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THE EXISTENCE OF TWO POSITIVE SOLUTIONS FOR

m-POINT BOUNDARY VALUE PROBLEM WITH SIGN

CHANGING NONLINEARITY†

JIAN LIU

Abstract. In this paper, the existence theorem of two positive solutions

is established for nonlinear m-point boundary value problem by using an
inequality for the following third-order differential equations

(ϕ(u′′))′ + a(t)f(t, u(t)) = 0, t ∈ (0, 1),

ϕ(u′′(0)) =
m−2∑
i=1

aiϕ(u
′′(ξi)), u′(1) = 0, u(0) =

m−2∑
i=1

biu(ξi),

where ϕ : R −→ R is an increasing homeomorphism and homomorphism
and ϕ(0) = 0. The nonlinear term f may change sign, as an application,

an example to demonstrate our results is given.

AMS Mathematics Subject Classification : 34B15, 34B18.
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1. Introduction

In this paper, the existence of two positive solutions of the following third-
order differential equations is obtained:

(ϕ(u′′))′ + a(t)f(t, u(t)) = 0, t ∈ (0, 1), (1.1)

ϕ(u′′(0)) =
m−2∑
i=1

aiϕ(u
′′(ξi)), u′(1) = 0, u(0) =

m−2∑
i=1

biu(ξi), (1.2)

where ϕ : R −→ R is an increasing homeomorphism and homomorphism and
ϕ(0) = 0.

A projection ϕ : R −→ R is called an increasing homeomorphism and homo-
morphism, if the following conditions are satisfied:
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(i) if x ≤ y, then ϕ(x) ≤ ϕ(y), ∀x, y ∈ R;
(ii) ϕ is a continuous bijection and its inverse mapping is also continuous;
(iii) ϕ(xy) = ϕ(x)ϕ(y), ∀x, y ∈ R.

We will assume that the following conditions are satisfied throughout this
paper:

(H1) 0 < ξ1 < · · · < ξm−2 < 1, ai, bi ∈ [0, 1) satisfy 0 <
m−2∑
i=1

ai < 1 and

m−2∑
i=1

bi < 1;

(H2) a(t) ∈ C((0, 1), [0,+∞)) and there exists t0 ∈ (ξm−2, 1), such that a(t0) >
0;
(H3) f ∈ C([0, 1]× [0,+∞), (−∞,+∞)), f(t, 0) ≥ 0 and f(t, 0) ̸= 0.

Recently, much attention has been paid to the existence of positive solutions
for third-order multi-point nonlinear boundary value problems, see [1-7] and
references therein.

However, to the best of our knowledge, there are not many results concerning
the third-order differential equations of increasing homeomorphism and homo-
morphism.

In [1], Anderson considered the the following third-order nonlinear problem

x′′′(t) = f(t, x(t)), t1 ≤ t ≤ t3, (1.3)

x(t1) = x′(t2) = 0, γx(t3) + δx′′(t3) = 0. (1.4)

He proved the existence of solutions to the nonlinear problem (1.3) and (1.4) by
Using the Krasnoselskii and Leggett and Williams fixed point theorems.

In [2], Sun studied the following nonlinear singular third-order three-point
boundary value problem

u′′′(t)− λa(t)F (t, u(t)) = 0, 0 < t < 1, (1.5)

u(0) = u′(η) = u′′(1) = 0. (1.6)

He obtained various results on the existence of single and multiple positive so-
lutions by using a fixed point theorem of cone expansion-compression type due
to Krasnosel’skii.

