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SYNDETIC SEQUENCES AND DYNAMICS OF OPERATORS

Hamid Rezaei

Abstract. In the present paper, we show that a continuous linear opera-
tor T on a Frechet space satisfies the Hypercyclic Criterion with respect to
a syndetic sequence must satisfy the Kitai Criterion. On the other hand,
an operator, hereditarily hypercyclic with respect to a syndetic sequence
must be mixing. We also construct weighted shift operators satisfying
the Hypercyclicity Criterion which do not satisfy the Kitai Criterion. In
other words, hereditarily hypercyclic operators without being mixing.

1. Introduction

LetX denote a separable infinite dimensional Frechet space and L(X) stands
for the space of continuous linear operators on X . The operator T in L(X)
is said to be hypercyclic when there exists a vector x in X such that its or-
bit under T , i.e., orb(T, x) = {T nx : n ∈ N}, is dense in X . The study of
hypercyclic operators on a Banach space was initiated in 1969 when Rolewicz
proved that any multiple λB, |λ| > 1, of the standard backward shift B on
ℓp, 1 ≤ p < +∞, is hypercyclic [12]. It is interesting to know what type of
operators can actually be hypercyclic: Backward and bilateral shifts [12, 15],
translation and differentiation operators [4, 8], adjoint of multiplication opera-
tors [8], composition operators [4] and weighted composition operators [11, 17].
For a complete survey of hypercyclicity, see book [1].

Kitai [9] stated in particular, a simple, useful and general criterion for hy-
percyclicity of operators which was isolated in a restricted form. Then it was
independently rediscovered by R. Gethner and J. H. Shapiro in a general form
and with a weakened assumptions [6]. This criterion referred to as the Hyper-
cyclicity Criterion and has been used to determin the hypercyclicity of some
classes of operators . The following version appears in [3].

Definition 1.1. Let T ∈ L(X) and let (nk) be an increasing sequence of
integers. We say that T satisfies the Hypercyclicity Criterion for (nk) if there
exist, two dense sets Y, Z ⊆ X and a sequence of maps Sk : Y → X such that:

(i) T nky → 0 for all y ∈ Y ,
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(ii) Skz → 0 and T nkSkz → z for all z ∈ Z.

We will say that T satisfies the Hypercyclicity Criterion if it satisfies the
criterion for some increasing sequence (nk) of positive integer. We point out
that the Kitai Criterion has been given with the strong assumptions:

Definition 1.2. An operator T ∈ L(X) is said to be satisfied the Kitai Crite-
rion if there exist two dense subsets Y and Z of X and a map S : Z → Z such
that:

(i) T nky → 0 for all y ∈ Y ,
(ii) Skz → 0 for all z ∈ Z,
(iii) TS = IZ , where IZ is the identity operator on Z.

However, in some texts the Kitai Criterion is stated as the Hypercyclicity
Criterion for whole sequence of natural numbers (k) (see [1], page 4). For this
reason, in the present paper, by the Kitai Criterion, we mean the Hypercyclicity
Criterion for (k).

It is easy to check that if T ∈ L(X) satisfies the Hypercyclicity Criterion,
then T is hypercyclic. Moreover, the operator T ⊕ T acting on X ⊕X is also
hypercyclic. It was shown by J. Bes and A. Peris [3] that the converse is also
true: if T ⊕ T is hypercyclic, then T satisfies the Hypercyclicity Criterion.

It had been an open problem for a long time [1, 3, 14] to know whether
every hypercyclic operator satisfies the Hypercyclicity Criterion, equivalently,
is T ⊕ T hypercyclic whenever T is? By a recent result of M. De La Rosa
and C. Read [12], there exist hypercyclic Banach space operators which do not
satisfy the Hypercyclicity Criterion. Also it is proved that such operators can
be constructed on a large class of Banach spaces, including c0(N) or ℓ

p(N) [2].
Bes and Peris [3] introduced the notion of hereditarily hypercyclicity and

proved that T satisfies the Hypercyclicity Criterion if and only if T is heredi-
tarily hypercyclic and if and only if the direct sum T ⊕ T is hypercyclic.

Definition 1.3. An operator T ∈ L(X) is called hereditarily hypercyclic with
respect to (nk), provided for all subsequences (nkj

) of (nk); the sequence {T
nkj :

j ≥ 1} is hypercyclic, namely, the set {T nkj x : j ≥ 1} is dense in X for some
x ∈ X . Moreover, T is called hereditarily hypercyclic if T is hereditarily
hypercyclic with respect to some positive integer sequence (nk). When nk = k

we say that T is mixing.

