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A NOTE ON SKEW DERIVATIONS IN PRIME RINGS

VINCENZO DE FILIPPIS AND AJDA FOSNER

ABSTRACT. Let m,n,r be nonzero fixed positive integers, R a 2-torsion
free prime ring, @ its right Martindale quotient ring, and L a non-central
Lie ideal of R. Let D : R — R be a skew derivation of R and E(x) =
D(zm*tntr) — D(z™)z" " — 2™ D(z™)z" — 2™t D(z"). We prove that
if E(x) =0 for all x € L, then D is a usual derivation of R or R satisfies
sa(x1,...,x4), the standard identity of degree 4.

1. Introduction

Throughout, R will represent an associative ring with a center Z(R), @ its
right Martindale quotient ring, and C' its extended centroid. Given an integer
n > 2, a ring R is said to be n-torsion free if for z € R, nx = 0 implies = 0.
Recall that a ring R is prime if for a,b € R, aRb = {0} implies that either
a =0 or b=0, and is semiprime if aRa = {0} implies a = 0. As usual, the
commutator zy — yz will be denoted by [z,y], ,y € R. An additive mapping
D : R — R is called a derivation on R if D(zy) = D(x)y + 2D(y) for all pairs
z,y € R. Let a € R be a fixed element. Then a map D : R — R defined by
D(z) = [a,z] = ax —za, x € R, is a derivation on R. Such derivation is usually
called an inner derivation defined by a.

Let a be an automorphism of a ring R. An additive mapping D : R — R is
called an a-derivation (or a skew derivation) on R if D(zy) = D(z)y+a(x)D(y)
for all pairs ,y € R. In this case « is called an associated automorphism of
D. Basic examples of a-derivations are usual derivations and the map a — 1,
where 1 denotes the identity map. Let b € @) be a fixed element. Then it is
easy to see that a map D : R — R defined by D(z) = bx — a(x)b, x € R, is an
a-derivation called an inner a-derivation (an inner skew derivation) defined by
b. If a skew derivation D is not inner, then it is outer.

An additive mapping F': R — R is called a generalized derivation on R if
there exists a derivation D on R such that F(zy) = F(x)y+xzD(y) for all pairs
x,y € R. Basic examples of generalized derivations are usual derivations on
R, left R-module mappings from R into itself, and so called generalized inner
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derivations, i.e., maps of the form z — ax +xb, x € R, where a,b € @) are fixed
elements. Note also that generalized derivations and skew derivations are two
natural generalizations of usual derivations.

We say that an automorphism o : R — R is inner if there exists an invertible
q € Q such that a(z) = gvqg~! for all # € R. If an automorphism o € Aut(R)
is not inner, then it is called outer.

Recently the following result was proved.

Theorem 1.1 ([6]). Let m and n be two fized positive integers, R a 2-torsion
free prime ring, and L a non-central Lie ideal of R. If

F(x™ ) = Fz)a™ " + 2™ D(z)a"

is an identity for L, where both F' and D are generalized derivations of R, then
either D = 0 or R satisfies the standard identity sq(x1,...,24) and D is a
usual derivation of R.

Let us point out that in [6, Theorem 1] the authors also considered the form
of a generalized derivation F'.

This result motivated us to investigate similar identity involving a skew
derivation of a prime ring. More precisely, our aim is to prove the following
theorem.

Theorem 1.2. Let m,n,r be nonzero fized positive integers, R a 2-torsion free
prime ring, L a non-central Lie ideal of R, D : R — R a skew derivations of
R, and

E(z) = D(™™"*") — D(z™)2" " — 2™ D(2™)z" — 2™ " D(2"), x € R.

If E(x) = 0 for all x € L, then D is a usual derivation of R or R satisfies
sa(x1,...,24), the standard identity of degree 4.

2. Preliminaries

In this section we will write down some known results which we will need in
the following.

