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ABSTRACT. Very general multivariate right Caputo fractional Ostrowski
inequalities are presented. Some of them are proved to be sharp and at-
tained. Estimates are with respect to ||| -

AMS Mathematics Subject Classification : 26A33, 26D10, 26D15.
Key words and phrases : multivariate Ostrowski inequality, right Caputo
fractional derivative, radial derivative.

1. Introduction
In 1938, A. Ostrowski [7] proved the following important inequality:

Theorem 1.1. Let f : [a,b] — R be continuous on [a,b] and differentiable on
(a,b) whose derwative f' : (a,b) — R is bounded on (a,b) , i.e., |[f'| =
sup |f'(t)| < +o0. Then

te(a,b)
Ly 1, (o)’ ,
p=a ), J 0= 1) < 4+(b_a)2]-<b—a>||f|oo, (1)

for any x € [a,b]. The constant i 18 the best possible.

Since then there has been a lot of activity around these inequalities with
important applications to Numerical Analysis and Probability. This paper is
greatly motivated and inspired also by the following result.

Theorem 1.2 (see [1]). Let f € C"*!([a,b]), n € N and x € [a, b] be fized, such
that f*) (z) =0, k = 1,...,n. Then it holds

b
[ @1 @)

f(n+1) . xian+2+ b*iL’nJrZ
e ey
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Inequality (2) is sharp. In particular, when n is odd is attained by f* (y) :=
(y — )" - (b— a), while when n is even the optimal function is

F)=ly—=2""" (b-a), a>1
Clearly inequality (2) generalizes inequality (1) for higher order derivatives of f.

Also in [2], see Chapters 24-26, we presented a complete theory of left frac-
tional Ostrowski inequalities.

2. Main Results
We need

Remark 2.1. We define the ball B(0,R) = {x € RV : |z| < R} CRN, N > 2,
R > 0, and the sphere

SNV = {z e RN : |2| = 1},

where |-| is the Euclidean norm. Let dw be the element of surface measure on
SN=1 and let

w —/ dw = 27
Y e T

For x € RY — {0} we can write uniquely # = rw, where r = |z| > 0 and
w=%¢e SN |w| =1. Note that Js0.r) Y = % is the Lebesgue measure
of the ball.

Following [5, pp. 149-150, exercise 6], and [6, pp.87-88, Theorem 5.2.2] we
can write F': B (0, R) — R a Lebesgue integrable function that

we use this formula a lot.

Initially the function f : B (0, R) — R is radial; that is, there exists a function
g such that f(z) = g(r), where r = |z|, r € [0,R], V = € B(0,R). Here we
assume that g € AC™ ([0, R]) (means ¢g™~Y is in AC ([0, R])), m = [«] ([-]
ceilling of the number), o > 0, and ¢*) (R) =0, k=1,...,m — 1.

By [3] we get

1

R
99 =9 (F) = s / (J— 9" DYy_g(J)d, (4)

V s € [0, R], where D%_g is the right Caputo derivative. Further assume that
D§_g € Lo ([0, R]).
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We obtain
1 r a—1
9(5) — g (R)| < m)/ (] = )7 | Dg_g (J)] dJ
1 R o N
T (/ (J —s) 1d.]> ID%-9l . 0.5 (5)
(R - s)a o
TS D% o 0.5
Le. H H
D%*g 0,[0,R] a
| ()*Q(Rﬂ_w(R*S) ) (6)
vV s€|0,R].
Next observe that
Jotoum I W)dy| Jows (Jo" 9 (s) s " ds) duo
P vawom | =7 T (e s s