It can be easily seen that an operator satisfying the criterion for (nk) is
not only hypercyclic but also hereditarily hypercyclic with respect to (nk). In
particular, operators satisfying Kitai Criterion are mixing. It is a question
of Shapiro [17] to know whether the converse is true. Grivaux [7], answering
the question raised by Shapiro, proved that if B is a weighted backward shift
operator on ℓp, that its weights are small enough, then the perturbation of
the identity operator by B, i.e., I + B is a mixing operator which does not
satisfy the Kitai Criterion. In fact, the Propositions 2.4 and 2.5 in [7] show
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that I + B does not satisfy the Hypercyclicity Criterion for (k). This result
also was extended to any separable infinite dimensional Banach space.

A strictly increasing sequence of positive integers (nk) is said to be syndetic
if sup(nk+1 − nk) < +∞. A bounded operator T on X is called syndetically
hypercyclic if for any syndetic sequence of positive integers (nk), the sequence
{T nk} is hypercyclic [10]. It has been show that an operator T is syndetically
hypercyclic if and only if T satisfies the Hypercyclicity Criterion, equivalently
T is hereditarily hypercyclic. It is natural to ask what can be concluded about
operators satisfying the Hypercyclicity Criterion as well as hereditarily hyper-
cyclic operators with respect to a syndetic sequence.

In the present paper, we show operators satisfying the Hypercyclic Criterion
for a syndetic sequence must satisfy the Kitai Criterion. Similarly, operators
which are hereditarily hypercyclic with respect to a syndetic sequence must be
mixing. We also construct a bounded weighted shift operator on sequence space
ℓ1, satisfying the Hypercyclicity Criterion but not satisfy the Kitai Criterion.
In particular, a hereditarily hypercyclic weighted shift without being mixing
will be obtained.

2. Kitai criterion and syndetic sequence

In what follows X is a separable infinite dimensional Frechet space and (nk)
is a sequence of increasing positive integers.

Recall that a sequence (nk) of positive integers is called syndetic when

sup
k

(nk+1 − nk) < +∞.

We begin with the following simple observation:

Lemma 2.1. Suppose that X1, X2,. . . ,XN are separable Frechet spaces and

Ti ∈ L(Xi) for i = 1, 2, . . . , N . For given sequence (nk), if each Ti satisfies the

Hypercyclicity Criterion for (nk) on Xi, then T1 ⊕ T2 ⊕ · · · ⊕ TN so does on

X1 ⊕X2 ⊕ · · · ⊕XN .

Now we ready to state the main theorem of this section:

Theorem 2.2. Suppose that T satisfies the Hypercyclicity Criterion for a syn-

detic sequence (nk). Then T satisfies the Kitai Criterion.

Proof. Assume that M = supk(nk+1 − nk). Then by taking n0 = 1, we have

N =
+∞⋃

k=0

([nk−1, nk] ∩ N)

and thus there exists an increasing infinite sequence σ : N → N such that for
any k ∈ N there exits some integer j with |j| ≤ M − 1 and

(2.1) k = nσ(k) + j.
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Now assume that T satisfies the criterion for (nk), then for two dense subsets
Y, Z of X and functions Sk : Z → X , conditions (i), (ii) of the Hypercyclicity
Criterion are satisfied. Let

Aj = {k ∈ N : k = nσ(k) − j} and Bj = {k ∈ N : k = nσ(k) + j}

for any j with |j| ≤ M − 1. Note that Aj ∩ Bj = ∅ for j 6= 0 and A0 = B0.
Without loss of generality, we can assume both of Aj and Bj for any j, are
infinite. The subsequences of (nk) can be divided into 2M − 1 subsequence of

the forms {k : k ∈ Aj} and {k : k ∈ Bj}. Let Ỹ = TM (Y ) and Z̃ = TM(Z).

Then both Ỹ and Z̃ are dense subsets of X . By (2.1) we find that for each
y ∈ Y :

T k(TMy) =

{
TM−j(Tmσ(k)y) if k ∈ Aj for some j

TM+j(Tmσ(k)y) if k ∈ Bj for some j.

We also define functions S̃k : Z̃ → X by

S̃k(T
Mz) =

{
TM+jSσ(k)(z) if k ∈ Aj

TM−jSσ(k)(z) if k ∈ Bj .

For each z ∈ Z, using (2.1) with the above relations to get:

T kS̃k(T
Mz)− TMz = TM (T nσ(k)Sσ(k)(z)− z) (k ∈ Aj ∪Bj).

Since conditions (i) and (ii) of the Hypercyclicity Criterion are true for (nk),






T nσ(k)(y) → 0 for all y ∈ Y

Sσ(k)(z) → 0 for all z ∈ Z

T nσ(k)Sσ(k)(z) → z for all z ∈ Z.

