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DEGENERATE SEMILINEAR ELLIPTIC PROBLEMS NEAR
RESONANCE WITH A NONPRINCIPAL EIGENVALUE

HoNG-MIN Suo AND CHUN-LEI TANG

ABSTRACT. Using the minimax methods in critical point theory, we study
the multiplicity of solutions for a class of degenerate Dirichlet problem in
the case near resonance.

1. Introduction and main results

Consider degenerate semilinear elliptic equation of the form

{ —div(a(z)Vu) = Au+ f(z,u) + h(z) in Q,

(1) u =0, on 01,

where 2 is a bounded domain in RY(N > 2) with smooth boundary 952, a is
a nonnegative measurable weight on Q, A € R, h € L?(Q2), and f: Q x R = R
is a Carathéodory function and satisfies the following assumption.

(A) There exist constants C' > 0 and ¢ € (1,2) such that
[f(z, )] < CA+[t[77).

Problem (1) was introduced as models for several physical phenomena re-
lated to equilibrium of continuous media which somewhere are perfect insula-
tors or perfect conductors (see [5]).

Assume that

(H,) a€ L, (), and there exists a constant « € [0, +00) such that

loc

lim inf |z — 2| %a(x) > 0
r—z

for every z € Q.
From this assumption, Caldiroli and Musina in [2] have proved that there exist
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a finite set Z = {21,22,..., 2} C Q and numbers 7,8 > 0 such that the balls
B; = By(z;)(1 =1,2,...,k) are mutually disjoint and
a(x) > 6lx — z|Y, VeeB;, i=1,2,...,k,
and
k
a(z) >, VYreQ\|JBi
i=1

This says that the elliptic operator in problem (1) is degenerate and the set
Zg ={z € Q:a(x) =0} is finite.

By the presence of function a, weak solutions of equation (1) must be found

in a suitable space. To this purpose, we define the space H}(€2,a) (see [2]) as
the closures of C§°(2) with the norm

Jul| = (/Q a(x)|Vu|2dx> i

for u € C§°(Q). In fact, H}(£2,a) is a Hilbert space with the inner product
(u,v) = / a(z)(Vu, Vv)dz
Q

for u,v € H(Q,a). Moreover, we have the following lemma.

Lemma 1 (Proposition 3.2, [2]). Assume that (Hy) holds for some o € (0, 2].

Then H(Q,a) < LP(Q) is compact if p € [1,2), where 2, = NE;VJFQ,

From this lemma, it is not difficult to check that the associated functional
of problem (1) J : H}(2,a) — R defined as follows

() = %/Q(a(xﬂVu\g —)\u2)dx—/QF(x,u)d:v—/Qhudx,

is of class C'!, where F(z,t) = fot f(z,s)ds. And

(J'(u),v)) = /Q a(z)(Vu, Vo)dz — A /Q wodz — /Q F(z, w)vdz — /Q hoda:

for u, v € H} (2, a). Furthermore, the weak solutions of system (1) are exactly
the critical points of J in HJ (€, a).

In addition, from Lemma 1 it follows that the operator L defined by Lu :=
—div(a(x)Vu) fits into the standard spectral theory for compact self-adjoint
operators. Then there exists an increasing unbounded sequence of positive
eigenvalues 0 < Ai(a) < Ag(a) < -+ < Ag(a) < - - (see [2]). Denote by
E), = ker(L—\g(a)) the eigenspace corresponding to eigenvalue A (a)(k € NT),
then Ey is a finite dimension space and we denote by Hy = E1 @ Eo®--- P Ej.

There are many results on multiplicity of solutions for non-degenerate equa-
tions like problem (1) approaching the first eigenvalue of corresponding linear
problem. For instance, [13, 14, 1, 9, 4, 3] considered this problem in one or
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higher dimension via bifurcation theory or degree theory. As for results via
variational methods, the readers are referred to [11, 10, 16, 6].

Results for higher eigenvalues were obtained in [9], [13] and [7]. Where
[9] only considered the one-dimensional case via bifurcation from infinity and
degree theory. [13] used bifurcation theory to deal with the eigenvalues of odd
multiplicity. Recently, in [7], de Paiva and Massa considered this problem in
any spatial dimension, and proved that there exist at least two solutions near
resonance with any nonprincipal eigenvalue.