In [3], Zhou and Ma studied the existence and iteration of positive solutions
for the following third-order generalized right-focal boundary value problem with
p-Laplacian operator:

(ϕp(u
′′))′(t) = q(t)f(t, u(t)), 0 ≤ t ≤ 1, (1.7)

u(0) =
m∑
i=1

αiu(ξi), u′(η) = 0, u′′(1) =
n∑

i=1

βiu
′′(θi). (1.8)

They established a corresponding iterative scheme for (1.7) and (1.8) by using
the monotone iterative technique.
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In [4], Ji, Feng and Ge considered the existence of multiple positive solutions
for the following BVP:

(ϕp(u
′))′ + a(t)f(t, u(t)) = 0, t ∈ (0, 1), (1.9)

u(0) =
m∑
i=1

aiu(ξi), u(1) =
m∑
i=1

biu(ξi), (1.10)

where 0 < ξ1 < · · · < ξm < 1, ai, bi ∈ [0,+∞) satisfy 0 <
m−2∑
i=1

ai,
m−2∑
i=1

bi < 1.

The nonlinearity f is allowed to change sign. Using a fixed point theorem for
operators on a cone, they provided sufficient conditions for the existence of (1.9)
and (1.10).

In [7], Sang and Su established the key conditions in Theorem 3.1 and The-
orem 3.2 by using a new inequality and obtained several existence theorems of
positive solutions for nonlinear m-point boundary value problem for the follow-
ing third-order differential equations

(ϕ(u′′))′ + a(t)f(t, u(t)) = 0, t ∈ (0, 1),

ϕ(u′′(0)) =
m−2∑
i=1

aiϕ(u
′′(ξi)), u′(0) = 0, u(1) =

m−2∑
i=1

biu(ξi),

where ϕ : R −→ R is an increasing homeomorphism and homomorphism and
ϕ(0) = 0.

Motivated by [7], the purpose of this paper is to show the existence of at
least two positive solutions of the BVP (1.1) and (1.2). Compared with [7], the
conditions and the methods in our paper are not the same.

In this paper, our work concentrates on the case when the nonlinear term
may change sign, we will use the property of the solutions of the BVP and a
new inequality to overcome the difficulty.

The rest of the paper is arranged as follows. We state or prove several prelimi-
nary results in Section 2, the Section 3 is devoted to the existence of two positive
solutions of the BVP(1.1) and (1.2), at the end of the paper, an example is given
to illustrate that the work is true. The main tool we use is the fixed-point index
theorem in cone.

2. Preliminaries and some Lemmas

To prove the main results in this paper, we need several lemmas. These
lemmas are based on the linear BVP

(ϕ(u′′))′ + h(t) = 0, t ∈ (0, 1), (2.1)

ϕ(u′′(0)) =
m−2∑
i=1

aiϕ(u
′′(ξi)), u′(1) = 0, u(0) =

m−2∑
i=1

biu(ξi). (2.2)
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Lemma 2.1. If
m−2∑
i=1

ai ̸= 1 and
m−2∑
i=1

bi ̸= 1, then for h ∈ C[0, 1], the BVP (2.1)

and (2.2) has the unique solution

u(t) =

∫ t

0

(t− s)ϕ−1

(
−
∫ s

0

h(τ)dτ +A

)
ds+Bt+ C, (2.3)

where

A = −

m−2∑
i=1

ai
∫ ξi
0

h(τ)dτ

1−
m−2∑
i=1

ai

,

B = −
∫ 1

0

ϕ−1

(
−
∫ s

0

h(τ)dτ +A

)
ds,

C =

m−2∑
i=1

bi
∫ ξi
0 (ξi − s)ϕ−1

(
−

∫ s
0
h(τ)dτ + A

)
ds −

m−2∑
i=1

biξi
∫ 1
0
ϕ−1

(
−

∫ s
0
h(τ)dτ + A

)
ds

1 −
m−2∑
i=1

bi

.

Proof. Necessity. By taking the integral of the problem (2.1) on (0, t), we have

ϕ(u′′(t)) = −
∫ t

0

h(τ)dτ +A, (2.4)

then

u′′(t) = ϕ−1

(
−
∫ t

0

h(τ)dτ +A

)
. (2.5)

By taking the integral of the (2.5) on (0, t), we can get

u′(t) =

∫ t

0

ϕ−1

(
−
∫ s

0

h(τ)dτ +A

)
ds+B. (2.6)

By taking the integral of the (2.6) on (0, t), we can get

u(t) =

∫ t

0

(t− s)ϕ−1

(
−
∫ s

0

h(τ)dτ +A

)
ds+Bt+ C. (2.7)

Similarly, let t = 0 on (2.4), we have ϕ(u′′(0)) = A, let t = ξi on (2.4), we have

ϕ(u′′(ξi)) = −
∫ ξi

0

h(τ)dτ +A.