Now by the above equalities we conclude that






T̃ k → 0, poinwise on Ỹ

S̃k → 0, pointwise on Z̃

T nkS̃k → IZ , pointwise on Z̃.

Therefore, T satisfies the Hypercyclicity Criterion for (k) and the proof is
complete. �

Recall that if the operator T satisfies the Hypercyclicity Criterion for (nk),
then it is hereditarily hypercyclic with respect to (nk). However, by a result of
Bes and Peris [3], the converse is true for the weighted shift operators:

Theorem 2.3. Let the operator T on ℓ1 be determined by T (en) = wnen−1 for

n ≥ 2 and T (e1) = 0. Then the following statments are equivalent:
(i) T satisfies the Hypercyclicity Criterion for (nk),
(ii) T is hereditarily with respect to (nk),

(iii) lim
∏j+nk

s=2 ws = +∞ for all j ∈ N.
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Proof. That (ii) and (iii) are equivalent is deduced from Proposition 3.3 in [3].
It is also easy to see (i) implies (ii). Thus it remains to prove (iii) implies (i).
For this, suppose condition (iii) holds. Let Y = Z := span{ei : i ∈ N}. Then

T nk(ei) = wiwi−1 · · ·wi−nk+1ei−nk

for every i ∈ N. Now define functions Sk : Y → Y by

Sk(ei) =
1

wi+1wi+2 · · ·wi+nk

ei+nk
.

By the above relation we find that T nky → 0, Skz → 0 and T nkSkz → z for
every y ∈ Y and z ∈ Z. So T satisfies the criterion for (nk) and the proof is
completed. �

Example 2.4. Every non-syndetic sequence (nk) induces a unilateral weighted
shift on ℓ2 satisfying the Hypercyclicity Criterion for (nk), not satisfying the
Kitai Criterion.

Proof. Since (nk) is not syndetic, we can find two increasing sequences (pk),
(qk) ⊆ N such that:

(i) qk < npk
< qk+1,

(ii) |qk − np| > k for each p ≥ 1
(For example, if nk = (2k)2, then pk = k and qk = (2k − 1)2).

Hence,

npk−1
< qk − k < qk < qk + k < npk

.

Define the weighted sequence w = {ws} by:

ws =







2−1 if qk − k + 1 ≤ s ≤ qk for k > 1
2 if qk + 1 ≤ s ≤ qk + k for k > 1
1 otherwise.

By induction, we prove that
∏qk

s=1 ws = 1. To this end, note that
∏q1

s=1 ws =
1. Now suppose that

∏qk−1

s=1 ws = 1 for k > 2, we compute
∏qk

s=1 ws. Let
w(s) = ws, by using of

1 < qk−1 < qk−1 + 1 < qk−1 + k − 1 < qk−1 + k < qk − k < qk − k + 1 < qk,

we split and then compute the product
∏qk

s=1 ws as the following:

qk∏

s=1

ws = (w(1)w(2) · · ·w(qk))

= (w(1)w(2) · · ·w(qk−1)

·(w(qk−1 + 1) · · ·w(qk−1 + k − 1))

·(w(qk−1 + k) · · ·w(qk − k))

·(w(qk − k + 1) · · ·w(qk))

= 1 · 2k−1 · 1 ·
1

2k−1
= 1.
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In view of the preceding theorem, the unilateral weighted shift Tw defined by
the weighted sequence w = {ws}, does not satisfy the Kitai Criterion. Now we
prove Tw satisfies the Hypercyclicity Criterion for (np) on ℓ1. Let p ≥ 1 and
npk−1

< np < npk
. Using (i) and (ii), to get

npk−1
< qk, np < npk

and |np − qk| > k.

Thus, we have two possibilities:

Case (i): If npk−1
< qk < np < npk

, then np − qk > k and hence

np+j
∏

s=1

ws = (w(1) · · ·w(np + j))

= (w(1) · · ·w(qk))

·(w(qk + 1) · · ·w(qk + k))

·(w(qk + k + 1) · · ·w(np))

·(w(np + 1) · · ·w(np + j))

≥ 1 · αk · 1 · α−j = αk−j .