Let R be a prime ring and I a two-sided ideal of R. Then I, R, and @
satisfy the same generalized polynomial identities with coefficients in @ (see [2]).
Furthermore, I, R, and @ satisfy the same generalized polynomial identities
with automorphisms (Theorem 1 in [4]). Recall that in case char(R) = 0 an
automorphism « of @ is called Frobenius if a(x) = x for all x € C. Moreover,
in case char(R) = p > 2 an automorphism « is Frobenius if there exists a fixed
integer ¢ such that a(x) = 2" forallz € C. In [4, Theorem 2] Chuang proved
that if ®(z;,a(z;)) is a generalized polynomial identity for R, where R is a
prime ring and o € Aut(R) an automorphism of R which is not Frobenius,
then R also satisfies the non-trivial generalized polynomial identity ®(z;,v;),
where z; and y; are distinct indeterminates.
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Now, let R be a domain and « € Aut(R) an automorphism of R which is
outer. In [8] Kharchenko proved that if ®(z;, a(x;)) is a generalized polyno-
mial identity for R, then R also satisfies the non-trivial generalized polynomial
identity ®(x;,y;), where z; and y; are distinct indeterminates.

In [5] Chuang and Lee investigated polynomial identities with skew deriva-
tions. They proved that if ®(z;, D(z;)) is a generalized polynomial identity for
R, where R is a prime ring and D an outer skew derivation of R, then R also
satisfies the generalized polynomial identity ®(x;,y;), where z; and y; are dis-
tinct indeterminates. Furthermore, they also proved [5, Theorem 1] that in the
case ®(x;, D(x;), a(x;)) is a generalized polynomial identity for R, where R is a
prime ring, D an outer skew derivation of R, and « an outer automorphism of
R, then R also satisfies the generalized polynomial identity ®(z;,y;, z;), where
T, Y;, and z; are distinct indeterminates.

Let us also mention that if R is a prime ring satisfying a non-trivial general-
ized polynomial identity and « an automorphism of R such that a(z) = z for
all © € C, then « is an inner automorphism of R [1, Theorem 4.7.4].

For proving our main theorem we will also need the following lemma.

Lemma 2.1. Let R be a prime ring of characteristic different from 2, m,n,r
positive integers, and 0 # b € R such that

[r1,m2] ™ (b[ry, 2] + [r1,r2])"b)[r1,m2]" =0
for allri,7o € R. Then R is commutative.

Proof. Firstly, assume that b € Z(R). In this case R satisfies the generalized
identity 2b[z1, 2]+ = 0. Moreover, since 0 # b € Z(R), R satisfies the
polynomial identity [z1,z2]™T"*" = 0. By the result in [7] (for a bounded
index on nilpotency), we conclude that R must be commutative.

Now suppose that b ¢ Z(R). Then

[€1, x2]™ (blx1, x2]™ + [21, 22]"b)[T1,22]" =0

is a non-trivial generalized polynomial identity for R. By Martindale’s theorem
[12], R is a primitive ring having a nonzero socle with C as the associated
division ring. In light of Jacobson’s theorem [9, p. 75], R is isomorphic to
a dense ring of linear transformations on some vector space V over C. Let
dimc V' > 3. Since b ¢ C, there exists v € V such that {v,bv} are linearly
C-independent. Moreover, because of the dimension of V' over C, there exists
w € V such that {v,bv,w} are linearly C-independent. By the density of R,
there exist 71,79 € R such that

rv =0, rov =w, rqyw =wv, ribv =0, rabv = w.
By calculation we obtain the contradiction

O = [Tl,Tg]m(b[Tl,T’g]n -+ [’I"l,T’Q]nb)[T’l,’f’Q]T’U =2 7£ 0
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Hence, we may assume that dimg V' < 2. So, either R is commutative, or
R = M5(C), ie., the 2 x 2 matrix ring over C. We have to prove that if
R = M5(C), then a contradiction follows.

Denote by e;; the usual unit matrix with 1 in the (¢, j)-entry and zero else-
where. Let b = Zlgi,jgz bijeij, where b;; € C. Recall that in case [rq,72] # 0
for some 1,72 € M(C), then [r1,72]? € Z(R). More precisely, if [r1,72] is an
invertible matrix, we have

(1) [T17T’2]b+b[7’1,7‘2} :0

Now consider [r1, 73] = e11 — eg in (1). By calculation we get by = beg = 0.
Analogously, for [r1,72] = €12 + €21 in (1) we obtain b1s + by = 0. On the
other hand, for [ri, 9] = e21 — €12 in (1) we have bjo — by; = 0. It follows that
b1o = ba; = 0. Thus, b = 0, a contradiction. O

We will end this section with one basic remark.
Remark 2.2. Our main assumption in Theorem 1.2 is
(2) Dz = D(2™) 2™ + 2™ D(z™)z" + 2™ " D(2")
for all x € L. On the other hand, the skew-derivation rule says that
(3) D(z™t"*7) = D(2™)2"™ " + a(z™)D(2™)z" + a(z™ ) D(2")
for all z € R. Therefore, by comparing (2) and (3) we get
(4) (a(a™) —2™)D(a")a" + (a(a™ ") — 2™ ") D(x") = 0
forall x € L.