Let t = 1 on (2.6), we have

u′(1) =

∫ 1

0

ϕ−1

(
−
∫ s

0

h(τ)dτ +A

)
ds+B = 0.



The existence of two positive solutions for m-point boundary value problem 521

Let t = 0 on (2.7), we have

u(0) =

∫ 0

0

(0− s)ϕ−1

(
−
∫ s

0

h(τ)dτ +A

)
ds+ C.

Similarly, let t = ξi on (2.7), we have

u(ξi) =

∫ ξi

0

(ξi − s)ϕ−1

(
−
∫ s

0

h(τ)dτ +A

)
ds+Bξi + C.

By the boundary condition (2.2), we can get

B = −
∫ 1

0

ϕ−1

(
−
∫ s

0

h(τ)dτ +A

)
ds,

By calculating, we can get

A = −

m−2∑
i=1

ai
∫ ξi
0

h(τ)dτ

1−
m−2∑
i=1

ai

,

C =

m−2∑
i=1

bi
∫ ξi
0 (ξi − s)ϕ−1 (

−
∫ s
0 h(τ)dτ + A

)
ds −

m−2∑
i=1

biξi
∫ 1
0 ϕ−1 (

−
∫ s
0 h(τ)dτ + A

)
ds

1 −
m−2∑
i=1

bi

.

Sufficiency. Let u be as in (2.3). Taking the derivative of (2.3), we have

u′(t) =

∫ t

0

ϕ−1

(
−
∫ s

0

h(τ)dτ +A

)
ds+B,

moreover, we get

u′′(t) = ϕ−1

(
−
∫ t

0

h(τ)dτ +A

)
,

and

ϕ(u′′) = −
∫ t

0

h(τ)dτ +A,

taking the derivative of this expression yields (ϕ(u′′))′ = −h(t). And routine
calculation verify that u satisfies the boundary value conditions in (2.2), so that
u given in (2.3) is a solution of (2.1) and (2.2).

It is easy to see that BVP (ϕ(u′′))′ = 0, ϕ(u′′(0)) =
m−2∑
i=1

aiϕ(u
′′(ξi)), u′(1) =

0, u(0) =
m−2∑
i=1

biu(ξi) has only the trivial solution. Thus u in (2.3) is the unique

solution of (2.1) and (2.2). The proof is complete. �
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By the same method of [7], we can get the following Lemma 2.2.
Lemma 2.2. Assume that (H1) holds for h ∈ C[0, 1] and h ≥ 0, then the unique
solution u of (2.1)and (2.2) satisfies u(t) ≥ 0, for t ∈ [0, 1].

Let the norm on C[0, 1] be the maximum norm. Then the C[0, 1] is a Banach
space.

We define two cones by

K = {u|u ∈ C[0, 1], u(t) ≥ 0, ∀ t ∈ [0, 1]},

and

P ′ = {u|u ∈ C[0, 1], u is nonnegative, concave and nondecreasing on [0, 1]}.

Lemma 2.3. If u ∈ P ′ and satisfies (2.2), then

inf
t∈[0,1]

u(t) ≥ γ ∥ u ∥,

where

γ =

m−2∑
i=1

biξi

1−
m−2∑
i=1

bi(1− ξi)

, ∥u∥ = max
t∈[0,1]

|u(t)|.