= ‘g(R)—RiN/(; g(s) sV tds

N
" RN

N RNfl _ s s
< / 9(R) —g(s)|d

R
/0 N (g(R) — g(s))ds

RN (7)
N HD?'fl’*gHoo,[O,R] R N—1 @
SE T(atl) / s (R—s)"ds
N HD%_gHoo,[O,R] " (a+1)—1 N—1
S B T(atl) / (R=s) 50 ds
N ID%-9ll o jo,7) T (v + 1) (N — D! iy
RN T (a+1) F'(a+N+1)
. NIR®
= D&-9ll 0.7 TatN+1)
So we have proved that
fB(O R) f(y)dy N R
Rw) — 22O =7 T 0 (R) — = N-1g 8
. NIR®
= HDR*gHoo,[O,R] F(OZ+N+1) (9)

The last inequality (9) is sharp, it is attained by g(r) = (R—71)%, a > 0,
r € [0, R]. As in [4] we get

D% g(r)=T(a+1), Vrel0,R].
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Hence ||D%—§||oo,[O,R] =T (a+1). And g(R) = 0. Therefore

LHS(Q)*i R(Rfs)astlds
HS0) = g5 |
N (B tl)— _
=7 /. (R—s) Tt (s —0)N 1 s
_NT@+)IN) poun _ Dla+ )N
RN T (a+N+1) CT(a+N+1)
And
_ T'(a+1)NIR®
RHSO) = Fo N+

proving attainability of (9).

We have established the following multivariate Ostrowski inequality

Theorem 2.1. Let f : B(0,R) — R which is radial, that is, there exists g
such that f (z) =g (r), r = |z|, V x € B(0,R). Assume that g € AC™ ([0, R]),
m = [a], a >0, and g® (R) =0, k = 1,....,m — 1, and D$,_g € L, ([0, R]).
Then

N R

d
bom T _|, gy N ") s

~ Vol (B(0,R))

f (Rw)

(10)
. NIR®
< HDR—QHOO,[O,R] T(a+N+1)

The last inequality is sharp, that is attained by g(r) = (R—7r)", a > 0, V
r €0, R].

We also make

Remark 2.2. Let the spherical shell A := B(0,R2) — B(0,R1), 0 < Ry < Ra,
ACRYN, N >2 x € A. Consider again that f : A — R is radial, that is, there
exists g such that f (z) = g(r), r = |z|, r € [R1, Ra], V © € A. Here again x can
be written uniquely as x = rw, where r = |z| > 0, and w = T € SN |w| = 1.
We can write for F': A — R a Lebesgue integrable function that

/AF(QC) dx = /SN?I (/}:Q F (rw) TN_ldr> dw. (11)

—_ wN(Ri’V*R{V) m _
Here Vol (A) = — 5, and we assume that g € AC™ ([Ry, Ra]), m = [a],

a>0,and g*) (Ry) =0, k=1,....,m — 1. We get (see [3])

1

Ry
9(6) =9 (RD) = o / (7~ )" D} _g(J)dJ, (12)
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V s € [Ry, Ry], where Df; g is the right Caputo fractional derivative. Further
assume that Df; g € Lo ([R1, R2]). Hence

1 R a—1 o
9() =g ()| < g5 [ =9 D g ()] a7
1 Ra a—1 o
< iy @ </ (J —s) dJ) HDR279H007[R17R2] (13)
1 (R2 — S)a a
= T (a) a HDRZ*QHOO,[Rl,Rz] )
Therefore H H
D%,_g
2 OO,[Rth] (6%
_ < _
‘g (S) g (R2)| = T (Oé + 1) (R2 S) ) (14)
Vse [Rl,RQ] .

Next we observe that

Ro
() - L0 ‘g<R2> (M) [ 0o s

N R
(M) ‘/Rl (9(Rz2) — g (s))s™ ~'ds
Ro
< <N>/ 19 (R2) — g (s)| sV ~1ds (15)

v ) P55 e
I'(a+1)

Ry
/ (Re — 8)* sV Lds
Ry

We evaluate
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k=0

N-1 Rs (16)
_ ( N];1 >Riv_1_k/ (R _8)((x+1)—1(s R )(k-i-l) 1

p—r st

N—1
_ N -1 RNflko(a—'_l)F(k—i_]‘) (R _R)a+k+1

Z k L T(a+k+2) 2o

o vy r k!
— ( ) RN—].—]C (Oé+1) * (R _R )a+k+1
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Therefore we get

