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WEAK CONVERGENCE THEOREMS FOR EQUILIBRIUM
PROBLEMS AND NONEXPANSIVE MAPPINGS AND
NONSPREADING MAPPINGS IN HILBERT SPACES

L1 JIANG AND YONGFU SU

ABSTRACT. In this paper, we introduce an iterative scheme for finding a
common element of the set of fixed points of a nonexpansive mappings
and nonspreading mappings and the set of solution of an equilibrium
problem on the setting of real Hilbert spaces.

1. Introduction

Let C be a nonempty closed convex subset of a real Hilbert space H. Then
a mapping T : C' — C is said to be nonexpansive if || Ta — Ty ||<|| z — vy ||
for all z,y € C. We denote by F(T) the set of all fixed points of T, that is,
F(T)={2€C:Tz==z}.

A mapping F is said to be firmly nonexpansive if

| Fx — Fy |?< (x —y, Fx — Fy)

for all z,y € C. On the other hand, a mapping @ : C — C is said to be
quasi-nonexpansive if F(Q) # 0 and

[Qz—ql<lz—ql

for all x € C and ¢ € F(Q), where F(Q) is the set of fixed points of Q.
Obviously if T': C — C' is nonexpansive and the set F(T') of fixed points of T
is nonempty, then 7' is quasi-nonexpansive.

The nonspreading mapping was introduced by Kohsaka and Takahashi [1].
Let E be a smooth, strictly convex and reflexive Banach space. Let J be the
duality mapping of F and let C' be a nonempty closed convex subset of F.
Then a mapping S : C' — C' is said to be nonspreading if

o(Sx, Sy) + ¢(Sy, Sx) < ¢(Sx,y) + ¢(Sy, x)
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for all 2,y € C, where ¢(z,y) =|| z ||* —=2(z, Jy)+ || y ||? for all z,y € E. They
considered such a mapping to study the resolvents of a maximal monotone
operator in a Banach space. In the case when F is a Hilbert space, we know that
é(x,y) =|| x —y ||? for all x,y € E, then a nonspreading mapping S : C — C
in a Hilbert space H is defined as follows:

2| Sz~ Sy |IP<|| Sz —y |* + | = — Sy |I*
for all z,y € C.

Let H be a real Hilbert space and let C' be a nonempty closed convex subset
of H. Let f be a bifunction form C x C to R, where R is the set of real
numbers. The equilibrium problem for f : C x C' — R is to find z € C such
that f(x,y) > 0 for all y € C. The set of such solutions is denoted by EP(f).
Numerous problems in physics, optimization, and economics reduce to finding
a solution of the equilibrium problem.

In this paper, we will establish the convergence theorems for finding common
solutions of equilibrium problem and fixed problems of nonexpansive mappings
and nonspreading mappings.

2. Preliminaries

Throughout this paper, let H be a real Hilbert space with inner product
(-,-) and norm || - ||. Let C be a nonempty closed convex subset of H. We
write &, — x to indicate that sequence {z,} converges weakly to z. z, — =
implies that {x,} converges strongly to . We denote by N and R the sets of
all positive integers and all real numbers, respectively. In a Hilbert space, it is
known that

21) Jar+(Q-aylP=alz[P+Q-a)[yl* —all-a)|z-y]?
for all x,y € H and « € R; Further, in a Hilbert space, we have that
(22) 2z—yz-w=[le—wlP+y-2P-z—zP-lly-w]?.

For solving the equilibrium problem, let us assume that a bifunction f sat-
isfies the following conditions

(A1) f(z,z) =0 for all z € C}

(A2) f is monotone, i.e., f(z,y) + f(y,z) <0 for all z,y € C;
(A3) for all x,y, 2 € C, limsup, | f(tz + (1 = t)z,y) < f(z,9);
(A4) for all x € C, f(z,-) is convex and lower semicontinuous.

The following lemmas that will be used for our main result in the next
section.

Lemma 2.1. Let C be a nonempty closed convexr subset of H and f be a
bifunction from C x C into R satisfying (A1)-(A4). Let r > 0 and x € H.
Then there exists z € C such that:

1
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Lemma 2.2. Assume that f : C' x C into R satisfying (Al)-(A4). Forr >0
and x € H, define a mapping T, : H — C as follows:

1
T, (x) :{zGC:f(z,y)—i—;(y—z,z—@ >0,YyeC}, Vo € H.

Then,
(1) T is single-valued;
(2) T is firmly nonexpansive, that is, Va,y € H,

H Trx —Ty ||2§ <TT1' - Ty, x — y>;

(3) F(T) = EP(f);
(4) EP(f) is nonempty, closed and convex.

Lemma 2.3. Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let S be a nonspreading mapping of C into itself such that F(S) #
0. Then S is demiclosed, i.e., T, — w and x, — Sz, — 0 imply u € F(S).