Proof. Firstly, according to the concavity of u, we get

u(1)− u(0)

1− 0
≤ u(ξi)− u(0)

ξi − 0
. (2.8)

or

u(0)(1− ξi) ≤ u(ξi)− ξiu(1). (2.9)

By the condition

u(0) =
m−2∑
i=1

biu(ξi),

we get
m−2∑
i=1

biu(0)(1− ξi) ≤ u(0)−
m−2∑
i=1

biξiu(1),

thus

u(0) ≥

m−2∑
i=1

bi

1−
m−2∑
i=1

bi(1− ξi)

ξiu(1),
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by (2.5),we know that the graph of u is concave down on (0,1), that is u′(t) is
nonincreasing on (0,1), noticing the condition u′(1) = 0 implies that u′(t) ≥ 0,
then

inf
t∈[0,1]

u(t) ≥

m−2∑
i=1

biξi

1−
m−2∑
i=1

bi(1− ξi)

∥ u ∥ .

We define a cone by

K′ = {u|u ∈ C[0, 1], u is nonnegative, and nondecreasing on [0, 1], inf
t∈[0,1]

u(t) ≥ γ ∥ u ∥},

where γ is the same as in Lemma 2.3.
Let X = C[0, 1], define the operator A, T, T

′
as follow.

Au(t) =

∫ t

0

(t− s)ϕ−1

(
−
∫ s

0

a(τ)f(τ, u(τ))dτ + Â

)
ds+ B̂t+ Ĉ,

Tu(t) = (Au(t))+,

where

Â =

−
m−2∑
i=1

ai
∫ ξi
0

a(τ)f(τ, u(τ))dτ

1−
m−2∑
i=1

ai

,

B̂ = −
∫ 1

0

ϕ−1

(
−
∫ s

0

a(τ)f(τ, u(τ))dτ + Â

)
ds,

Ĉ =

m−2∑
i=1

bi
∫ ξi
0
(ξi − s)ϕ−1

(
−
∫ s

0
a(τ)f(τ, u(τ))dτ + Â

)
ds

1−
m−2∑
i=1

bi

−

m−2∑
i=1

biξi
∫ 1

0
ϕ−1

(
−
∫ s

0
a(τ)f(τ, u(τ))dτ + Â

)
ds

1−
m−2∑
i=1

bi

,

(T
′
u)(t) =

∫ t

0

(t− s)ϕ−1

(
−
∫ s

0

a(τ)f+(τ, u(τ)))dτ + Â+

)
ds+ B̂+t+ Ĉ+,

where

f+(t, u) = max{f(t, u), 0},

Â+ =

−
m−2∑
i=1

ai
∫ ξi
0

a(τ)f+(τ, u(τ))dτ

1−
m−2∑
i=1

ai

,
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B̂+ = −
∫ 1

0

ϕ−1

(
−
∫ s

0

a(τ)f+(τ, u(τ))dτ + Â+

)
ds,

Ĉ+ =

m−2∑
i=1

bi
∫ ξi
0
(ξi − s)ϕ−1

(
−
∫ s

0
a(τ)f+(τ, u(τ))dτ + Â+

)
ds

1−
m−2∑
i=1

bi

−

m−2∑
i=1

biξi
∫ 1

0
ϕ−1

(
−
∫ s

0
a(τ)f+(τ, u(τ))dτ + Â+

)
ds

1−
m−2∑
i=1

bi

.

(D)+ = max{D, 0}.
The proof of completely continuity of T and T ′ is the same, by the method

of [7], we can prove the following Lemma 2.4, here, we omit it. �

Lemma 2.4. T ′ : K ′ → K ′ is completely continuous.

Our main tool of this paper is the following fixed-point index theory.

Lemma 2.5 (see ([8]). Let B be a Banach space, and let K ⊂ B be a cone in
B. Assume r > 0 and that T : Kr −→ K is completely continuous operator such
that Tx ̸= x for x ∈ ∂Kr := {x ∈ K : ∥x∥ = r}. Then the following assertions
hold:
(1) If ∥x∥ ≤ ∥Tx∥, for all x ∈ ∂Kr, then i(T,Kr,K) = 0.
(2) If ∥x∥ ≥ ∥Tx∥, for all x ∈ ∂Kr, then i(T,Kr,K) = 1.

3. Main results

For the convenience, we introduce the following notations.