In the present paper, we extend the main results of [7] to the variational
degenerate elliptic problem (1) by Local Saddle Point Theorem [12, 8] and
Mountain Pass Lemma. Our main results are the following theorems.

Theorem 1. Suppose that (H,) holds for some a € (0,2). Assume that f
satisfies (A) and the following condition

@) flz, t)t

S
uniformly for x € Q. Then there exists 69 > 0 such that for every A € (\i(a) —
30, Ak(a)), where k > 2, the problem (1) has at least two solutions.

Theorem 2. Suppose that (H,) holds for some a € (0,2), f satisfies (A) and

the following condition

(3) lim F(x,t) =400

[t]—o00

= +00

uniformly for x € Q. Assume that
(4) / hodr = 0, V¢ € Ek.
Q

Then there exists §1 > 0 such that for every A\ € (Ag(a) — 61, \x(a)), where
k > 2, the problem (1) has at least two solutions.

Theorem 3. Suppose that (H,) holds for some a € (0,2). Assume that f
satisfies (A) and the following condition
(5) lim f(@, )t = —00

[t]—oo |t

uniformly for © € Q. Then there exists do > 0 such that for every \ €
(Ax(a), A\k(a) + 62), where k > 2, the problem (1) has at least two solutions.

Theorem 4. Suppose that (H,) holds for some o € (0,2), f satisfies (A) and
the following condition

(6) lim F(x,t) = —o0

[t] =00

uniformly for © € Q. Assume that

(7) /thsdx =0, Vo€ E,.
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Then there exists d3 > 0 such that for every A € (Ag(a), \i(a) + d3), where
k > 2, the problem (1) has at least two solutions.

In order to prove our results, we need two abstract results as follows.

Theorem A (Link Theorem [15]). Let H be a Hilbert space. Suppose that
J € CY(H,R) satisfies the (PS) condition. Consider a closed subset S C H
and a submanifold Q C H with relative boundary 0Q. Suppose that

(i) S and 0Q link,

(ii) o = infues J(u) > sup,coq J(u) = aq.

Let

I'={heC°%H,H): hlog = id},

then the number

B = inf sup J (h(u))
defines a critical value 8 > « of J.

Theorem B (Local Saddle Point Theorem [12, 8]). Let H = X; ® X3 be a
Hilbert space where X1 has finite dimension, J € C*(H,R) satisfying the (PS)
condition and such that for given p1,pa > 0,

sup J(u) <a= inf J(u)<b= sup J(u)< inf J(u),
u€EP1S1 u€p2 B u€py By UE P2 Sa

where B; and S; represent the unit ball and the unit sphere in X;, i« = 1,2.
Then there exists a critical point ug such that J(ug) € [a, b].
2. Proof of theorems
Define
Bip_1={u€ Hp_q:|Jul| <1}, Br={ué€Hy:|u| <1},
By ={ue Hi :|lu] <1},

and Si_1, Sk, SkL are respectively their relative boundaries.
By assumption (A) and Lemma 1, one has

(8) /QF(:U, u)dx

Moreover, denote by A\, = Ag(a) for short, we have

< O+ [lull?).

1
) / W2z > A [ul? for ue Hy,
Q Ak
2 1 2 1
(10) uwdr < ——||ul|* for uwe Hj,
Q Ak+1

< [lAl[c2llufl Lz < S| L2 [ull,

(11) ‘/Q hudz

where S is the best embedding constant.
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Proof of Theorem 1. The proof will be divided into four steps.
Step 1. For A € (Ap_1, Ax), the functional J satisfies the (PS) condition.
Using (9) and (10) we have

Nj—
(12) /’mwwm—t/w%<: " ul?, Vue He,
Q

(13) / oz )|Vu|2da:—)\/ uf2dy > =2 3 M2, Vue HE .
Q k

Let {u,} C HE(Q,a) such that {J(u,)} is bounded and J' (uy,) — 0 as n — oc.
We first prove that {u,} is bounded. By negation, suppose that ||u,| — oo as
n — oo. Let u, = v, +w, € Hp—1 & Hi:- |. From Hélder inequality and (11),
we have