Lemma 2.4. Suppose that {s,} and {e,} are sequences of nonnegative real
numbers such that sp41 < Sp + ey for alln € N . If fo:l e, < oo, then
lim,, oo Sn, €TiSES.

3. Main results

We are now in a position to prove our theorem for finding common solu-
tions of equilibrium problem and fixed problems of nonexpansive mappings
and nonspreading mappings.

Theorem 3.1. Let H be a Hilbert space and let C be a nonempty closed convex
subset of H and f : Cx C — R be a bifunction satisfying (A1)-(A4). Let S be a
nonspreading mapping of C into itself and let T' be a nonexpansive mapping of
C into itself such that F(S)NF(T)NEP(f) # 0. Let z,, and u,, be sequences
generated initially by an arbitrary element x4 € H and then by

- :En-i-l = (1 - an)un + an{ﬁnsun + (1 - ﬁn)Tun}a vn Z 1a

where {an} , {Bn} C[0,1] and {r,} C (0,00) satisfy the following conditions:
liminf, e an(l — ay) > 0, liminf,, o Bn(l — Bn) > 0 and liminf,, o r, >
0. Then the sequences {xzn} and {un,} convergence weakly to an element of

F(S)NF(T)nEP(f).

Proof. First, we show that lim,, o || un — Su, ||= 0. Note that u,, can be
rewritten as u, = T, @, for alln € N, take z € F(S)NF(T)NEP(f), we know
that

[ un =z ||= Trpan =T,z <] @ — 2 || -
We obtain from (3.1) that

(3.2)  @py1 = Bn{(l —an)tn + anSun} 4+ (1 — Bo){(1 — an)un + anTun}



508 LI JIANG AND YONGFU SU

for all n > 1. Further, putting V;, = B,{(1 — ap)I + @, S} + (1 — Bp){(1 —
an)l + a,T}, we can rewrite (3.2) by z,+1 = Vyun, we have that for any
z€ F(S)NF(T)NEP(f)
| Znt1 =2 [P= || Vaun — 2 |2

< ﬂn || (1 - an)un + apSuy, — 2 ||2

+ (1 =560 || (1 —an)un + anTu, — 2z ||
< Bn || (1 — Q) Up + Sty — 2 ||2 +(1 — Bn) || Un — 2 H2
< Jlun =2 |7

< Jlen -z

(3.3)

for all n € N. Therefore there exists
(3.4) lim ||z, — 2 = lim || up — 2 |*= lim || Vou, — 2 |2
n—oo n—oo n—oo
hence {z,} and {u,} is bounded.
From (3.3) we get
0 <[l up —2 ”2 —Bn || (1 = an)un + anSun — 2 ”2 —(1=6n) | un — 2 ||2

= Bu(ll un — 2 ||2 — [ (1 = an)un + anSuy, — 2 ||2)
lun =z 12 = || Vaun — 2 |7
So we have

0< (1= Bu)Bnlll un =2 1> = | (1 = an)un + anSun — 2 ||?)
< (=Bl un =2 1P = || Vaun — 2 [1?).
Since liminf,, o B (1 — B,) > 0, it follows from (3.4) that
11_>Ir010(|| Un — 2 ||* = || (1 = an)un + anSu, — 2 ||?) = 0.
From (2.1), we have
| (1= an)un + anSuy, — 2 |12
= (1= o) [l un = 2 |* +on || Sun = 2 || —an(1 = an) || un = Suy |?
and hence
an(l = an) || un — Suy |2
= (lun =27 = | @ = an)un + anSup — 2 |1?)
—an | un =z ||* +an || Sup — 2 |?

(Il un — 2 ||2 — I (1 = an)un + anSu, — 2 ||2)

IN

—an || Un*ZHQJFOén I Un*ZH2

= ||up—2 ||2 — || (1 — an)un + anSu, — z ||2 .
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Since liminf,, o (1 — @) > 0, we get

lim || w, — Su, ||= 0.

n—o0

Since {u,} is a bounded sequence, there exists a subsequence {uy,} C {u,},
such that {u,,} converges weakly to v. From Lemma 2.3 we obtain v € F(S).
We also show that v € F(T'). In fact we have that for any z € F(S)NF(T)nN
EP(f)

| Vaun — 2 ||2
< B |l (1= )ty 4+ anSun — 2 || +(1 = Bo) || (1 = an)tun + anTup — 2 ||?
< B lun =2 12+ = B) | (1= an)un + anTun — 2 |2
< lun =212
and hence
0< (1= Ba)(l un — 2 I = I (1 = )t + an Tt — 2 |12
lun =2 1P = || Vaun — 2 ||
so, we have
0. < Bu(l = Bu)(l tn — = I* = || (1 = an)un + €Tt — = |P)
< Balll un =2 2 = || Vaun — 2 [1%).
Since liminf,, o (1 — Br) > 0, it follows from (3.4) that

lim (|| up — 2 |2 = || (1 = ap)tn + anTuy, — 2 ||?) = 0.
n— o0
So we obtain from (2.1)

lim || w, — Tuy, [|=0.

