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SOME LIMIT PROPERTIES OF RANDOM TRANSITION
PROBABILITY FOR SECOND-ORDER NONHOMOGENEOUS
MARKOV CHAINS ON GENERALIZED GAMBLING SYSTEM

INDEXED BY A DOUBLE ROOTED TREE'
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ABSTRACT. In this paper, we study some limit properties of the harmonic
mean of random transition probability for a second-order nonhomogeneous
Markov chain on the generalized gambling system indexed by a tree by
constructing a nonnegative martingale. As corollary, we obtain the prop-
erty of the harmonic mean and the arithmetic mean of random transition
probability for a second-order nonhomogeneous Markov chain indexed by
a double root tree.
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1. Introduction

A tree is a graph S = {T, E} which is connected and contains no circuits.
Given any two vertices o,t( o # t € T), let ot be the unique path connecting o
and ¢. Define the graph distance d(o,t) to be the number of edges contained in
the path ot.

Let T, be an arbitrary infinite tree that is partially finite (i.e. it has infinite
vertices, and each vertex connects with finite vertices) and has a root o. Mean-
while, we consider another kind of double root tree T, that is, it is formed with
the root o of T, connecting with an arbitrary point denoted by the root —1.
For a better explanation of the double root tree T', we take Cayley tree T N
for example. It’s a special case of the tree Ty, the root o of Cayley tree has N
neighbors and all the other vertices of it have N + 1 neighbors each. The double

Received December 30, 2010. Revised August 27, 2011. Accepted November 1, 2011.
*Corresponding author. fThis work was supported by the research grant of Higher Schools’ Natural
Science Basic Research of Jiangsu Province of China (09KJD110002).

© 2012 Korean SIGCAM and KSCAM.

541



542 Kangkang Wang

root tree T/c, ~ (see Fig.1) is formed with root o of tree T,y connecting with
another root —1.

Let o, t be vertices of the double root tree T. Write t < o (o,t # —1) if ¢ is
on the unique path connecting o to o, and |o| for the number of edges on this
path. For any two vertices o, t (o,t # —1) of the tree T', denote by o At the
vertex farthest from o satisfying c At <o and o At < t.

The set of all vertices with distance n from root o is called the n-th generation
of T, which is denoted by L,,. We say that L,, is the set of all vertices on level
n and especially root—1 is on the —1st level on tree T. We denote by T the
subtree of the tree T' containing the vertices from level —1 (the root —1) to level

n and denote by Tén) the subtree of the tree T, containing the vertices from level
0 (the root o) to level n. Let t(# o, —1)be a vertex of the tree T. We denote the
first predecessor of ¢t by 1;, the second predecessor of t by 2;, and denote by n;,
the n-th predecessor of t. Let X4 = {X;,t € A}, and let z* be a realization of
X4 and denote by |A| the number of vertices of A .

level 3

level 2

level 1

level O root o

level-1 root-1

Fig.1  Double root tree T o

Definition 1. Let S = {s1, 52, -+, sy} and P(z|y, z) be a nonnegative function
on S3. Let

P=((P(zly,x)), P(zly,z) 20,2,y,z € 5.
If
> P(aly,z) =1,

z€ES
then P is called a second-order transition matrix.

Definition 2. Let T be a double root tree and S = {s1, $2, -, sy} be a finite
state space, and {X;,t € T} be a collection of S-valued random variables defined
on the probability space (2, F, P). Let

P=(p(z,y)), z,y€S (1)
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be a distribution on $2%, and
Py = (Py(zly,z)), x,y,2€ S, teT\{o}{-1} (2)

be a collection of second-order transition matrices. For any vertex t (¢ # o, —1),
if
P(X: =2|X1, =y, Xo, =x,and X, for o At < 14)
= P(X; = z| X1, =y, X2, =) = Pi(z|y,x) Va,y,z€ S (3)
and
P(Xy =2X, =y) =p(z,y), z,y€S, (4)
then {X,;,t € T} is called a S-valued second-order nonhomogeneous Markov
chain indexed by a tree T with the initial distribution (1) and second-order

transition matrices (2), or called a T-indexed second-order nonhomogeneous
Markov chain.