<J/(un)a (7Un)>
:/\/unvnda:—/a(x)Vun~andx+/ f(x,un)vnder/ hv,dx
Q Q Q Q

A — Ag—1 _
> 2 o = € [ (1 funftDloalds = Sl o]
k—1 Q
A — )\k—l -1
> T”U"HQ = Cllonllzr = Cllunl i valle = SlAllzzlvall
S A—Ap1 2 a q-1
> TH%H — CSllon|l = CS|un||* " [lonll = SlIhl L2 [|vnll,
dividing the above inequality by ||u,||?, noting that % — 0, we have
ol
[ |
as n — o0o. Similarly, one has
lowall
[[en |

as n — o0o. Hence,

lunll . lwnll + [lon]
[[un]| [[n |

which is a contradiction. So {u,} is bounded.
In the following, we will prove that {u,} has a convergent subsequence. Let

1= —0 as n— oo,

u) = / F(x,u)dz, Yu € Hy(Q,a).
Q
Obviously, I € CY(HZ(2,a),R) and

(I' (w) /fxuvdm Yu, v € Hy (2, a).
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Moreover, I' : HE(,a) — (H}(Q,a))* is a compact operator by Lemma 1.
Since {u,} is bounded, i.e., there exists M > 0 such that ||u,| < M. Then
there exist a subsequence {u,, } C {u,} and u € H}(Q,a) such that I’ (u,, ) —
I'(u). Denote by tn, = P, + ¢n, € Hi—1 & Hi- |, by (12) one has

<J/(u"k) - J/(unj)ﬂ/)nj - 1/’m>
- / a(x)lv(¢7tk - wnj)|2dx+)‘/ (wnk - wnj)de
Q Q
- <I/(unk) - I/(unj)awnj - ¢nk>
A=A
S W = P = (0 (n) = (), = ),

I \/

so we have

)\ A
= 1IIwnk U, 12 < 2M (|7 (A 11T (ot ||+ 17 () = 1 ()1,

Wthh 1mphes that
1Vn, — ¥n,ll =0 as k,j — oo,

that is, {1, } is a Cauchy sequence in Hg (£, a).

In a similar way, we can prove that {¢,, } also has a Cauchy subsequence
{¢nk3} To sum up, we have showed that {unkj} is a Cauchy sequence in
H}(Q,a). Hence J satisfies the (PS) condition.

Step 2. We will prove that there exists §g > 0 such that for A € (A —do, Ax),
the first solution of problem (1) will be obtained by Theorem A.

For u € Hi, from (8), (10) and (11) it follows that

1 A
J) > (L—)WW—cu+nw%—mmmaw.
2 Akt1

If ) e ()\kfl,)\k), 1

constant Dy € R such that J(u) > D; for all u € Hj-.
In addition, it follows from (2) and (A) that for any M; > 0, there exists
C1 > 0 such that

(14) F(a,t) > Myt - Cy

fort e Rand z € Q. Set 6 := A\ — A > 0, for u € KSy, from (8), (9), (11),
(14) and all the norms in a finite dimensional subspace are equivalent it follows
that

1
J(u) < QQ_)mw | Pla.wyda+ Sinla

ol = Aty [ fulde + Calg] + Al
2k Q

4]
2\

| /\

oy Iull® = Mallull + €1
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B
(15) = m1r<2—MzK+Cl\Q|,

where My is a positive constant. We fix K = K; > 0 such that C|Q|— M2 K <
D1 — 1 and choose 0 < § < 2\/K? = 6y, then J(u) < D; for all u € K;Sj.

Let

Iy = {y € C°%K1By; H}(Q,a)) : ¥k, s, = id}.
Since K15, and H kL link, by Theorem A we can obtain the first solution cor-
responding to a critical point at the critical level
¢y = inf sup J(y(v)).
v€l'1 veK, By,

Step 3. We shall obtain the second solution of problem (1) by Theorem A
once more.