n—oo

Since {uy,} converges weakly to v, we have v € F(T). Next, we shall show
v € EP(f). Since u, = Trpx,, we have
1
F(Unay) + _<y — Up, Un — xn) Z Oa vy € C
T

n

Note that by (A2), we have

1
—(y — Un, Up — Tpn) > F(y, un)
T'n

and hence

Uy — Ln.

n

By condition (A4), F(y,-) is lower semicontinuous and convex, and thus weakly

semicontinuous. Since u"r;z" — 0 in norm. Therefore, letting ¢ — oo in (3.5)
yields

F(y,v) < lim F(y,un,) <0, VYyeC.

1—00
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Replacing y with y; := ty + (1 — t)v,t € [0,1] and using (A1) and (A4), we
obtain

0= F(ys ys) < tF(Ye,y) + (L= ) F(ye, v) < F(yr, y)-
Hence
F(ty+ (1 —t)v,y) >0, t€[0,1], yeC.
Letting ¢ — 07 and using assumption (A3), we conclude
F(v,y) >0, VyeC.

Therefore, v € EP(f). Then, we conclude that v € F(S) N F(T) N EP(f).
Next, we shall show that lim, o || 2 — up ||= 0.
Indeed, let z be an arbitrary element of F(S) N F(T) N EP(f). Then as
above u,, = Trpx,, and from (2.2) we have
[un = 2 || =[| Trazn — Troz ||?
< {(Trpxy, —Trpz, oz, — 2)

= (Up — 2,Tp, — 2)

1
=5lun—=2 12+ 1l 2n =2 17 = | 2n — un |?)
and hence
Jun = 2 [IP<|| @0 — 2 |* = || @0 —un |17 .
From (3.3), we have
| T — 2 P tn — 2 2<[| 20— 2 |1 = || 20 — ua |12
and hence
| @n —un [IP<| @0 — 2 > = || @1 — 2 |17

Since limy, o0 || Zn — 2 || exists, we have
(3.6) nh—>Ir<>lo | £, — un ||= 0.
Following we will prove {z,} converges weakly to v. Since {u,,} — v, from

(3.6) we have {x,,} — v. Let {x,,} be another subsequence of {x,} such that
T, — w. Then, we have v = w. In fact, if v # w, then we have that

lm ||z, —v | = lim || 2,, —v ||
— 00 11— 00
< lim || zp, —w ||= lim [ @, —w]||
11— 00 n—oo

lim ||z, —w ||< lim || 2,, — v
j—00 j—o00

= lim ||z, —v|.
n—o0

This is a contradiction, so we have v = w. Therefore we conclude that {z,}
converges weakly to v € F(S)NF(T)N EP(f).
From (3.6) we conclude {u,} also converges to v € F(S)NF(T)NEP(f). O
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4. Corollary
As direct consequences of Theorem 3.1, we can obtain two corollaries.

Corollary 4.1. Let H be a Hilbert space and let C' be a nonempty closed conver
subset of H and f : C x C — R be a bifunction satisfying (A1)-(Ad). Let S
be a nonspreading mapping of C into itself such that F(S)N EP(f) # 0. Let
T, and u, be sequences generated initially by an arbitrary element x1 € H and
then by

ftn,y) + =y = tn, up — 20) >0, Vy € C,
Tn+1 = (1 - an)un + an‘s’un; vn > 1,

where {an} C [0,1] and {r,} C (0,00) satisfy the following conditions:

liminf a, (1 — @) > 0 and liminfr, > 0.

Then the sequences {x,} and {u,} convergence weakly to an element of F(S)N

EP(f).
Proof. Putting 8, = 1 for n € N in Theorem 3.1, we get the conclusion. (I

Corollary 4.2. Let H be a Hilbert space and let C' be a nonempty closed convez
subset of H and f : C' x C — R be a bifunction satisfying (A1)-(A4). Let S be
a nonspreading mapping of C into itself and let T be a nonexpansive mapping
of C into itself such that F(T) N EP(f) # 0. Let z, and w, be sequences
generated initially by an arbitrary element x1 € H and then by

Tn+1 = (1 - an)un +apTuy,, Vn>1,

where {an} C [0,1] and {r,} C (0,00) satisfy the following conditions:

liminf o, (1 — ay) > 0 and liminfr, > 0.
Then the sequences {x,} and {u,} convergence weakly to an element of F(T)N
EP(f).

Proof. Putting 3, = 0 for n € N in Theorem 3.1, we get the conclusion. (I
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