3. The case of inner skew derivations

In this section we will consider the case when D : R — R is a nonzero
inner skew derivation on a prime ring R induced by the element b € @) and an
automorphism « € Aut(R), that is, D(z) = bz — a(x)b for all x € R. In this
sense, our aim will be to prove the following proposition.

Proposition 3.1. Let R be a prime ring of characteristic different from 2, L
a non-central Lie ideal of R, m,n,r > 1 fixed integers, b a nonzero element of
Q, and a € Aut(R) an automorphism of R. If

(a(u™) —u™)(bu™ — a(u™)b)u” + (a(u™ ™) — ™) (bu” — a(u")b) = 0
for all w € L, then one of the following holds:

(a) a =1, the identity map on R;
(b) bx — ax)b =0 for all x € R;
(¢) R satisfies sq(x1,...,24).

We begin with the following lemma.
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Lemma 3.2. Let R be a prime ring of characteristic different from 2, I a
two-sided ideal of R, m,n,r > 1 fized integers, b a nonzero element of Q, q an
invertible element of Q, and a(x) = quq~! for all x € R. If

(a(u™) —u™)(bu™ — a(u™)b)u" + (a(u™ ™) — u™ ™) (bu" — a(u")b) =0
for all w € [I,1], then one of the following holds:
(a) g € C and hence o = 1, the identity map on R;

(b) ¢~ 'b € C and hence bx — a(z)b =0 for all z € R;
(¢) R satisfies sq(x1,...,24).

Proof. By our assumption, I satisfies
(5) (qley, 2a]™ g — [w1, 22])™) (blw1, 2] — qlzy, 22]"q ') [21, 2]

Hglrr, 2] g = [, @)™ ) (B, wo]” — glan, 2] g7 10) = 0.

Since I and @ satisfy the same generalized polynomial identities with automor-
phisms @ also satisfies (5). Note that if {¢g~'b,1} are linearly C-dependent,
then ¢ 'b € C and we are done. Hence, consider the case when {g~'b,1}
are linearly C-independent. Then (5) is a non-trivial generalized polynomial
identity for Q. By Martindale’s theorem [12], @ is a primitive ring having a
nonzero socle with C' as the associated division ring. In a light of Jacobson’s
theorem [9, p. 75], @ is isomorphic to a dense ring of linear transformations on
some vector space V over C. Of course, we may assume that dimg V' > 2.

First, suppose that the vector space V is finite dimensional over C, i.e.,
dimcV = k > 2. Then Q = My(C), the ring of k x k matrices over C.
We will denote by b= 37, iy bijei; and by ¢ = g b = D 1<ij< Cijeij for
bij, Cij € C.

Let i # j and choose [r1,z2] = e;; — ej; in (5). For all ¢ # i, j we have
ere(qleii — i)™ " = (eii — ej3) ™) (bleir — ej3)" — alew — €j;)"q 'b)(eii — e55) ex
+ew(qlen — €)™ g = (e — ej5)™ ) (blew — e55)" — qlei — €j;)"a b)ew = 0.
Then

(6) GriCit +Yqiicje =0
for all i # j, t #1,7, and v = (—1)™T"*". Recall that for any ¢ € Aut(Q)
(P(@)f1,22]™(q) " = [z, 2] ™) (@(B) w1, w2]" — p(q) w1, 2]"0(q) " p(b)) [0, w2]”

Hp(@)lon, z2]™ () = w2 M) (0(0) 21, 72]" — (@), 2] p(@) o (b)) = 0
is also an identity for ). Therefore, the matrices ¢(q) and (c) must satisfy the
condition (6). In order to finish our proof we will use this argument a number
of times.