On one hand, for A € (A, — 8o, A\x) and u € Hj- |, by (8), (10) and (11), we
get

1 A

a6 g = g (1) Il = Ol - Skl

which implies that there exists a constant Dy € R such that J(u) > Dy for all
u € H ,j;l.
On the other hand, for u € Hy_1, by estimates (8), (9) and (11), we have
1 A

Jw) < s (1= ) llull®* + C+ [[ul|) + Al 2 |lu].-
2 Ak—1
A

For A € (Ag—1,Ax), we have 1 — 2~ < 0, so for given K, in Step 2, we can
find suitably large p; > K; such that J(u) < D for all u € p1Sk_1.

Let

Ty ={y € C%p1Br-1; Hy (Q,0)) : Vlpys,_, = id}.
Since p1.S;_1 and H kl_l link, by Theorem A we can obtained the second solution
corresponding to a critical point at the level
co=inf sup J(y(v)).
V€2 vepy Broy

Step 4. We show that ¢ < c¢1, which implies that these two solutions are
different.

On one hand, from the estimates of Step 2, we have that ¢; > D;.

On the other hand, consider the continuous map vy : p1Br—1 — H define
by

_ [ ut (KR = [lul?) e lull < K,

0 ne={ Ky < lull < o,

where e, € Ei and |leg|| = 1. Then we observe that the map v, € Ts.
For u € Hi_1, in a way similar to (15), one gets

1 A
J(u) < - (1 - ) [Jul|* — / F(z,u)dz + S||h| 2 ||ul
2 Ak—1 Q
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A1 — A
< =) lull® = Myflull + C1|Q] + S|/l L2 ||ul
2M k-1

A1 — A
9 < (%522 ) P - atlul + e,

Since A;/\’,:;A < 0and C1|Q|— MK, < D; by Step 2, we have J(u) < Dj for all
u € Hy_q with ||u|| > K. For u € K1By_1, let v1(u) = u + (K? — |Jul|?)"/%es,
then vy (u) € K1Sk, by Step 2, we have J(y1(u)) < D1. Now we deduce that
SUP,ep, By, J (71(v)) < Dy, which implies that c; < Dy < ¢;. Our proof is

completed. ([

Proof of Theorem 2. Observing the proof of Theorem 1, here we only need to
prove that under our conditions there exists d; > 0 such that for 0 < § < 6y,
we have J(u) < D; for all u € K;Sk. Other estimates are obtained by the
same methods as in the proof of Theorem 1.

By (A) and (3), we can easily deduce that

(19) F(x,t) > —Cs,
for all t € R and z € Q where Cy > 0. Now we shall show that in the finite
dimension space Hy, hypotheses (A) and (3) imply that
(20) lim F(z,u)dx = lim inf F(z,u)dzr = +o0.
Hu”—>oo Q K—ooueKSy Q

First, we say that there exists a constant n > 0 such that the set @, =
{z € Q : |Ju(z)| > n} has measure |Q,| > n for all u € S;. Actually, Hy, is a
finite-dimensional subspace and the functions v € Sj are smooth, so they are
uniformly bounded, that is, there exists M3 > 0 such that |u(x)| < Mj for all
x € Q. Suppose that for n, — 0(n, < 1) there exists {u,} C S; such that
|2, | < 7n. On one hand, by (9), one has

I/Ak§/|un|2dx.
Q

On the other hand,

/|un|2dx: / \un\de+/ |un|2d9c
Q Qu,, N\ Quy,

< 1 (M5 +19)
— 0.

This is a contradiction.
Now, for any fixed L > 0, setting My = (L + |Q|C2)n~1, by (3), there exists
to > 0 such that F(x,t) > My for |t| > tg. For any K > to/n and u € Sy, one



DEGENERATE SEMILINEAR ELLIPTIC PROBLEMS NEAR RESONANCE 677
has Q, C {z € Q: |Ku(x)| > to}. Thus we have
/ F(z, Ku)dx > Myn.
| Ku|>to
From (19) it follows that

/ F(z, Ku)dx > / —Chdx > —C5|9Q).
| Ku|<to

|[Ku|<to

To sum up, one has
/ F(x, Ku)de > Man — Co|Q| =L
Q

which implies that (20) holds by the arbitrariness of L.