. N-1 RN=1=F (R, — Ry)*T1+k
a N-1 1 ( )
_ = (N —-1DIT( 1) : 1
/R1 (R2—s)"s" ds = ( (e + kZZO(N—l— E)T (oo + 2 + k) (1)

Consequently we find

N-1 N—-1—k a+1+4+k
N! R R - R
2 k=0 T at2+k)

So we have proved that

fAf(y)dy‘

Vol (A)

N fia N-1
2932)—(>/ g(s)s™¥tds
U\ Ry —BF ) Ju, 70

) N sz RN-1-F (R, — R,)° 1+ 15l
“A\RY —RY )\ & (N-1-k)T(a+2+k) Ro=lloc, (s R

‘f (Row) —

The last inequality (19) is sharp, that is attained by AC™ ([R1,Rz]) 2 g (r) =
(R2 - r)av a>0,m= |—Ol-|, re [R1,R2] . Indeed

D%, g(r)=T(a+1), Vrel[R, Ry

and
1,7 gy g = T 1) (20

Also we have g¥) (Ry) = 0, k = 0,1,...,m — 1, and D% _g € Los ([R1, Ra]). So
g fulfills all the assumptions here.
We observe that

L.H.S.(19)
[ R DS R
" RY — RV

RN Pt (N—l— 'F(a+2+k)
- (21)

() (3 B s ) g, i
“\RY — RV (N—1-k)T (at2+k) ) 7RIl R Ro]

k=0
= R.H.5.(19),

proving the optimality of (19).
We have established the Ostrowski inequality

Theorem 2.2. Let f: A — R be radial; that is there exists g such that f (z) =
g(r), r=lz|, Vo e A we SN Assume g € AC™ ([Ry1,Rs]), m = [a],
a>0, and g% (Ry) =0, k=1,...m—1, and D% _g € Lo ([Ry, R2]). Then
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e
Ry
= |9(R2) — (RgV—NR{V) /Rl g(s)s™tds (22)
- ( N! ) (JVzl R{V_l_k (R2 — Rl)a+1+k > HDa —9” '
“\RY-RY )\ & (N-1-K)T(a+2+k) R2=loo,[Ra, Ro]
The last inequality (22) is sharp, that is attained by
g(s)=(Re—3s)", a>0,s€[R,Ry. (23)

We need

Definition 2.1. Let F : A — R, @ > 0, m = [a] such that F(w) €
AC™ ([R1, Rg)), for all w € SN~1. We call the Caputo right radial fractional
derivative the following function

O, F(z) (=)™ Rz m—o—1 O™F (tw)
ore T(m—a) /T (t=r) orm dt, (24)
where x € A; that is, 2 = rw, 7 € [Ry, Ra], w € SV L.
Clearly

%, _F (x)

Tt b ), (25)
O F@) _9°F(@)

o = "5 if « € N. (26)

The above defined function exists almost everywhere for x € A. We justify
this next.

Note 2.1. Call

O, _F (z)
ore

We have that Lebesgue measure g (A1) = 0. Call Ay := Ay x SV~=1. So there
exists a Borel set A C [Ry, Ra], such that Ay C A}, Ag (AT) = Ar (A1) = 0; thus
Ry (A}) =0, see [2], pp. 419-422.

Consider now A% := A} x SN=1 C A, which is a Borel set of RN — {0}.
Clearly then by Theorem 16.59, p. 420, [2], gy (Ay) = 0, but Axy C A%,
implying A\gn (An) = 0. Consequently the above radial derivative exists a.e. in

x w.r.t. \gy on A.