In particular, let

wo(r) = (L +ew)r(l —ey) = T + ez — wey; — eyvey,

p1(x) = (1 —ew)x(1 4 ey) = x — ez + wey; — e xey,
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and apply (6) to ¢o(q) and o(c). Then we have
(7) (Qii — qee — Git)cit +7qijc5e =0
)

for all i # j and t # 4,j. Analogously, applying (6) to ¢1(q) and ¢1(c) we
obtain

(8) (—qis + que — qit)Cit — Vgijcje =0

for all i # j and ¢t # i,j. Hence, by (7) and (8), and since char(R) # 2, we
have

(9) gitcit = 0

for all i # t. In the next step we will show that either ¢ is a diagonal matrix
or c¢ is a diagonal matrix. So, suppose that ¢ is not diagonal. Then there exist
integers i # ¢ such that g;; # 0. By (9) it follows that ¢;; = 0.
Now, let j # i,t and

Xo(x) = (]. + €ij)1'(]. — eij) =+ eijx — QCGZ']‘ — el-jxem

Xl(SC) = (1 — Eij)I(]. + eij) = r — eij:c —+ 1'61‘]‘ — eijxeij.
Denote xo(q) = 2 x(@)nent: x1(2) = 2x(@pents xo(e) = > x(€)jen, and
x1(c) = > x(e)pent- Here, x(q)h, x(@)h> X(€)h x(c)y; € C. I both x(q);, = 0
and x(¢); = 0, then ¢ + ¢+ = 0 = gix — ¢;+, which implies ¢;; = 0, a
contradiction. Thus, at least one of x(q);, and x(q)% is not zero. By applying
(9), we have that either x(c);, = 0 or x(c)}; = 0. So, 0 = ¢;x £ ¢;¢ = ¢j¢ and
hence,

(10) w#0 = =0

for all r # t.
Consider m # i,t and

/U‘O(x) = (1 + etm)x(l - etm) =T+ egmT — Tl — €gmTelrm,
1 () = (1 — egm)x(1 + etm) = T — €@ + Tt — CmTeim.

Denote po(q) = >° pu(@)ients p(q) = 32 p(@)pent, pole) = 3 p(e)yen, and
pi(e) = > ple)ien with w(q)h,, w(@)r;, w(e)hy, u(e)n, € C. Then we can ob-
serve the following by (10).
o If 0 = w(Q)i, = @im — Qt, then g # 0 and, by (10), ¢y = 0 for all
r#m.
o If 0 = u(q)?, = Gim + ¢, then gim # 0 and, by (10), ¢y, = 0 for all
r#£m.
e If both u(q);,, # 0 and u(q)i,, # 0, then by (10), both u(c)..,, = 0
and p(c)l,, =0 for all r # m. In particular, for r # ¢ this means that
0 = ¢pm — ¢rt, and since ¢, = 0 from (10) we have ¢;,, = 0. On the
other hand, for » = ¢t we have both ¢, — ¢m + ¢t — ¢ = 0 and
Ctm + Cmm — Ctt — Cme = 0. Since ¢, = 0, by (10) and char(R) # 2, it
follows that ¢, = 0.
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Therefore, the previous step says that
(11) qit % 0 - Crm = 0

for all » # m and m # i. In other words, if ¢;; # 0, then the nonzero entries of
the matrix ¢ are just on the i-th column and on the main diagonal.
Finally, let j # 4,t and

770(37) = (1 + eji)x(l — eji) =T+ e;T — Tej; — €5;T€;j;,
771(1‘) = (1 - €j¢)5€(1 + Gji) =T — €4T + TEji — €4iLE ;-

Denote 10(q) = > 1(q)pent, m(q) = an(q)ﬁizehz, no(c) = > n(c)jen, and

ni(c) = 2o n(e)pent with 1(q)y; (), 1(e)h, n(c)y, € C. Also we can observe
the following by (11).
e If 0 = n(q)); = qji + qit, then gj; # 0 and, by (11), ¢, = 0 for all r # i.
e If 0 = 1(q)}, = qjt — qit, then gj; # 0 and, by (11), ¢,; = 0 for all 7 # i.
e If both 7(q)}, # 0 and n(q)7, # 0, then by (11) all the entries in the
i-th column of ng(c) are zero. The same is true for the i-th column of
n1(c). In particular, for m # j this means that 0 = 1(c),; = ¢mi — cmj,
and since ¢,,; = 0 from (11) we have ¢,; = 0. On the other hand, for
m = j we have both 0 = n(c)}; = ¢ji + cii — ¢j; — cij and 0 = n(c); =
Cji — Cij + Cjj — Cij- Since Cij = 0, by (11) and char(R) 75 2, it follows
that Cji = 0.
This yields that if g; # 0, then the nonzero entries of the matrix ¢ are just
on the main diagonal. The previous argument says that either ¢ is a diagonal
matrix or ¢ is a diagonal matrix.