Let \ € [%,)\k) and p = %>O Then
1— A :/\k71—)\<)\k—1_>\k:_u
Ak—1 Ak—1 — 2Xk—1 '

For u =v+ ¢ € Hy,_1 @ Ey with |Ju| = K, from (4) it follows that

s <5 (1= 52 ) 1P 5 (1= 5 ) 1P = [ Pl = [ s

)
mllqﬁH2 - §Hvll2 - /Q F(z,u)dz + S|[h|| L2 ||v]|

IN

IN

g 2 _ Hyy2 pyoie St

F 612 = 5ol = [ Faude + S0l + 5 1Al
) S?

(21) sﬁﬂw%ffwMM+;Mm.

By (20), we may fix K; > 0 such that 5 5 ||hHL2 Jo Fz,u)dx < Dy —1 for all
|lul| > K. Then letting 0 < 6 < &; := 2\, /(K1)? > 0, one gets J(u) < D; for
u € K15;.

If w € Hg_q, that is, ¢ = 0. By (2 ) there exists Ky > 0 such that
Jo F xudx>f||h||L2 D; +1, so J(u — Jo F( xuda:—l—s||h||L2 <
Dy —1< D for all u € Hp_1 with |lul| > K1

The reminders are the same as in the proof of Theorem 1. Hence Theorem
2 holds. ([

Proof of Theorem 3. In the case A € (Mg, Ak+1), from Step 1 in the proof of
Theorem 1 it follows that the functional J satisfies the (P.S) condition.

Step 1. The existence of the first solution of problem (1).

For A € (Ak, Ak41), by assumptions (A) and (5), we will prove the following
estimates: there exist do > 0, G1, Ky, E € R, & > 0 such that for A\ €
(Aky A + 02), one has

(22) J(u) < Gy for u € Hy,_q,
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(23) J(u) > Gy for u € KoSit 4,

(24) J(u) > Gy for u € HiF, ||ul| > Ko,
(25) J(u) > E foru € KoBi- 4,

(26) J(u) < E for u € &Sk_1.

Thus let X; = Hy—q and Xo = Hi- |, by (22)-(26) we have the structure

sup J(u) < E< inf J(u) < sup J(u) <Gy < inf  J(u).
ESk-1 K2Bj_, EBr—1 KaSiy

Then the first solution comes from Theorem B corresponding to critical point
at the level d; < G;.

Now, we give the proofs of estimates above. For u € Hy_1, by (8), (9) and
(11), one has

1 A
@0 0 <5 (152 ) Bl? + €O+ Tl + Sl

For A € (Mg, Agt1), we have 1 — TA—I < @
such that (22) holds.

We claim that for G; above, there exist K3,do > 0 such that for every
A € (Ak, A + 92), Egs.(23) and (24) hold.

In addition, for A € (A, Ag+1) and u € Hi- |, by (8), (10) and (11), one gets

< 0. Then there exists G; € R

k—1

1 A
Jw) > = (1= ) [[ul]* = C(1+ [|ul|?) = S||hl|||ul
2 AL
1 Akt1 2 q
>\ 1= [ull* = C(1 + [Jull?) — S|[hllLz[lul,
2 Ak

which implies that J is bounded from below in any bounded subset of H ,i-_l,
that is, for K, there exists F € R satisfying (25). Further, by (27), for E and
G1, there exists & > 0 such that (26) holds.

It reminds to prove the claim above. Let A = \x + J, by Eq.(16), (24) holds
provided that K5 is large enough (say Ko > K ). Moreover, this value can be
made independent of A once that § is small enough.

Next, we will prove (23), that is, we will prove that there exists Ky > 0 such
that J(u) > G, for u € KQSk{I.

