the best possible. And that the equality
in (3.4) holds if and only if {an}, or {by}is a zero-sequence.
4. Proof of main result

In the third section, some important results are enumerated, we only need
to prove Theorem 3.1 below.

Proof of Theorem 3.1. We apply the method of the paper [9] and the Holder
inequality to estimate the left-hand side of (3.1) as follows

ZZ 1nmn am n

m=1n=1
i i Inmn » [ ma/d Inmn : / palp
= a
o \(mn)A =1 na/p (mn)* —1 ma/a
(4.1) o B
s Inmn me(P— P
< p
l {mzz o (5 >’"}
i i lnmn nalg—1) b a
m=1n=1 (mn))\ -1 m "
oo 1 oo L
= { Z w ()\, m) map—lap } { CU()\ n)naq—lbq }
(4.2) m=1 n=1

1 1
2 v i 2 !
1-2 p 1-244q
n~ral g w\n)n "abd b
n=1 n=1

where the weight function w (A, n) is defined by (2.4). It follows from (2.5) and
(4.2) that the inequality (3.1) is valid.
If {a,}, or {b,} is a zero-sequence, then the equality in (3.1) obviously holds.

I
—N—
[M]8
£
>
S

If neither {a,} nor {b,} is zero-sequences, then 0 < > >~ , nl_%afl < + oo and
0<> 2, n'"ab < + oo.

If (4.1) takes the form of the equality, then there exist a pair of non-zero
constants ¢; and ¢ such that

Innm ma®=1) Innm b nala—1)
c—————a =c .
"amp =1 ™ neo nm)> —1 "\ me
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Hence there exists a non-zero constant ¢y such that
2 2
2_q 2
coma” mal =conrT nbl = .
Without loss of generality, we suppose that ¢; # 0, then
29 P _ 1-2 p Co
ms mal, =m " rmal, = —.
Cc1
Hence we have

»n\w

= co = 1
P P — =
St = Yot b= 23 L
m=1 n=1
This contradicts that 0 < 07 | n _Faﬁ < + oo. So it is impossible to take
the equality in (4.1). It shows that it is also impossible to take the equality in
(3.1), if neither {a,} nor {b,} is zero-sequences.
It remains to need only to show that the constant factor C% in (3.1) is the
best possible.

o . _ 2+4ae
For arbitrarily small € > 0, define two sequences by a,, = m~ ¢ and
7 —2+p€ . ~ . .
b, =n~ »s . Since the sequence {a,,} is monotonously decreasing, we have

00 oo oo
—:/ z717%dx < g m~7F = E m!~ s mPra )
1 m=1 m=1

= 1-2 - * e 1
:1+Zm rab, <1+ x dX:l—i—g.
1

™ | =

m=2
Similarly,
1o in”%l}q <14 1
e = €
Hence we can write
oo o0
Z ml_%&fn =—-+o0(1) and an_ggfl é +o(1) (e —=0).
m=1 n=1

If C% is not the best possible, then there exists a constant C' > 0 such that
C < C%, and

sah SRR < o (Srta) (S

(4.3) == Clto)} (e—0).

On the other hand, without loss of generality, we may assume that p > ¢ > 1

and r = % . It is obvious that 0 < r < 1. Hence we have

%)
s > X (]nmn)miZ:gE 72:55
B Z Z (mn)* — 1

m=1n=1
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= (Inmn)  _2iqe | _2ipe
me I R

m=1

o~ _(Inmn) n —re
(Z (mn)/\ -1 ((mn)(aJr;))) n

m=1

o (Hlmn) n L
(mz_l (mn)* —1 ((mn)(aJr;))) n )

When ¢ is sufficiently small, it is known from (2.4) that

> oo (es) = 22 s ()

(4.5) =w(\,n)+5(1) (¢—0).
It follows from (2.8), (4.4) and (4.5) that

I
(M 10 1

(4.4) >

S@8) >3 W) +5(1)n 7 = 3 {3~ (o(n) —5(1)}n~'
(46) =3 nT =3 () — (1) n

Because the sequence {n~17¢} is monotonously decreasing, it follows from (4.6)
that

o0

S(a,b) > C3 /100 2 7 dx =) (p(n) = 3(1))n '
(4.7) _O > (pn) —8(1))n~7 (e —0).

Below, we will show that the series Y~ (¢(n) —6(1))n~'7¢ is bounded.
In fact, it is known from Lemma 2.5 that ¢(n) — 0(n — o0). Therefore
there exists a positive integer ng such that |p(n) —5(1)| < &, when n > ng.
Consequently, we have

Y (p(n) —s(1)n~

=D (pn) =)+ D () —3(1))n e
n=1 n=no+1

<Y () —s()n 4 Y enttE
n=1 n=no+1
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L)

(4.8) = Z (p(n) —3(1))n~17¢ + ia (e = 0).

It shows that the series >~ | (¢(n) —5(1)) n~'7¢ is bounded. Based on (4.7)
and (4.8), we obtain

(4.9) S(a,b) > %2 —0(1) (e —0).

Therefore when n is sufficiently large and ¢ is sufficiently small, it follows from
(4.9) that
02
(4.10) S(a,b) > —2 (1 —o0o(1)) (n— oo and & — 0).
€

The inequality (4.10) contradicts the inequality (4.3). This shows the constant
factor C% in (3.1) is the best possible. Thus the proof of theorem is completed.
(]

5. Applications

As application, we will build an equivalent form of (3.1).

'I;Lheorem 5.1. Let L+l =1 p>1andA>1—a IfY00 n' af < + oo,
then

oo p oo

_2 In(mn) 2 _z

(5.1) Z”(l $ e { Z (mn)> — 1 am} <CyY Z”l vay,
n=1 m=1

where Cy is defined by (2.6). And the constant factor Cip in (5.1) is the best
possible. And the equality in (5.1) holds if and only if {a,} is a zero-sequence.
And inequality (5.1) is equivalent to (3.1).

_ (1—2) In(mn) p—1
Proof. Let b, S Gy~ =1 0m . Then by (3.1), we have

o (1_2 p—1 = In(mn .
3 -3 >{27(mé)k>lam}

m=1

IN

Q

>R
N
[~]e

:,_.

I

LM

S

3
v
S e
-~
NgE

:,_.

I

|

o

IR
N~
Ql

(52) =C} (Z ) {Z 2) =1 (Z 7(771%7;’”‘_)1%) } :

The inequality (5.1) follows from (5.2) after some simplifications.
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On the other hand, assume that the inequality (5.1) is valid. Apply in turn
the Holder inequality and (5.1), we have

= = In(mn)
RS ’mbn
2 2 Gy 1
B 0o ;(1,2)(},,1)2 1n(mn) ) ,L(l,g)(p,l)
= Z nr T 0m n- e P b,
— { — (mn) 1 ( )
00 oo 1 ( ) p % 00 %
1-2)(p-1) n(mn 24
< {zn< oo (5t VLTSS g
n=1 m=1 n=1
< <C’§p2n1_%aﬁ an_gb%
n=1 n=1

8
=
8

(5.3) =03 an_%aﬁ an_%bz

n=1 n=1

If the constant factor Cip in (5.1) is not the best possible, then it is known
from (5.3) that the constant factor C% in (3.1) is also not the best possible, this
is in contradiction. Evidently, the equality in (5.1) holds if and only if {a, } is
a zero-sequence. Consequently, the inequality (5.1) is equivalent to (3.1). The
proof of theorem is completed. O

Similarly, we can establish also some new inequalities which they are respec-
tively equivalent to the inequalities (3.2), (3.3) and (3.4). These are omitted
here.
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