M =

∫ 1

0

ϕ−1


∫ s

0

a(τ)dτ +

m−2∑
i=1

ai

∫ ξi

0

a(τ)dτ

1−
m−2∑
i=1

ai

 ds×

1−
m−2∑
i=1

bi(1− ξi)

1−
m−2∑
i=1

bi



N =

∫ 1

0

sϕ−1


∫ s

0

a(τ)dτ +

m−2∑
i=1

ai

∫ ξi

0

a(τ)dτ

1−
m−2∑
i=1

ai

 ds×

1−
m−2∑
i=1

bi +
m−2∑
i=1

biξi

1−
m−2∑
i=1

bi


Theorem 3.1. Assume (H1), (H2) and (H3) hold, there exist c, b, d > 0 such
that 0 < d

γ < c < γb < b. And suppose f satisfies the following conditions:

(H4) f(t, u) ≥ 0, (t, u) ∈ [0, 1]× [d, b];
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(H5) f(t, u) < ϕ(
c

M
), (t, u) ∈ [0, 1]× [0, c];

(H6) f(t, u) > ϕ(
b

N
), (t, u) ∈ [0, 1]× [γb, b].

Then (1.1), (1.2) has at least two positive solutions u1 and u2.

Proof. Firstly, we prove that T has a fixed point u1 ∈ K with 0 < ∥u1∥ < c.
For all u ∈ ∂Kc, from (H5), we have∫ s

0

a(τ)f(τ, u(τ)))dτ − Â

=

∫ s

0

a(τ)f(τ, u(τ)))dτ +

m−2∑
i=1

ai

∫ ξi

0

a(τ)f(τ, u(τ)))dτ

1−
m−2∑
i=1

ai

< ϕ(
c

M
)


∫ s

0

a(τ)dτ +

m−2∑
i=1

ai

∫ ξi

0

a(τ)dτ

1−
m−2∑
i=1

ai

 ,

so that

ϕ−1

(∫ s

0

a(τ)f(τ, u(τ)))dτ − Â

)

<
c

M
ϕ−1


∫ s

0

a(τ)dτ +

m−2∑
i=1

ai

∫ ξi

0

a(τ)dτ

1−
m−2∑
i=1

ai

 .

∥Tu∥

= max
t∈[0,1]

{
∫ t

0
(t− s)ϕ−1

(
−
∫ s

0
a(τ)f(τ, u(τ))dτ + Â

)
ds+ B̂t+ Ĉ}+

<
c

M

∫ 1

0
ϕ−1


∫ s

0

a(τ)dτ +

m−2∑
i=1

ai

∫ ξi

0

a(τ)dτ

1−
m−2∑
i=1

ai

 ds×

1 +

m−2∑
i=1

biξi

1−
m−2∑
i=1

bi



=
c

M

∫ 1

0
ϕ−1


∫ s

0

a(τ)dτ +

m−2∑
i=1

ai

∫ ξi

0

a(τ)dτ

1−
m−2∑
i=1

ai

 ds×

 1−
m−2∑
i=1

bi(1−ξi)

1−
m−2∑
i=1

bi


= c = ∥u∥.

By Lemma 2.5, we have

i(T,Kc,K) = 1.
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Therefore, T has a fixed point u1 in Kc. Noticing f(t, 0) ̸= 0 in (H3), we can
know that u1 is also a fixed point of A in Kc. Thus, u1 is a solution (1.1) and
(1.2).

We now show that A has the other fixed point u2 such that c < ∥u2∥ ≤ b.
For u ∈ ∂K ′

c, i.e., ∥u∥ = c. From (H5), we have

∥T ′u∥

<
c

M
ϕ−1


∫ 1

0

a(τ)dτ +

m−2∑
i=1

ai

∫ ξi

0

a(τ)dτ

1−
m−2∑
i=1

ai

×

 1−
m−2∑
i=1

bi(1−ξi)

1−
m−2∑
i=1

bi


= c = ∥u∥.

