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INTEGRAL REPRESENTATIONS FOR SRIVASTAVA’S
HYPERGEOMETRIC FUNCTION Hp

JUNESANG CHOI®*, ANVAR HASANOV " AND MAMASALI TURAEV ©

ABSTRACT. While investigating the Lauricella’s list of 14 complete second-order
hypergeometric series in three variables, Srivastava noticed the existence of three
additional complete triple hypergeometric series of the second order, which were
denoted by Ha, Hg and Hc. Each of these three triple hypergeometric functions
Ha, Hp and Hc has been investigated extensively in many different ways including,
for example, in the problem of finding their integral representations of one kind or
the other. Here, in this paper, we aim at presenting further integral representations
for the Srivatava’s triple hypergeometric function Hp.

1. INTRODUCTION AND PRELIMINARIES

In the theory of hypergeometric functions of several variables, a remarkably large
number of triple hypergeometric functions have been introduced and investigated.
A comprehensive table of 205 distinct triple hypergeometric functions is provided in
the work of Srivastava and Karlsson [15, Chapter 3]. Out of these 205 distinct triple
hypergeometric functions, Lauricella [8, p. 114] introduced fourteen complete triple
hypergeometric functions of the second order. He denoted his triple hypergeometric
functions by the symbols Fi, ..., Fi4 of which F}, Fs, F3 and Fy correspond, respec-
tively, to the three variable Lauricella functions FS’), F S), F((]3) and F 1(33 ) that are
the three-variable cases of the n-variable Lauricella functions FXL), F](Bn) , én) and
Fl()n) (cf [8, p. 113]; see also [1, p. 114, Equations (1) to (4)], [15, p. 33 et seq.] and
[5, 6]). Saran [10] initiated a systematic study of these ten triple hypergeometric
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functions from Lauricella’s set. Exton [4] introduced 20 distinct triple hypergeo-
metric functions, which he denoted by X, ..., X9, and investigated their twenty
Laplace integral representations whose kernels include the confluent hypergeometric
functions o F} and 1 F1, and the Humbert hypergeometric functions ¥y and @5 of two
variables. The four Appell hypergeometric functions Fi, ..., Fy of two variables are

simply the special case of Lauricella’s n-variable functions when n = 2, that is,
R=F? FR=FY FmR=FY ad F,=F.

While transforming Pochhammer’s double-loop contour integrals associated with
the functions Fg and F4 (that is, F; and F'p, respectively) belonging to Lauricella’s
set of hypergeometric functions of three variables, Srivastava [11, 12] discovered the
existence of three additional complete triple hypergeometric functions H,, Hp and
H¢ of the second order, of which Hp is defined as follows (see also [15, p. 43,
Equation 1.5(12)]):

Hp (a1,a2,a3; c1,¢2,¢3; 2,y 2)

o0

(a1)m+p(a2)m+n(ag)nip ™ y™ 2P
(L.1) m,nZI;O (Clz))m(c2)n(03>p . m! n! E

(’x‘ =:r; |y’ =:s; ‘Z| :t7 r—l—S—l—t—|—2vrst<1>,

where, with C and Z; denoting the set of complex numbers and the set of nonpositive

integers, respectively, (A), is the Pochhammer symbol defined (for A € C) by

_P()\—i—n)_{l (n=0)

(1.2) (A)ni—W_ AA+1D) ... (A+n—1) (neN:={1,2,3,...}),

I' being the well-known Gamma function. Of course, all 20 of Exton’s triple hy-
pergeometric functions Xy, ..., Xog as well as Srivastava’s triple hypergeometric
functions H 4, Hg and H¢ are included in the set of the aforementioned 205 distinct
triple hypergeometric functions which were presented systematically by Srivastava
and Karlsson [15, Chapter 3]. The above-stated three-dimensional region of conver-
gence of the triple hypergeometric function in (1.1) for Hp was given by Srivastava
[11, 12] (see also Srivastava and Karlsson [15, Section 3.4]).

Various multivariable generalizations and cases of reducibility of Srivastava’s
functions Hy, Hp and H¢c have been investigated (see, for details, [15, pp. 43—
44]). Turaev [17] studied the Srivastava function H 4. Hasanov et al. [7] reproduced
Srivastava’s integral representations for the functions [11, 12] H4, Hp and He.
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Very recently, Choi et al. [2] also presented certain integral representations for the
functions Hy, Hg and H¢.

Here, in this present sequel to some of the above-mentioned works, we aim at
investigating further 16 integral representations for the Srivastava function Hp, for

completeness, including the five ones in [2].

2. INTEGRAL REPRESENTATIONS FOR SRIVASTAVA’S HYPERGEOMETRIC
FuncTIiON Hp

Theorem. Each of the following integral representations for Hp holds true.