Letu=w+¢ € H: | = H,i- @ E). Since E}, is a finite dimension subspace,
all the norms are equivalent, there exists Cyp > 0 such that ||¢]| < Col|d] 2
for all ¢ € Ex. By (A) and (5), we have for (S||h||z2 + 1)Cy > 0, there exists
constant Cy such that

(28) —F(x,t) = ((S[|hll2 + 1)Co)[t] = Ca
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for all t € R and = € . By (10) and (28), one has
(29)
1
I =5 [T+ d)P — Aw+ oo
0 Q

Mgt — O +6), g 6

2D - ol
+ (SlIAllze + DColl@ll e — (Slll L2 + 1)Coll — wllpr — [[Rll 2]l L2
— 12l g2llwllz2 — C4l€]
Akt —(Ae+0) o 0 2

D e — o
+ (S|l e + Dl = [212(S ) 22 + 1)Collwl| 2 — S|All 2|4
= S|l 2wl — Cal€|

F(z,w+ ¢)dx —/ hw + ¢)dx

Q

>

v

M1 — (A +0), o 0 )
> 2kl — AR T ) _ 3 B
> ey Ml = gy 161 4 19l = Cslwll — G,
where Cs = |Q|'/2S(S||h| 12 + 1)Co + S||h| 12, Cs = C4|€|. Since

0 0
(1 - IIUII> el < el + 116l = 53— (Il* + lell®)
k k

é
<({1l-—-— .
< (1= 191 ) 1ol +
Let § < (Ag+1 — Ak)/2, Eq.(29) becomes

A — (M, +0 1)
Jw+¢) 220 = ey o ool — o — ol + (1= =2l ) 1l
2)\k 1 2)\k
+
A+l — My 12 o
> TF — 1 - 1— — )
(30) 20— el = (G5 + Dl - Co + WAL
JF
Since 25=2% > 0, there exists Cr € R such that 2452 [lw]|2 — s |w|| - Cg >

C7. From this and (30) it follows that

o
> - — .
76 2 (1= gtal )l + €

Now we can choose Ky large enough such that Ky + C7 > G + 1 and (24)
holds, then for 0 < § < min{2X\;/K2, (Ak+1 — A\p)/2} = 02 and u € K5 |,
one gets J(u) > Gy, that is, (23) holds.

Step 2. The existence of the second solution of problem (1).

For A € (A, Ak + 62) and u € Hit, by (8), (10) and (11), we get

1 A
B)  Jw) > (1—) lull? = €1+ Jull®) = Sl|A ]l
2 Akt1

which implies that there exists a constant G2 € R such that J(u) > Gs for all
u€eH ,j‘
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For u € Hy, by (8), (9) and (11), we get

1 A
B Jw < g (1- 5 ) Bl C sl + Sl
then for K5 in Step 1, we can find ps > Kj such that J(u) < G for all
u € pQSk.
Let

Dy = {7 € C°(p2Bi HY() : Ylpms, = id}.
Since p2Si and Hj- link, then for every A € (Mg, A + d2), the second solution
is obtained by Theorem A corresponding to critical point at the level
dy = inf sup J(y(v)).
Y€l's veps By,

In order to distinguish two solutions obtained above, we need the following
lemma.

Lemma A ([7]). For p > K > 0, the set pSy, links the set
W={ueHf:|u|>KUKS ,.

Step 3. we will prove that these two solutions are distinct.

For any map v € I's, from the proof of Step 1, we can choose ps > Ks, one
has that the image of v either intersects KgS,i‘_l or has a point u € H ,ﬁ- with
[ul| > K2 by Lemma A. This implies that sup,c,, 5, J(7(v)) > G1 by estimates
(23) and (24). Then dy > G; > di, which shows that these two solutions are
different. Our proof is completed. ([

Proof of Theorem 4. Under assumptions (A), (6) and (7), we only need to prove
that there exist Ky, d3 > 0 such that for A\ € (Ag, A\x + d3) and G given in the
proof of Theorem 3, one has

J(U) > Gy

for u € KQSk{r

First we give a conclusion which is similar to Lemma 3 in [17]. Under
the assumptions on F, there exist a constant Cs and G € C(R,R) which is
subadditive, that is,