For u ∈ ∂K ′
b, i.e., ∥u∥ = b. For t [0, T ], we have γb ≤ u(t) ≤ b. From (H6), we

can get ∫ s

0

a(τ)f+(τ, u(τ)))dτ − Â+

=

∫ s

0

a(τ)f+(τ, u(τ)))dτ +

m−2∑
i=1

ai

∫ ξi

0

a(τ)f+(τ, u(τ)))dτ

1−
m−2∑
i=1

ai

> ϕ(
b

N
)


∫ s

0

a(τ)dτ +

m−2∑
i=1

ai

∫ ξi

0

a(τ)dτ

1−
m−2∑
i=1

ai

 ,

so that

ϕ−1

(
−
∫ s

0

a(τ)f+(τ, u(τ)))dτ + Â+

)

<
b

N
ϕ−1

−
∫ s

0

a(τ)dτ −

m−2∑
i=1

ai

∫ ξi

0

a(τ)dτ

1−
m−2∑
i=1

ai

 .

Let

φ(s) = ϕ−1

(
−
∫ s

0

a(τ)f+(τ, u(τ))dτ + Â+

)
ds.

For ξi(i = 1, · · · ,m− 2), we can get∫ ξi

0

(ξi − s)φ(s)ds ≥ ξi

∫ 1

0

(1− s)φ(s)ds.
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In fact, noticing that φ(s) ≤ 0, for ∀ t ∈ (0, 1], we can get(∫ t

0
(t− s)φ(s)ds

t

)′

=
t
∫ t

0
φ(s)ds−

∫ t

0
(t− s)φ(s)ds

t2
≤ 0.

For ∀ t ∈ (0, 1], ∫ t

0
(t− s)φ(s)ds

t
≥
∫ 1

0
(1− s)φ(s)ds

1
.

For ξi(i = 1, · · · ,m− 2), we have∫ ξi

0

(ξi − s)φ(s)ds ≥ ξi

∫ 1

0

(1− s)φ(s)ds. (3.1)

Applying (3.1), we can get

∥T ′u∥ = max
t∈[0,1]

{
∫ t
0 (t − s)ϕ−1

(
−

∫ s
0 a(τ)f+(τ, u(τ))dτ + Â+

)
ds + B̂+t + Ĉ+}

= max
t∈[0,1]

{
∫ t
0 (t − s)ϕ−1

(
−

∫ s
0 a(τ)f+(τ, u(τ))dτ + Â+

)
ds

−t
∫ 1
0 ϕ−1

(
−

∫ s
0 a(τ)f+(τ, u(τ))dτ + Â+

)
ds+

m−2∑
i=1

bi
∫ ξi
0 (ξi−s)ϕ−1

(
−

∫ s
0 a(τ)f+(τ,u(τ))dτ+Â+

)
ds−

m−2∑
i=1

biξi
∫ 1
0 ϕ−1

(
−

∫ s
0 a(τ)f+(τ,u(τ))dτ+Â+

)
ds

1−
m−2∑
i=1

bi

}

= T ′u(1)

=
∫ 1
0 (1 − s)ϕ−1

(
−

∫ s
0 a(τ)f+(τ, u(τ))dτ + Â+

)
ds

−
∫ 1
0 ϕ−1

(
−

∫ s
0 a(τ)f+(τ, u(τ))dτ + Â+

)
ds+

m−2∑
i=1

bi
∫ ξi
0 (ξi−s)ϕ−1

(
−

∫ s
0 a(τ)f+(τ,u(τ))dτ+Â+

)
ds−

m−2∑
i=1

biξi
∫ 1
0 ϕ−1

(
−

∫ s
0 a(τ)f+(τ,u(τ))dτ+Â+

)
ds

1−
m−2∑
i=1

bi

≥
∫ 1
0 (−s)ϕ−1

(
−

∫ s
0 a(τ)f+(τ, u(τ))dτ + Â+

)
ds +

m−2∑
i=1

biξi
∫ 1
0 (−s)ϕ−1

(
−

∫ s
0 a(τ)f+(τ,u(τ))dτ+Â+

)
ds

1−
m−2∑
i=1

bi

=

∫ 1
0 sϕ−1

(
−

∫ s
0 a(τ)f+(τ,u(τ))dτ+Â+

)
ds(−1+

m−2∑
i=1

bi−
m−2∑
i=1

biξi)

1−
m−2∑
i=1

bi

≥
b

N

∫ 1
0 sϕ−1


∫ s

0
a(τ)dτ +

m−2∑
i=1

ai

∫ ξi

0
a(τ)dτ

1 −
m−2∑
i=1

ai

 ds ×

 1−
m−2∑
i=1

bi+
m−2∑
i=1

biξi

1−
m−2∑
i=1

bi


= b = ∥u∥.