In the next step we will prove that either ¢ is a central matrix or c is a
central matrix. To do this, we assume first that ¢ is not a diagonal matrix.
So, suppose that g;; # 0 for some i # j. As above, we introduce some suitable
automorphisms of My (C'). More precisely, let m # 4,5 and

Ao(x) = 1+ eim)x(l — eim) = T+ €im® — Tim — €imTeim,

M) =1 —em;)z(l+ emj) =T — €miT + Temj — emjTem;.
Denote Ao(q) = > A@)yent, Ai(q) = 2o Ma@)ment, Ao(c) = D2 A(e)}en, and
M) = Y A(e))en with (@) AM@)h A(€)hs Ale)y, € C. Note that both
)\(q)gi = gj; # 0 and A(¢);ji = ¢;: # 0. Therefore, both Ag(c) and Ai(c) are
diagonal matrices. In particular,

0= )\(C);m = Cmm — Cii,

0= AC)mj = Cjj = Cmm,
and hence, ¢;; = ¢j; = ¢ and c is a central matrix in M (C).
Thus, we assume that g is a diagonal matrix. Moreover, if there exists an
automorphism 6 of My (C) such that 6(q) is not diagonal, then, by the previous
argument, we can prove that 6(c) is central as well as ¢. Therefore, we may
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assume that 6(q) is a diagonal matrix for all § € Aut(My(C)). In particular,
let [ # t and

O(x) = (1+ew)x(l —en) =+ epr — xey — epxey.

Denote 0(q) = >_0(q);;en with 0(q);; € C. Since 6(q) is diagonal, we have
8(¢);; = 0. Hence, g — gy = 0. In this case we conclude that ¢ is a central
matrix and we are done.

At the end, suppose that dim¢ V' = oo and assume that ¢ ¢ C and ¢ ¢ C.
Under this assumption there exist 1,79 € @ such that qri; # r1q and cry # rac.
By Litoff’s Theorem (see, for example, [10, p. 280]) there exist e? = e € Q and

a positive integer k = dim¢(Ve) such that
q,¢,qri,m1q, cra, rac, by, 19 € eQe =2 My (C).
Moreover, eQe satisfies the identity
((ege) (w1, x2]™ (eq ") — [w1, w2]™) ((ebe) w1, 22]" — (ege)[a1, w2]" (eq ™ be)) 1, x2]"

+((eqe) w1, w2]™ " (eq " e) = [m1, 2] ") ((ebe) [w1, m2]" — (ege) w1, x2]  (eq~ ' be)) = 0.
By the arguments in the previous case we have that either eqe € Z(eQe) or
ece = eq tbe € Z(eQe). Hence, one of the following holds:

® qry = eqri1 = €eqery = rieqe = riqge = riq,

® (Ty = €Cry = €CEeTy = T9eCe = T'yCe = T'aC.

In both cases we have a contradiction. The proof of lemma is completed. [

Proof of Proposition 3.1. Set I = R[L,L|R. Then 0 # [I, R] C L. Therefore,
by our hypothesis

(a(u™) —u™)(bu™ — a(u™)b)u" + (a(u™ ™) — u™ ™) (bu” — a(u”)b) = 0

for all uw € [I, R]. Since I, R, and @ satisfy the same generalized polynomial
identities with automorphisms it follows that @ satisfies

(a([z1, 22]™) = [21,22]™) (b1, 22]" — (w1, 2]")b)[T1, T2]"

(12) (e[, 2] ™) = [y, @] ™) (b, w2]" — e[y, 22]")b) = 0.

In the case « is inner, then there exists an invertible element ¢ € @ such that
a(z) = qrq~! for all x € R. Hence, by Lemma 3.2 the result follows.