A= {r € [R1, Ra] : does not em’st} )

‘We make
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Remark 2.3. We treat here the general, not necessarily radial, case of f. We
apply last Theorem 2.2 to f (rw), w is fixed, r € [Ry, Rz], under the following
assumptions: f (-w) € AC™ ([Ry, Rg]) for allw € SN’l, a >0, m = [a], where

f: A — R is Lebesgue integrable; 2 o 9 k=1,. — 1 vanish on 0B (0, R»),

and Z2=L ¢ B (), along with D3 f (w) € L ([Rl,Rg]), Vwe SN,
So we have

N fz N—1
f (Row) — (M) ; f(sw)s™ " ds

_ NI Nz—:l Ri\f—l—k (R2 . Rl)a+1+k 3%27f (27)
TA\RY -RY )\ & (N-1-k)T(a+2+k) ore
= )\1.
Consequently it holds
fsN—l f (Raw) dw _ N Rz N-1 ‘
o (BY — RV o /SN ) ( . I (sw)s ds) dw| < X1, (28)
That is
r(3) / Juf (@) dw
—= Row) dw — < A 29
2y SN—lf( 2W) s Z(A) = ( )
Therefore, it holds for 2 € A, that
fA f(z)dx
F@) =@
_ r(%) r(3) Ju ] (@) da
g o MR EUE = o ML e
N
<|f@-TG) [ () d] 0
2wz JSN-1

We have proved

Theorem 2.3. Let f: A — R be Lebesgue integrable with f (-w) € AC™ ([R1, R2]),
a>0,m:f]VweSN1,gT{,k;—l —1vam’sh0naB(OR2)'
0%, _f(w) € Log ([R1,Ry]), V w € N1 an (A) (bounded func-

tions on A). Then, for x € A, we have

_Jaf(@)de _I'(3)
ro- 2L <lrw- T3 [ rrea )
N-1 RN (Ry — Ry)HITR |05, f )
+(RN RN) 2 N-1-KT(a+2+k ‘ ora H

We also make
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Remark 2.4. Let f: B(0,R) — R be a Lebesgue integrable function, that is
not necessarily a radial function. Assume f (-w) € AC' ([0, R]), V w € SN~L;
0<a<l,and D¢_f(-w) € L ([0, R]), V w € SN~1. Clearly here we obtain
I a1

f(sw) — f (Rw) = m/ (J—9)*"' D f(Jw)dJ, (32)

Vwe SN Vsel0,R].
We further assume that
D% (Tl refomy < K ¥ w €SV,

where K > 0.
Applying the earlier Theorem 2.1 we get

N [ N-1 o NIR"
‘f(Rw) - W/o fsw)s" ds| < (HDR—f(tw)“oo,(te[o,RD) TlatN+1) (33)
KN!R*
“T(a+N+1)

Consequently we get

fsN—l f (Rw) dw . N (/Rf(sw)sN_lda‘) dw‘ < LIR‘* (34)
SN—l 0 F(

WN RNwy a+N+1)
Hence
r (& f(z)dz KN!R*
(%V) / f (Rw) dw — Joo.r) < LA (35)
oz Jgn—a Vol (B (0,R)) F'a+N+1)

Consequently it holds

fB(O,R) f(z)dx

PR = = B0 R)

fB(O,R) f(z)dx
Vol (B(0,R)) | (36)

N N
- f(Rw)—F(fv>/3N1f(Rw)dw+ FQ(ZV) Jon 7 () o

< f(Rw)—F<fV>/SN_1f(RW)dw

22

KN!'R~

+FW+N+U

So we have proved the Ostrowski inequality

Theorem 2.4. Let f : B(0,R) — R be a Lebesgue integrable function, not
necessarily radial. Assume f (-w) € AC* ([0,R]), R>0,Vwe SN "L 0<a<l,
and D%_ f (w) € Lo ([0, R]), V w € SN—1,

Suppose also that HDj‘é_f (tw)|‘m7(t€[07RD < K. Vwe SV-1 where K> 0. Then

N
< ’f(Rw)— F(f) /SN_lf(Rw)dw

22

KNIR~
I'(a+N+1)

_ fB(o,R) f(z)dz

TR) = = B0, ’)

+ (37)
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