By Lemma 2.5, we can obtain that

i(T ′,K ′
c,K

′) = 1, i(T ′,K ′
b,K

′) = 0.

Hence,

i(T ′,K ′
b\K ′

c,K
′) = 0− 1 = −1,
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therefore, T ′ has a fixed point in K ′
b\K ′

c, and c < ∥u2∥ ≤ b.

Finally, we show that u2 is also the fixed point of A in K ′
b\K ′

c. We only need

prove that Au = T ′u, ∀u ∈ (K ′
b\K ′

c)
∩
{u|T ′u = u}.

In fact, ∀u2 ∈ (K ′
b\K ′

c)
∩
{u|T ′u = u}, we have u2(1) = ∥u2∥ > c, it follows

from Lemma 2.3 that

inf
t∈[0,1]

u2(t) ≥ γ ∥ u2 ∥> γc > d.

Thus, d ≤ u2(t) ≤ b for t ∈ [0, 1]. From condition (H4), we know that
f+(t, u2(t)) = f(t, u2(t)), which implies Au2 = T ′u2 = u2, i.e., u2 is a posi-
tive solution and c < ∥u2∥ ≤ b. The proof is complete. �

4. Example

In the section, as an application, an example to demonstrate our results is
given.

Consider the following BVP

(ϕ(u′′))′ + a(t)f(t, u(t)) = 0, t ∈ (0, 1), (4.1)

ϕ(u′′(0)) =
1

2
ϕ(u′′(

1

3
)), u′(1) = 0, u(0) =

1

4
u(

1

3
), (4.2)

where
ϕ(u) = u,

f(t, u) =



2 − u2, (t, u) ∈ [0, 1] × [0, 1],

1 + 76
5×142+1

(u − 1)2, (t, u) ∈ [0, 1] × [1, 15],

1 + 76
5×142+1

× 142 + (33 × 8 × 9
5

− 76
5×142+1

× 142)(u − 15)2, (t, u) ∈ [0, 1] × [15, 33 × 8],

1 + 76
5×142+1

× 142 + (33 × 8 × 9
5

− 76
5×142+1

× 142)(33 × 8 − 15)2

−(33 × 8 − 15)2(u − 33 × 8)2, (t, u) ∈ [0, 1] × [33 × 8,+∞).

It is easy to check that f : [0, 1] × [0,+∞) −→ (−∞,+∞) is continuous. In
this case, a(t) ≡ 1, a1 = 1

2 , b1 = 1
4 , ξ1 = 1

3 , it follows from a direct calculation
that

M =
25

27
, N =

5

9
, γ =

2

33
.

Choose d = 1, c = 15, b = 33×8, it is easy to check that 0 <
d

γ
< c < γb < b,

and f satisfies the following conditions:
(i) f(t, u) ≥ 0, (t, u) ∈ [0, 1]× [1, 33× 8];

(ii) f(t, u) ≤ 76
5×142+1 (15− 1)2 < 81

5 = ϕ(
c

M
), (t, u) ∈ [0, 1]× [1, 15];

(iii) f(t, u) ≥ 1 + 76
5×142+1 × 142 + (33 × 8 × 9

5 − 76
5×142+1 × 142)(16 − 15)2 ≥

33× 8× 9
5 , (t, u) ∈ [0, 1]× [16, 33× 8).

Therefore, the conditions of Theorem 3.1 are satisfied, then BVP (4.1) and
(4.2) has at least two positive solutions.
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