Next, suppose that « is outer. Since b # 0, by the main theorem in [3],
@ satisfies a non-trivial generalized polynomial identity (@ is a GPI-ring).
Therefore, by [12, Theorem 3] @ is a primitive ring and it is a dense subring of
the ring of linear transformations of a vector space V over a division ring D.
Moreover, () contains nonzero linear transformations of finite rank.

If o is not Frobenius, then by [4, Theorem 2] and (12) we have that @
satisfies

([y1, y2]™ = [z, 22]™) (b1, 2] — [y1,y2]"b)[21, 22]"

(13) +([y1, y2l ™" = (w1, w2 ) (b, 2] — [y1,y2]"D) = 0
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and, in particular, @) satisfies
(14) [.131, l‘g]m(b[l‘l, J)Q]n — [331, .132]”[)) [.131, l‘g]r =0.

Thus, @ must be commutative from Lemma 2.1. On the other hand, if @
is a domain, @) satisfies both (13) and (14), and, as above, we conclude that
@ is commutative. In the light of previous arguments we assume that a is
Frobenius and dimp V' > 2. Note that if char(R) = 0, we have a(z) = x for
all © € R since « is Frobenious. By [1, Theorem 4.7.4] this implies that «
is inner, a contradiction. Thus, we may assume that char(R) = p > 2 and

a(y) = 4*" for all v € C and some nonzero fixed integer t. In particular,
a([ya1, 22]) = 47 o[z, 22]). Hence, by replacing [z1, 23] with [yz1, 23] in (12)
we obtain that @) satisfies

mEE (P D o (21, 0] ™) — 1, 22]™) (b1, 2] — " Va1, w2]")b) [, 72"
Ay (@D o ([ o] ) (b, o] — 7P D[, 2] 7))

—y A g, @] T (b, 2] — ’yr(pt_l)oc([acl, 22]")b) = 0

for all 0 # v € C. Since v # 0, @ satisfies
(v D[y, 22]™) = [w1, 22]™) (Blwr, 2] — " Da([w1, 22]")b) w1, 22)"

F(Y @D o ([, 2] ™)) (D, @) — 4" V[, 20)7)b)

v

(15) ~[z1, 23] by, )" — 4" Va([z1, 22]")b) = 0.

Since () is a primitive ring with a nonzero socle, by [9, p. 79] there exists a
semi-linear automorphism 7' € End(V) such that «(z) = T2T~? for all z € R.
Hence, by (15), @Q satisfies

(" T [y, 9] T [y, o] ™) (Bl )"y DTy, ] T 10) 1, 22"
HO T [y, 2o T (bl 2a)” — 4 I T (2] T)

(16) _[1'1; $2]7'L+n(b[$1, $2]T . ,yr(pt_l)T[xl’ xQ]rT—lb) —0.
Denote the identity (16) by ®(z1,22). Assume first that v and T~ 1bv are D-

dependent for all v € V. More precisely, let T~ 'bv = Av for A € D. In this
case

(bx — T2T~'b)v = brv — T2T'bv = bav — T(z(\v)) = bazv — T(A(zv))
= bxv — T(T7'b)(xv) = bxv — brv =0
for all z € R. This yields that (bx — a(z)b)V = {0} for all z € R. Since V is
faithful it follows that bz — a(x)b = 0 for all x € R and we are done.
Thus, there exists vy € V such that vy and T~ 'cvg are linearly D-independ-
ent. If dimp V > 3, then there exists w € V such that w, v, and T~ 'bv are

linearly D-independent. We will denote T~ 'bv = . By the density of Q there
exist r1,7r9,73 € Q such that

rv =0, rov =0, ru =0, rou =w, rw =u.
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Thus, by (16) we have the contradiction
0= (ry,ra)v = (=) ~Vbv # 0.

Hence, we may consider the last case that dimp V' = 2. Then @ is a finite-
dimensional central simple algebra over C since D is finite-dimensional over C'.
Moreover, if C' is finite, then D is finite. Thus, D is a commutative field and
we are done. So, we may assume that C is infinite. We will denote

Oy = —[x1, )" b[w1, 2| — [21, 22]) ™ "b[1, 22]",
Py = af[z1, 22]™)b[w1, 2],

Py = [z1, 22]™ ([3317$2]")b[$17962]r,

B3 = [z1, 2] " a([w1, 22]")b,

Oy = —a([zr, 2",

and from (15) we have that ) satisfies
(17) Do+ AP + APy + A3 P35+ NPy =0

for all 0 # v € C. Here, \; = 'ym(pt’l), Ay = vn(ptfl), A = 'y”(ptfl), and
Ay = (Mt =1 Replacing 7 successively by 1,~2,73, 4% the identity (17)
gives the homogeneous system of equations:

Do+ P+ P2+ P3+P4=0

Do+ AP+ AoPo + A3P3 + M Py =0
Py + )\%‘I’l + /\%(132 + /\%@3 + )\i‘b4 =0
Qg + AjP1 + APy + AjPs + A\jPy =0
Do + A\ @1 + My + \jPs + M\jPy =0

Moreover, since C' is infinite, there exists infinitely many v € C such that
vh(f’t_l) #%1for h=1,...,m+n+r. Hence, the Vandermonde determinant

11 1 1 1
1 A A As A
e ey
LA ad i A

1 2 3 4

is not zero. Thus, we can solve the above system of equations and obtain ® = 0.
Hence, @ satisfies

[Il, zz}mb[xl,xQ]"Jrr + [.1?1,12]m+nb[$171’2]r = 0

and, by Lemma 2.1, @ is commutative, a contradiction. The proof of proposi-
tion is completed. (I
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4. The proof of Theorem 1.2

We are now ready to prove the main result of this paper. So, let m,n,r be
nonzero fixed positive integers, R a 2-torsion free prime ring, L a non-central
Lie ideal of R, D : R — R a skew derivations of R, and

E(x) = D(2™*") — D(z™)2™" — 2™ D(z™)z" — 2™t D(2"), = € R.

We have to prove that if E(x) = 0 for all € L, then D is a usual derivation
of R or R satisfies s4(x1,...,24), the standard identity of degree 4.

Let @ € Aut(R) such that D(xy) = D(z)y + a(z)D(y) for all z,y € R. In
the case o = 1, the identity map of R, there is nothing to prove. Hence, we
may assume that o # 1.

We will divide the proof into two parts. Firstly, consider the case when D is
inner, i.e., there exists b € @ such that D(z) = bz — a(z)b for all z € R. In the
light of Proposition 3.1 we have that either D = 0 or R satisfies s4(x1, ..., x4)
and we are done.

Now, assume that D is outer. As above, there exists a suitable two-sided
ideal T of R such that 0 # [I, R] C L. Hence, by (4), I satisfies

(18) (o[, 22]™) = [21, 22]™) D([w1, w2]") [w1, 2]
+(a([zr, 2] ™) = [w1, 2] ™) D([w1, 22]") = 0.
Since by [5, Theorem 2| I, R, and @ satisfy the same generalized polynomial

identities with a single skew derivation, @ satisfies the identity(18) as well.
Note that for 1 <n € N

|
A

D(z"™) = a(z')D(z)z" " z € R,

%

I
<

and
D([z1,x2]) = D(z1)x2 + a(x1)D(x2) — D(x2)21 — a(®2)D(21), 21,22 € R.
By (18) we obtain

a([zy,z2]™) (2_: a([z1, z2)")(D(x1)x2 + 1) D () — D(z2)2) — (X(.’L‘z)D(.’L‘l))[lel,.’L’z]n_i_1> (1, z2]"
i=0
n—1

o™ (X allenaxl ) Dlen)as + a(e)Diaa) = Dlas)er ~ alea)Dle)far,aal ™ o, aal

+alfzr, 22 ™) (Z al[z1, 22l ) (D(1)e + al@1) D(e2) — D(wz)es - a(m)D(m))[x],xzr*H)
7=0
r—1

—[@y, 29)™ " (Z a([z1, 229 (D(z1)x2 + a(x1)D(2) — D(z2)71 — (,Y(iL'Q)D(lL’l))[l'l,.’L‘z]r_j_1> =0
3=0

for all z1,x2 € Q. Since D is outer and by [5], @) satisfies
(19)

n—1

afer,2]™) (X allen el Yunaa + alor)ye — vaes = alex)n)for,aal"= ) on,aal”
=0
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n—1