Remark 1. Benjamini and Peres [1] have given the definition of the tree-indexed
homogeneous Markov chains. Here we improve their definition and give the
definition of the tree-indexed second-order nonhomogeneous Markov chains in a
similar way.

There have been some works on limit theorems for tree-indexed stochastic
processes. Benjamini and Peres [1] have given the notion of the tree-indexed
Markov chains and studied the recurrence and ray-recurrence for them. Berger
and Ye [2] have studied the existence of entropy rate for some stationary random
fields on a homogeneous tree. Ye and Berger (see [13],[14] ), by using Pemantle’s
result [8] and a combinatorial approach, have studied the Shannon-McMillan
theorem with convergence in probability for a PPS-invariant and ergodic random
field on a homogeneous tree. Yang and Liu [11] have studied a strong law of
large numbers for the frequency of occurrence of states for Markov chains field
on a homogeneous tree (a particular case of tree-indexed Markov chains field and
PPS-invariant random fields). Yang (see [10]) has studied the strong law of large
numbers for frequency of occurrence of state and Shannon-McMillan theorem for
homogeneous Markov chains indexed by a homogeneous tree. Recently, Yang
(see [12]) has studied the strong law of large numbers and Shannon-McMillan
theorem for nonhomogeneous Markov chains indexed by a homogeneous tree.
Huang and Yang (see [3]) have also studied the strong law of large numbers for
Markov chains indexed by an infinite tree with uniformly bounded degree. Shi
and Yang (see [9]) have discussed the limit properties for the harmonic mean of
second-order nonhomogeneous Markov chain indexed by a tree. Liu (see[5],[6])
have studied some limit properties for the transition probabilities of second-order
nonhomogeneous Markov chains.

Definition 3. Let {f,(x1, -+ ,2,),n > 1} be a sequence of real-valued func-
tions defined on S™(n = 1,2,---), which will be called the generalized selection
functions if {f,,n > 1} take values in a set A of positive real numbers. We let

Yo =y (y is an arbitrary real number),
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Y;:fM(XlHX?w"' 7X0)7 |t| =1, (5)
where |t| stands for the number of the edges on the path from the root o to t.
Then {Y;, t €T (")} is called the generalized gambling system or the generalized
random selection system indexed by an infinite tree with uniformly bounded
degree. The traditional random selection system {Y;,, n > 0}4 takes values in
the set of {0, 1}.

We first explain the conception of the traditional random selection, which is
the crucial part of the gambling system. We give a set of real-valued functions
fulx1, -+ ,x,) defined on S™(n = 1,2,---), which will be called the random
selection function if they take values in a two-valued set {0,1}. Then let

Y1 = y(y is an arbitrary real number),
Yn+1:fn(X1u"' 7Xn)> n > 1. (6)
where {Y,,,n > 1} be called the gambling system (the random selection system).
In order to explain the real meaning of the notion of the random selection,
we consider the traditional gambling model. Let {X,,,n > 0} be a second-order
nonhomogeneous Markov chain, and {g,(z,y, 2),n > 2} be a real-valued func-
tion sequence defined on S3. Interpret X,, as the result of the nth trial, the
type of which may change at each step. Let p, = Y,gn(Xn—2, Xn_1,X,) de-
note the gain of the bettor at the nth trial, where Y, represents the bet size,
gn(Xn—2,X,-1,X,) is determined by the gambling rules, and {Y,,,n > 0} is
called a gambling system or a random selection system. The bettor’s strategy is
to determine {Y;,,n > 1} by the results of the last two trials. Let the entrance fee
that the bettor pays at the nth trial be b,,. Also suppose that b,, depends on X,,_1
and X,,_5 asn > 2, and by is a constant. Thus >_}'_, Ygr(Xk—2, X, _;, X&) rep-
resents the total gain in the first n trials, ZZ=2 by, the accumulated entrance fees,
and > _o [Yigr(Xk—2, X1, Xi) — b, ] the accumulated net gain. Motivated by
the classical definition of ”fairness” of game of chance (see Kolmogorov[4]), we
introduce the following definition:

Definition 4. The game is said to be fair, if for almost all w € {w : > "7, Y =
oo}, the accumulated net gain in the first n trial is to be of smaller order of
magnitude than the accumulated stake >, _, Yi as n tends to infinity, that is
n o

kz2 [Ykgk(Xk,Q, kal,Xk) - bk] =0a.s.on {w : Zk:2 Yk = OO}

I 1
oo STV,

Let Pt(a:t | $1t,.1‘2t) = Pt(Xt = Tt | Xlt = x1t7X2,«, = Jigt). Then Pt(Xt |
X1,, Xo,) is called the random transition probability of a T-indexed second-order
nonhomogeneous Markov chain. Liu [5] has studied a strong limit theorem for
the harmonic mean of the random transition probability of finite nonhomoge-
neous Markov chains. In this paper, we study some limit properties of the
harmonic mean of random transition probability for a second-order nonhomo-
geneous Markov chain in the generalized gambling system indexed by a tree
by constructing a nonnegative martingale. As corollaries, we obtain some limit
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properties for a second-order nonhomogeneous Markov chain indexed by a tree
and general second-order nonhomogeneous Markov chain. The results of [5] and
[6] have been generalized.

2. Main results

In this section, we generalize the traditional gambling system to the case
of the second-order nonhomogeneous Markov chain indexed by the a tree and
investigate some limit properties of the harmonic mean of random transition
probability for a second-order nonhomogeneous Markov chain on the generalized
gambling system indexed by a tree. Let us give the following conclusion:

Theorem 1. Let {X;,t € T} be a T-indexed second-order nonhomogeneous
Markov chain with state space S defined as in Definition 2, and its initial dis-
tribution and probability transition collection satisfying

PX_1=2z_1,X,=1,) =P(x,y) >0, Va,yeS, (7)
and
Pz |y,xz) >0, Va,y,ze€ S teT\{o}{-1}, (8)
respectively. {Y;,t € T} is defined as in Definition 3. Denote
oy =min{P(z | y,x), z,y,2€ 8}, teT\{o}{-1}. (9)

Take an so > 1, denote

Z Ytsé/t/at =M < oo}
teT(\ {o}{~1}

D(w) ={w:limay,(w) = 0o, limsu
(W) = {w : limap (w) msup
(10)
Then the following holds

. 1 _
lim_ —rh > Yi[P(X¢|X1,, X2,) "t = N] = 0. a.s. w € D(w). (11)
LT\ {o}{~1}

Remark 2. In Theorem 1, there is no direct relations between the sum equation
> Y;[Pi(X¢|X1,, X2,)~t — N] and a,,(w). The aim of the theorem is
teT(M\{o}{—-1}
to show that > Y, [P (X X1,, X2,)"t — NJ is to be of smaller order
teT(M\{o}{-1}
of magnitude than a,(w) as n tends to infinity.

Proof. Obviously, when n > 1, we have

(n) (n) (n)
Pam ")y =PXT" =T Y =P(X_1=2_1,X, = ) 11 Pi(zt|x1,, 22, ).
teT(M\{o}{—1}
(12)
Hence
P(,’L‘T<”))

L, _ L,iyvT® D _  p-by
P(X*n =gt |X =z )_P(T("’”)

- HPt(mt|:E1t,$2t)- (13)

teL,
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Let us denote
Mi(s;xq,,x9,) = E[sYtPt(X“X”’XQt)il|X1t = 11,, Xa, = 73,
= Y SR P oy, 2,), ¢ € T\{oH{-1}. (14)
x: €S
My (s; X1,, X3,) is called the conditional generating function of Y; P,(X¢| X1,, X2,) ™"
given X, = z1,, X2, = x2,. Denote s € (éﬂso),