Case (ii): If npk−1
≤ np < qk < npk

, then qk − np > k and in this case

np+j
∏

s=1

ws = (w(1) · · ·w(np + j))

= (w(1) · · ·w(qk−1))

·(w(qk−1 + 1) · · ·w(qk−1 + k − 1))

·(w(qk−1 + k) · · ·w(np))

·(w(np + 1) · · ·w(np + j))

≥ 1 · αk−1 · 1 · α−j ≥ αk−j−1

(In both cases, (w(np + 1) · · ·w(np + j)) ≥ α−j because ws ≥ α−1). Now for
each p ≥ n1, pick k sufficiently large to satisfying npk−1

< np < npk
. Now

from the above relations we conclude that if p → +∞, then k → +∞ and
∏np+j

s=1 ws → ∞. �

3. Mixing operators and syndetic sequence

In what follows X is a separable infinite dimensional Frechet space and (nk)
is a sequence of increasing positive integers.

It is well known that the operator T is hypercyclic if and only if for any
given two open sets U, V there is some positive integer n such that T n(U) ∩ V

is nonempty (see Theorem 1.2 in [8]). A hereditarily hypercyclic operator
satisfies a much stronger condition:
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Proposition 3.1. The operator T ∈ L(X) is hereditarily hypercyclic with re-

spect to (nk) if and only if for any pair (U, V ) of nonempty open subsets of X,

there is some positive integer N such that

T nkU ∩ V 6= ∅ for all k > N.

Proof. Without loss of generality suppose that nk = k. For the proof of the
sufficiency by way of contradiction, suppose that for a pair (U, V ) of nonempty
open subsets of X , T nkU ∩ V = ∅ for some subsequence (nk) of (k). By
definition, for a vector x ∈ X , the set {T nkx : k ≥ 1} is dense in X whence
T ix ∈ U for some integer i. Since T has dense rang, the set {T nk(T ix) : k ≥ 1}
is also dense in X and consequently T nk(T ix) ∈ V for some k large enough,
a contradiction. For the prove the necessity fix a countable basis {Vi} for the
topology of X and a subsequence (nk) of (k). By assumption, each of the open
sets

⋃

k T
−nkVi is dense in X for any integer i ≥ 0 and so is

⋂

i

⋃

k T
−nkVi. It

is east to check that for any vector x in the recent set, {T nkx : k ≥ 1} is dense
in X . This completes the proof. �

Corollary 3.2. The operator T is mixing if and only if it is hereditarily hy-

percyclic with respect to the whole sequence (n) of integers.

Lemma 3.3. Suppose that X1, X2,. . . ,XN are separable Banach spaces and

Ti ∈ B(Xi) for i = 1, 2, . . . , N . For given (nk) ⊆ N, if Ti is hereditarily

hypercyclic with respect to (nk) on Xi, then T1 ⊕ T2 ⊕ · · · ⊕ TN dose so on

X1 ⊕X2 ⊕ · · · ⊕XN .

Theorem 3.4. Assume that T is hereditarily hypercyclic with respect to a

syndetic sequence (nk). Then T is mixing.

Proof. Assume that M = supk |nk − nk+1|. Then by taking n0 = 1, we have

N =
+∞⋃

k=0

([nk−1, nk] ∩ N)

and thus there exists an increasing infinite sequence σ : N → N such that for
any k there exits some integer jk with |jk| ≤ M − 1 and

(1) k = nσ(k) + jk.

Now suppose T is hereditarily hypercyclic with respect to (nk). Fix two
open subsets U, V in X . By Proposition 3.1, it suffices to show that T kU ∩ V

is nonempty for sufficiently large k. To do this, let X̂ = X ⊕X ⊕ · · · ⊕X and
T̂ = T ⊕ T ⊕ · · · ⊕ T , be 2M − 1 copies of X and T , respectively. By Lemma

2.1, T̂ is also hereditarily hypercyclic with respect to (nk) on X̂ . Consider the

open subsets Û , V̂ of X̂ as the following:

Û := U ⊕ U ⊕ · · · ⊕ U
︸ ︷︷ ︸

M copies

⊕T−1U ⊕ · · · ⊕ T−M+2U ⊕ T−M+1U and
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V̂ := T−M+1V ⊕ T−M+2V ⊕ · · · ⊕ T−1V ⊕ V ⊕ V · · · ⊕ V
︸ ︷︷ ︸

M copies

.

By Proposition 3.1, T̂ nk Û ∩ V̂ 6= ∅ for sufficiently large k. In particular,
for some positive integer N , T̂ nσ(k) Û ∩ V̂ 6= ∅ for any k > N . The definitions
of T̂ , Û and V̂ imply that for each k > N , there exists some integer jk with
|jk| ≤ M − 1, satisfying

(2) T nσ(k)+jk(U) ∩ V 6= ∅.

We conclude from (1) and (2) that T kU ∩ V 6= ∅ for any k > N . Therefore by
Corollary 3.2, T is mixing. �

It must be mentioned that the operator in Example 2.4 is in fact a heredi-
tarily hypercyclic operator which is not mixing.
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