I (s)
I'(a) T (s —ay)

Hg (a1,a2,a3;¢1,¢2,¢3;2,y,2) =

1

2.1 s—a1—
21) ‘/5“11 (1-9) " Hp (s, a2, a3; 1, c2, 332, y, 2€) d€
0
(R(s) > R(ay) > 0);
- - _ I (s)
HB ((11,(12,(13, C1,C2,C3;2,Y, Z) - T (CLQ) T (S — a2)
1
2.2 _ s—ag—
( ) : /§a2 ! (1 - 5) 21 HB (alvs)a?);ClacQ)C?);l‘éayé-’ Z) df
0
(R(s) > R(az) > 0);
. . _ I'(s)
HB (a17a27a3a C1,C2,C3;,Y, Z) - T (a3) T (S — (13)
1
2.3 —_ S—a3—
(2:3) '/5% Y1 - %" Hp (a1, a2, sic1, 2, c3;7, Y&, 2€) dE
0
(R(s) > R(a3) > 0);
, _ _ I(a)
HB <a17 az,a3;C1,C2,C3;T,Y, Z) - T (S) T (Cl — S)
1
(2.4)

. /{Sl (1 _ 5)01_3_1 Hp (al,ag,a3; s, 2,3, 7€, Y, Z) d§
0
(R(er) > R(s) > 0);
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F (02)

Hpg (a1,a2,a3;c1,¢2,¢3;2,y,2) = ()T (c—s)

2.5 . e
(25) '/5 Y1 — &) Hp (a1, a2, a3; ¢1, 5, ¢35 ¢, y€, 2) dé

0
(R(c2) > R(s) > 0);

I (c3
Hp (a1, a2,a3;c1,¢2, 312, y, 2) = )

T(s)T (c3—s)
(2.6) . /551 (1 -8V Hp (a1, a2, as; c1, ca, 532, 1, 2€) dE

0
(R(e3) > R(s) > 0);

I'(a1 + a9
Hp (a1,a2,a3;c1,¢2,¢3;2,y,2) = ( )

I (al) I’ (ag)
1

(27) . /§a11 (1 - é—)az—l X4 [al + a2, as;cy, 2, Cg;ﬁ?f (1 - {) Y (1 - f) 7Z£] df
0
(min {R(a1), R(az)} > 0);
Hp (a1, a2,a3;c1,¢2, 0312, Y, 2) = 1?((511)—1’:(@;2)) (5& j)a)£?+;71)
B
28) N R R R R
- Xy (a1 + ag,as3;c1,C2,C3;01Z, O’Qy,032’) d{
(min {R(a1), R(az)} > 0; vy <a<P),
where
=B E-) (B9
(6 —a)® (£ =) ’
(a=7)(B=9 B -
= d ;
T E-wE-y PTG aE—)
T + _ al _ a2
Hp (a1,az,a3;c1,c2,¢3;2,Y,2) = T ((aall)r (a;z)) (ry(ﬂ ﬁ)a)gﬂzcﬂ)
B
(29) [ -t ar -

- Xy (a1 + ag, a3; c1, c2, c3; 012, 02y, 032) d

(min {R(a1), R(az2)} >0; a < <7),
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where G- 6-HB-9¢-a)
1= 2 2 )
(B—a)* (v =€)
gy 1) (B0 e T= B (E—0)
2T Boaa-9 "M P T Ean-9
Hp (a1, az,a3;c1,¢,¢3; 2,9y, 2) = m
F(CQ) o az—1 a1+as—c —a
s [ e gt (g )
(2.10) gr(s)r(2 3)/0
/ (sin2§)a1_% (cos2§)a2_% X4 (a1 + ag,as;c1, ¢, c3; 012, 02y, 032) dE
0
(min {R(a1), R(az)} > 0),
where

o1 :=sin?Ecos? €, o9 :=cos’é and o5 :=sin’¢;

2T (ay + as) (1 + N
Hp (a1, a2,a3;c1,¢2,¢3,2,y,2) = ( Il\(alfl)ﬂ((@) )

jus

(2.11) /2 (sin2 €)™ 72 (cos? €)™ 77
(14 Asin?¢)* "
(min {R(a1), R(az)} >0; A > —-1),

X4 (a1 + az,as;c1, ¢, c3; 012,02y, 032) d§

where

(14 \)sin? € cos? ¢ cos? € (1+\)sin%¢
01 = 02! and o3 := :

(14 Asin?¢)? T T4 Asin®e 1+ Asin?¢

2r (a1 + ag) P
I'(a1) T (a2)

Hp (a1, a2,a3;¢1,¢2,¢3;2,Y,2) =

us

(2.12) /2 (sin? f)al_% (cos? f)ar%
(cos? & + Asin? §)a1+a2

(min {R(a1), R(az)} > 0; A >0);

X4 (a1 + az,as; ¢, ¢, ¢35 012, 02y, 032) d€

Asin? € cos? & cos? & Asin? ¢
X 3, 02 = —5 5 and o3 := — e
(cos2§+)\smz§) cos® § + Asin“ & cos? & 4+ Asin® €
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I'(a1 + ag + a3)