~loaal” (X alfer.aal) e + alen)n 2o — ale)ien,aa]" ) for,aal
=0

r—1
+a([z1, z2]™ ™) (Z al[z1, z2)? ) (y1z2 + a(z1)y2 — yaz1 — a(m)yl)[ml,m]r—j—l)
=0

r—1

—[z1, 22)™ " (Z a(lz1, z2)) (122 + a(@1)y2 — y2a1 — a(z2)y1)[e1, Iﬂ“jfl) =0.
=0

Moreover, if « is outer, by [5] and identity (19), @ satisfies
(20)

n—1

[21, 22]™ <Z[Z1, 22]' (122 + 2192 — yaw1 — 2oy [21, xz]"_i_l) [1,22]"
=0
n—1
—[z1, 2™ <Z[21, 2] (1@2 + 21y2 — Y21 — 2201) |21, ffz]nll> [21, 22]"
=0

r—1
+[a1, ZQ]m+n (Z[Zh ZQ]j(ywz + z1Y2 — Y21 — 22y1)[T1, xQ]T‘—j—1>
=0

r—1
—[w1, 2] " <Z[z1, 2o} (Y172 + 2192 — Yoy — Zzyl)[m,xg]r_j_l) =0.
§=0
In particular, if we write 21 = 20 = 0, y1 = 21, and yo = x5 in (20), we get
that @ satisfies
_2[w17x2]m+n+r =0.
In other words, @ is commutative (see [7] for a fixed bounded index of nilpo-
tency) and we are done.
At the end we have to consider the case when « is inner. So, there exists an
invertible element g € Q such that a(z) = gzq~! for all z € R. Writing y; =0
and yo = qys in (19) we obtain

(21)
(dloralma™ = for ™) (§<q[x1,mz1iq1)(q[x1,y31)[x1,x2]"“) [, 2]"
(dbor ™07 = for ™) (:Zé(q[xl,xz]fq1)<q[x1,y31>[m1,m21”1) ~0

for all x1,z2,y3 € Q. Denote the left hand side of the identity (21) by
P(z1,%2,y3). Note that ¢ ¢ C since o # 1. Therefore, (21) is a non-trivial
generalized polynomial identity for Q. By Martindale’s theorem [12], @ is a
primitive ring having a nonzero socle with C as the associated division ring.
In the light of Jacobson’s theorem [9, p. 75] a ring R is isomorphic to a dense
ring of linear transformations on some vector space V over C. Of course, we
may assume that dimgc V' > 3.
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Since g ¢ C there exists v € V such that v and gv are linearly C-independent.
Moreover, since dimg V' > 3 we can find w € V such that {v, qu, w} are linearly
C-independent.

Assume first that » > 2. By the density of ), there exist r1, 79,73 € @ such
that

riv=0, 7rov=w,
riqu=w, 7requ=0, 7r3qV=0,
mw=wv, row=0, rsw=-—v.
Then [rq,re]Jv =0, [r1,72]qu = 0, [r1,73]qv = v. This yields that
0= P(ry,r2,73)quv = qu # 0,
a contradiction. On the other hand, if r = 1, we can write (21) as follows

n—1

(dtor, el = for, ™) (Z;(qm, o e [N S C [

+(Q[$1, o] g - [$17$2]m+n>Q[$17y3] =0.
By the density of @, there exist r1, 73,73 € @ such that
riv=0, rv=0, 7r3v="w,
rqu=w, requ=0, 7r3qV=0,
riw =v, Trow = —qu.
Then [rq, ra]v =0, [r1,72]qu = qu, [r1,7r3]v = v. This yields
0= P(ry,rs,r3)v = —qu # 0,
a contradiction. The proof of Theorem 1.2 is completed.

At the end we will give an example which shows that in our main theorem
we can not expect the conclusion that R is a commutative ring.

Example 4.1. Let R be a ring of all 2 x 2 matrices over the field of complex
numbers and let « : R — R be an automorphism of R defined by a(x) = qrg~*
for all x+ € R and some fixed invertible element ¢ € R. Let b € R be a
fixed nonzero matrix. Consider a skew derivation D : R — R defined by
D(x) = br — a(x)b for all x € R. Let L = [R,R]. Then u? € Z(R) for all
u € L. Hence, for m = r = 2 we have a(u™) —u™ = qu?q~* — u? = 0 and
bu" — a(u")b = bu? — quq~'b = bu? — u?b = 0. Therefore, the hypothesis of
Theorem 1.2 are satisfied. Note also that R satisfies s4(x1, ..., x4) but it is not
a commutative ring.
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