> Y Py (X¢|X1,,X2,) 7"
gteT(M\{o}{-1}

My(s; X1, Xo,)
b7\ [0} {1}

In view of the (13), (14), (15) and Markov’s property, F,, = U(XT(H)), we can
conclude that

E[Un(s,w)|Fn,1]

- E H

teT(\{o}{~1}

Un(s,w) = (15)

SYtPt(Xt|X1t7X2t)7l

F,_
My (s; X1,, Xa,) s

SYePe(Xe| X1, X2,) 7}

= Un— ) E
1(sw) M;(s; X1,, Xa,)

tEL’Il

|Fn—l

’ SYtPt(m\Xlt,th)_l p(xE Lo xT
= n—1(s,w) Z H M;(s; X1,, Xa,) P =@
xlneSLkn teL,
§YePu(we| X1, X2,) 7!
= Un71(87w) Z H Mt(s;X1t7X2t) Pt(mt|X1t7X2t)

zlneSLn teL,
U ( ) SYtPt(fﬂt|X1,57X2t)71
= n—1(S, W H E
Mi(s; X1, X
tEL, T1€S (85 X1,, X2,)

Mt S XlthQt)

11 (
= n— ) = Unp— 5 . 1
U, 1(8 (.U) s Mt(S;X1t7X2t) U, 1(5 w) ( 6)

Py(x| X1, X2,)

In equation (16), since S = {s1, S2,---,Sn} is a finite alphabet-set, > and []
can be changed in the derivation of eq(16).

Then {U,(s,w), F,,,n > 1} is a nonnegative martingale. According to Doob
martingale convergence theorem, we have

lim U,(s,w) =U(s,w) <0 a.s. . (17)
n—00
Thus, by (10) and (17), we get

limsupi InU,(s,w) <0 a.s. we D(w). (18)

n— oo a'n

It follows from (15) and (18) that
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lim sup L > [ViP,(X¢|X1,, Xo,) FIns — In My (s; X1, Xo,)] < 0.
e n e ri\ o} {1}
(19)
a.s. w € D(w).
On the other hand, by (9), (19) and the inequalities Inaz < z — 1(xz > 0), and
0<s"—1—alns < i(zlns)?el*™l we have

1 _
lim sup —— > Yilns[P(Xi| X1, X2,) ! = N
T T ter i\ {0} {~1}
1
< limsup — > [In M (s; X1,, Xa,) — Y; N In 5]
n—oo Qn
teT(M\{o}{—1}
1
< limsupa— Z [Me(s; X1, X2,) — 1 —YiNlns]
T T e {0} {~1}
. 1
= hmsupa— Z Zpt(xt|X1taX2t)
nee TN e\ fo}{—1} T+tES
.[SYtPt(wt\X1t7X2t)71 1= }/tPt(xt|X1t7X2t)_1 lns]
In s)? 1 - “1p,
< U pmap LSS X, X)X X T
noree B teT(M\{o}{—1} TtES
(Ins)? . 1 —1y,2_|Yia; tlns|
< 1 = Y2elYee
St e DI DL G
teT(M\{o}{—1} zt€S
N(ns)? . 1 1,2 -1
< —1 — —Y, Y; 1 .
< 5 1Trlnﬁsolip an Z ot exp{Yioy " |Ins|}

teT(M\{o}{~1}

a.s.  w € D(w). (20)
It is easy to see that

e—l

x e
A= 0=y

Let 1 < s < sg, by (9), (10), (20) and (21), we have

. 1 -
lim sup — Z Yi[Pi(X¢|X1,, X2,) "' — N]
n—oo Qan
teT\{o}{~1}

N1 1 Y2
< 10 im sup — Z L exp{YVa; 'Ins}
2 n—oo 0an e77
teT(™\{o}{~-1}
Nlns 1 Y2
= lim sup — Zt gYi/ew
2 n—>oop Z Qg