Hpg (a1,a2,a3;c1,c2,¢3;2,y,2) =

I'(a1) T (a2) I' (a3)
1 1
(2.13) ‘/:/5MW“+”W1—£f21<1—nW31
' 0 0
1
. F((;S) |:CL1 + a22 + 4 4 + a22 +az 53 C1, €2, €301, 02y, 032 d&dn

(min {R(a1), R(az), R(az)} > 0);
o1:=4E(1 =P, 02:=4(1-8n(l—n) and o3:=4&n(1-n);

r (a1 + as + CL3) (1 + )\)a1+a2
I'(a1) T (az) I (a3)

HB (al,QQ,(IS; C1,C2,C3;%,Y, Z) =

1 1
(2.14) ' //5(”1776””21 (1= X —n)™ ! (14 ) B0 ®
0 0

1
’ Fé3) <a1 i (122 i a37 Gt a22 a3 + 2;61702,03;01%02%032,) d&dn
(min {R(a1), R(az), R(az)} >0; A > —1);

where

AN -9
b T+

A0+ (1 =¢n1—n) _ 404+ NEm1—n)

= and o3 := ;
(1+ An)® (1+ An)®

(a1 +as+az) (B—7y)""%
[ (a1)T (a2) T (a3) (o — y)*+e2

Hpg (a1,a2,a3;¢1,¢2,¢3,%,Y,2) =

1 1

0 0
3y (a1 +as+as ay +ag + as 1
'Fc(;) ( 2 ; 5 + 2;61,62,03;01:6,027;,032) d&dn

(min {R(ar), R(az), R(az)} >0; v << f);

where
by AB= Q=90
o=y +(B—a)n*’
gy e Ha=NB=)A=nl=m) . - 4e=7@E-vnd-mn),
o=y +(B=a)n?®
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[ (a1 +a2) (B1—71)" (a1 — 7)™
[(a1)T (a2) (B — Oél)a1+a2_1

Hg (a1,a2,a3;c1,¢2,¢3;2,y,2) =

81
(2.16) : / (B1 — €)1 (€ — )€ —mp) TR

- X4 (a1 + az,az; c1, ¢, c3; 012, 02y, 032) d§
(min {R(a1), R(az)} > 0; v < < P);
where
_(a=7) (B =) (=) (b1 =€)
(B — a1)® (€ —m)?
(a1 — 1) (B1 = §) (B1—m) (=)

o9 1= and o3 :=

(Br—a1) (€ —m) (B —a1)(§—m)’

where Hp is Srivastava’s hypergeometric function given in (1.1), Exton hypergeo-

9

metric function X4 and Lauricella triple hypergeometric function Fég) are defined,

respectively, by

Xy(ay, ag; c1, c2, €35 ,Y,2) = i (@1)om nip(a2)nip 2™ y" 2P
(2.17) A S ——— (c1)m(c2)n(cs)p m! n! pl

(lal =i v5 Iyl =85 Jsl = 6 2V + (Vo + VB2 < 1)

and
e m ,n .p
3 aq a9 xX z
Fé)(ah as; c1, Ca, C3: x,y,z) _ Z ( )m+n+p( )m+n+p = yi‘ =
(2.18) monp=0 (c1)m(c2)n(cs)p m! n! p!

(lzl =15 Jyl =85 |2l =t VE4+ s+ Vr<1).
Proof. There may be several methods to prove those formulas presented here (see,
for example, [11] and [2]). Each of the integral representations (2.1) to (2.16) can also
be proved directly by expressing the series definition of the involved special function
in each integrand and changing the order of the integral sign and the summation,
and finally using the following well-known relationship between the Beta function
B(a, ), the Gamma function I" and their various associated Eulerian integrals (see,
for example, [3, pp. 9-11], [13, 14, Section 1.1] and [16, p. 26 and p. 86, Problem

1]):
/1 1 =) tdt (R(a) > 0; R(B) > 0)
0

D(a) I(B)
I'a+pB)

(2.19) Bla, B) =
(a, B€ C\Zy),
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% . o B o8 ,7_o¢—1
(2.20) B(a, 3) =2 /0 (sin 0)2*7 1 (cos 0)?’ "1 df = /0 Wdf
(R(a) > 0; R(B) > 0)
and
b—c)®(a—c)? [b (t—a)* ' (b—1t)s!
B(a, §) = ( T _)a)(cwrﬁ—l) /a ( ()t—c§a+ﬁ L (c<a<b)

(2.21) L[t — s

=(1+X) /0 Wdt (A>-1)

(R(a) > 0; R(B) > 0).

3. CONCLUDING REMARKS

Integral representations for most of the special functions of mathematical physics
and applied mathematics have been investigated in the existing literature. Here we
have presented only some illustrative integral representations for the Srivastava’s
function Hp. A variety of integral representations of Hp, which may be different
from those presented here, can also be provided. Integral representations (2.7), (2.8),
(2.10), (2.11) and (2.12) here include and correspond with the integral representa-
tions (3.1), (3.2), (3.3), (3.4) and (3.5), respectively, in [2].
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