(33) G(s+1t) <G(s)+G(t)
for all s,t € R, and coercive, that is,

(34) G(s) = +oo

as |s| — oo, and satisfies that

(35) G(s) < |s|+4

for all s € R, such that

(36) —F(x,8) > G(s) — Cs

for all s € R and z € Q.
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In fact, since —F(x,s) — +00 as |s| — oo uniformly for z € Q, there exists
a sequence of positive integers (ng) with ngiq > 2ny for all positive integers k
such that

(37) —F(z,s) >k
for all |s| > ny, and all z € Q. Let ng = 0 and define

|s| — mg—1
38 Gs)=k+2+ ————
(38) (s e
for ni_1 <|s| < ng, where k € N. By the definition of G, we have
(39) k+2<G(s)<k+3

for all ny_1 < |s| < ng. By (6) and F € C1(Q x R,R), there exists Cp > 0
such that

(40) _F(l', 8) Z _CF
for all (z,s) € Q x R, which implies that
(41) —F(z,s) > G(s) — Cs,

where Cs = Cg + 4. Indeed, when ni_q1 < |s| < nyg for some k& > 2, one has,
by (37) and (39),

—F(z,s)>k—1>G(s)—4>G(s) —Cs
for all z € Q. When |s| < n1, we have, by (40) and (39),
—F(x,5) > —Cp =4—-Cs > G(s) = Cy

for all z € Q.
It is obvious that G is continuous and coercive. Moreover one has

G(s) < |s|+4
for all s € R. In fact, for every s € R there exists £ € N such that
ng—1 < |s| < ny,
which implies that
Gis)<(k—1)+4<np_1+4<]s|+4

for all s € R by (39) and the fact that ny > k for all integers k& > 0.
Now we only need to prove the subadditivity of G. Let

np—1 < |s| <ng, nj_1 < t] < nj,
and m = max{k, j}. Then we have
[s +t| <|s|+|t] < np+n; <21y < Npt1-
Hence we obtain, by (39),
G(s+t) <m+4<k+2+j+2<G(s)+G(2),
which shows that G is subadditive.
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Foru:=w+¢ € Hif | = H- ® Eg, let 0 <6 < (A\rs1 — \k)/2, by (10), (6),
(36), (33) and (35), one gets

Huw+d) =5 [ @IV ePde =3 [ w60t oda
—/F(x,w+¢)dm—/(h,w+¢)dx
Q Q

Aot1 — (Mg +9)
2M k41

+Ak%¢+wﬂm—@$ﬂ—l¥hwﬂx

Y

)
e

A — (M + 9 )
> Mt = Qe ) o 9
2M k41 2k
+/GWW—/GFMW—%M—/MWMU
Q Q Q
Akt1 — Ak 2 d 2
> Ll 7R _
> S - 2o
+/ G(¢)dx—/(|w|+4)dx708|ﬂ|f/(h,w)dx
Q Q Q
Ak+1 — Ak 9 1) 9
> - - " o
> STk~ o
+ / G(6)dz — (S| + S||hlz2)llw] — Co
1)
(42) = g(w)+ [ G@)do— 5 [ul?,
Q k

M1 —Ag
where g(w) = 25E=25 Jwlf? — (S]Q] + S|hllz2)|wll — Co, Co = (4 + Cs)|.
Since ¢ € Fy, Hy is a finite-dimensional subspace, and G is coercive, from the

proof of (20), one can get

lim G(¢)dz = +o0,
l¢ll—=o0 Jo

that is, [, G(¢)dx is coercive on Hj,. Since % > 0, so g is coercive on Hj-.
Moreover, [, G(¢)dx and g(w) are bounded from below respectively in Ej, and
Hit, then g(w)+ [, G(¢)da is coercive on Hi- | = Hi-® E;. Now we can choose
K, large enough such that g(w) + [, G(¢)dz > Gy + 1 for all u € Hi-, with
||lul| > Ka, and (24) holds. Then for 0 < § < min{2X\,/K3, (Agr1—Ax)/2} = I3,
we have J(u) > G for u € KaSi .

The reminders are the same as in the proof of Theorem 3. Hence Theorem
4 holds. g
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