An
teT(\{o}{~1}
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N1 1 Y, Ye/on
= 1o lim sup — Z -t (8> Y}séft/m
2 n—oo Qn Q¢ \ S0
LT\ {o}{~1}
N1 -1 -1 o
< 2n8 lim sup — Z e ! (ln S) Ytsoy"/ ¢
n—oo On e\ {0} {—1} 50
Ne llns~? -1 1
_ e ms <ln S) lim sup — Z Ytséft/at
2 S0 n—oo Qn
teT(\ {0} {—1}
NMe 1lnst -1
< NMe s (1) L s weDW). (22)
2 S0
Letting s — 17, by (22), we have
1
lim sup — Z Yi[Pi(X¢|X1,, Xo,)" ' = N] <0. a.s. w € D(w). (23)
n—o0

Qn,
teT™\ {0} {1}

Let 1/s9 < s < 1, by (10), (20) and (21) we obtain

N | _
fminf =Y VIR X) - N
teT\{o}{-1}
N1 1 Y?
> 2% im sup — Z L exp{—Y;a; 'Ins}
2 n—oo Qn &%
teT M\ {o}{~1}
N1 1 Y?
= 1o lim sup — Z —tgVi/eu
2 n—oo 0n Qi
teT M\ {o}{-1}
Nlns 1 Y; 1\ /e Yi/a
= 5 lim sup — Z — () Yisgt' ™"
n—oo On T\ (o} {~1} Qp \ SoS
N1 -1 1\ o
> s lim sup — Z et <ln ) Y}sé/"/ ¢
2 n—oo Qn 508
teT\{o}{-1}
NMe 'ns™? 1\!
> % <ln 808) . as.  we Dw). (24)
Letting s — 17, by (24), we get
1
lim inf — > V[P (X(|X1,, X2,) "t = N] > 0. a.s. w € D(w). (25)

n—00 QA
teT\{0}{~1}

Combining (23) and (25), we obtain (11) directly. O
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3. Some Corollaries

Corollary 1. Let {X;,t € T} be a T-indexed second-order nonhomogeneous
Markov chain with state space S defined as in Theorem 1, denote

oy =min{P(z | y,z), z,y,2€ S}, teT\{o}{-1}. (26)
Take an sy > 1, denote
Dy(w) = {w : lim Z Y; = oo,
teT(\ {o}{~1}
1

limsup ——————— Z Ytsgt/ut =M < co}. (27)

n— oo Z Y: (n)
teTm\{o}{—1} TET Mo -1}

Then the harmonic mean of the random conditional probability { P,(X; | X1,, X3,),
t € T\ {o}{—1}} in the generalized gambling system converges to % a.s., that
18

Y,
. teTM\{o}{-1} 1
lim = —. a.s w € Dy(w). 28
n > YiR(X[X,, X,)t N ol (%)
teT\{o}{~1}
Proof. Let ap(w) = > Y:, by (10) we obtain D(w) = Dg(w) and
teT\{o}{~1}
.1 _
nl;rr;oa Z Y;S[Pt(Xt|X1mX2f,) 17N]
teTtI\ {o}{~1}
: 1 _
- Y VAN Xa) - N
teTt\{o}{—13  PET\oH-1}
. 1 _
= lim — > YiP(X| X1, X,) " — N = 0. (29)

teT(m\{o} {1} " term\{o}{-1}

Therefore, (28) follows from (29) immediately. O

Corollary 2. Let {X;,t € T} be a T-indexed second-order nonhomogeneous
Markov chain with state space S defined as in Theorem 1, denote

ar =min{P(z | y,z), z,y,2€ 8}, teT\{o}{-1}. (30)
If there exists a(> 0) such that

limsup ———
novoe. [T

Z eV = M < oco. (31)
teT(M\{o}{-1}
Then

7 1
lim | |

=—, a.s. (32)
n—o0 ZtGT(”)\{o}{—l} Pt(Xt | Xlt,XQt)71 N
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where |T"M| represents the number of all the vertices from Level —1 to Level n.
Proof. Let Y; =1, t € T, 59 = e®, by (27) we obtain

lim > Y, = lim(|T7™] — 2) = oo,
" teTom\{o}{-1} !

and

1
lim sup Z— Z Ytsé/‘/a‘

n o0 Y
- teT\{o} {1} " teTm\{o}{~1}

. 1 1/
= h:}l_}solip m Z 80
teT\{o}{—-1}

1
_ ; ajor _
= hrrlnsup 7] E e =M < 0. (33)
teT(\{o}{—-1}

Therefore, it is easy yo see that Dy(w) = Q and (32) follows from (28) directly.
(]

If the successor of each vertex of the tree 7, has only one vertex, the second-
order nonhomogeneous Markov chains on the double-rooted tree T" degenerate
into the general second-order nonhomogeneous Markov chains. Thus we obtain
the following results:

Corollary 3 (see [5],[6]). Let {X,,n > 0} be a second-order nonhomogeneous
Markov chain with state space S, and its initial distribution and probability tran-
sition sequence satisfying

p(i,j) >0, i,57€8 , (34)
and
Py(hli,j) >0, i,5,h €S, k=1,2,--- . (35)
respectively. Denote
ar, = min{ Py (h|é, j),i,j,h € S}, k=1,2,--- | (36)

If there exists so(> 1) such that

then
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Proof. When the successor of each vertex of the tree T has only one vertex,
the nonhomogeneous Markov chains on the tree T' degenerate into the general
nonhomogeneous Markov chains, |T(”)| = n + 2, the corollary follows directly
from Corollary 2. O

4. Limit Property for Arithmetic Mean of Transition Probability of
Second-Order Nonhomogeneous Markov Chain Indexed by a Tree

Taking into account the theoretical and practical importance of transition
probability of second-order nonhomogeneous Markov chain, in this section we
will make an estimation for the arithmetic mean of P,(X; | Xi,, X5,). For this
purpose, we introduce the following theorem.

Theorem 2. Let {X;,t € T} be a T-indexed second-order nonhomogeneous
Markov chain with state space S defined as in Theorem 1, if az > o > 0,
t € T\ {o}{—-1}, then

(N 2
L lim sup ! Z P (X X1y, X2,) < [1 = (N =2)a] s. (39)

< - . a.
N = P )] = 4al— (N—1)aN""°
LeT(I\ {0} {1}

Proof. In view of a; > a >0, t € T™\{o}{—1} and (31), we have

1 a/o
limsup ——— Z e/et

P T
teT(M\{o}{-1}
i 1 a/a : |T(n)‘ -2 a/a a/a
< hrrlnﬁsolip Gl Z e = hTanjolip We =" < oo (40)

teT(M\{o}{~1}

Hence (31) holds naturally. Let us denote ; = max{p:(z|z,y),z,y,z € S}, it
is easy to show

ap <1/N < B <1— (N —1ay. (41)
By a; >a >0, t € T™\{o}{—1} and (41), we get
a < P(Xy|X1,, X2,) <1~ (N - 1)a. (42)

According to Schweitzer inequality, we obtain

2

1 [ 1 1 & | (A+ B)?
1=— dym - — | < (- dm)(— —) < — 43
n2 (mz—l dm) B (n m=1 )(n m=1 dm) 4AB ( )

where 0 < A <d,, < B, m=1,2,--- . Therefore, we can calculate
ITM] -2\ ?
T
2
1

= W Z \/Pt(Xt|X1t’X2t)Pt(Xt|X1t7X2t)_1
teT\{o}{-1}
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1
< | > P(Xy| Xy, X,)
teT(\{o}{~1}
1 ~1
gl Y. P(XXy, X))
teT(\ {0} {1}
[1— (N —2)a)?
44
4afl = (N —1)q] (44)
By the superior limit property and (32), we can write
2
. |T(™)| — 2
1=1 P_1==
o (Vs
. N [1—(N—-2)a)?
< 1 —_— P (X Xq,, Xs,) < . (45
= Ry T 2 W XilX Xe) < i v = a )
teT\{o}{~1}
(39) follows from (45) immediately. O
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