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Abstract

By using the techniques of a Malliavin calculus, we study the asymptotic behavior of the weighted cross-
variation of a fractional Brownian sheet with a Hurst parameter H = (H;, H,) such that 0 < H; < 1/2 and
0< H, <1/2.

Keywords: Malliavin calculus, fractional Brownian sheet, cross-variation, multiple stochastic inte-
gral.

1. Introduction

Tudor and Viens (2003) obtain the limit of the following sequence in order to derive Itd formula for
fractional Brownian sheet(fBs) (Bf ,z € [0, 1]), with Hurst parameter 1/2 < Hy, H, < 1:

n—1 n—1

0. =Y, (B2, ) (B2  —BE, ) (B - BE). (1)

n’n n ’n n’n n’n
k=0 [=0

However, the limit of the sequence {Q,(f)} does not exist in the case when 0 < Hy, H, < 1/2.

In this paper, we consider the normalized sequence of {Q,,(f)} to study the asymptotic behavior of
the sequence {Q,(f)} in the case when 0 < H|, H, < 1/2. More precisely, we state our main result in
the following theorem:

Theorem 1. Ler BY = (BA (s, 1) € [0, 11%) be fBs with Hurst parameter H = (H,, Hy). Suppose that
f € C*R) and Sup; reqo.17 El |f(’)(B§’f,)|"] < ooforany p e (0,00)andi=0,...,4 If0< H) <1/2and
0 < Hy < 1/2, then we have that as n — o,

P2 +H) 1= 1 n-1

0, = f(B’;’,)[(B’il - B! )(BY L - B ) - W;ZH]

n’n n’m n n’n
k=0 1=0

f f s?H 21 g sdy. (1.2)

N .
Here the notation — denote the convergence in L?.

Recently in several works, the asymptotic behavior on the weighted power variations of a frac-
tional Brownian motion has been studied by using Malliavin calculus (see Nourdin, 2008; Nourdin
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and Nualart, 2008; Nourdin ef al., 2010). For the two-parameter processes, a central limit theorem
has been obtained in Réveillac, A. (2009a) for the weighted quadratic variations of a standard Brow-
nian sheet. Furthermore, Réveillac (2009b) proved a central limit theorem for the finite-dimensional
laws of the weighted quadratic variations of fBs. In Park ef al. (2011), the authors consider the
central limit theorem and Berry-Essen bounds for the non-weighted cross-variation of this type with
respect to a standard Brownian sheet. In addition, Kim (2011) proves the central limit theorem for the
non-weighted cross-variation of fBs.

2. Preliminaries

This section briefly reviews some basic facts about Malliavin calculus for Gaussian processes. For a
more detailed reference, see Nualart (2006). Suppose that H is a real separable Hilbert space with a
scalar product denoted by < -, >p. Let B = (B(h), h € H) be an isonormal Gaussian process, that is
a centered Gaussian family of random variables such that E(B(h)B(g)) =< h, g >p. In particular, if B
is fBs B with Hurst parameter H = (H,, H,), then the scalar product is given by

P

2
Ao.ap> Ljop)y = 1_[ (G?Hi + b} — |a; - bilei), for a,b € [0, 1] 2.1
i=i

Kim et al. (2008) and Kim et al. (2009) have developed the theory of stochastic calculus for fBs B.
For every n > 1, let H,, be the n Wiener chaos of B, that is the closed linear subspace of L?(Q)
generated by {H,(B"(h)) : h € H,||h|lg = 1}, where H, is the n Hermite polynomial. We define
a linear isometric mapping I, : H*" — H,, by L,(h®") = n!H,(B"(h)), where H®" is the symmetric

tensor product. The following duality formula holds
E[FI,(h)] = E[{D"F, hyge:], (2.2)

for any element 47 € H®" and any random variable F € ™2, Here D™ is the closure of the set of
smooth random variables with respect to the norm

1FIR, = B[R]+ 3 B[ .
k=1

where DF is the iterative Malliavin derivative.

In this paper we will only use multiple stochastic integrals with respect to a fBs B = (Bg’ ,Z €
[0,1]%), and in this case the scalar product in H is defined by (2.1). We will use this notation H
throughout this paper.

If f € H®P, the Malliavin derivative of the multiple stochastic integrals is given by

D.IL(fy) = nl,—y (f,(+,2)), for z€[0,1]%

Let {e;,] > 1} be a complete orthonormal system in H. If f € H®” and g € H®, the contraction f ®, g,
1 <r < pAgq, is the element of H®?*+4-2" defined by

f® g= Z (foen, ® - ®ep)yor (8.0, ® - ® e yor - (2.3)
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Notice that the tensor product f ® g and the contraction f ®, g, 1 < r < p A g, are not necessarily
symmetric even though f and g are symmetric. We will denote their symmetrizations by f & g and
f &, g, respectively. The following formula for the product of the multiple stochastic integrals will be
frequently used to prove the main result in this paper:

Proposition 1. Ler f € H®? and g € H® be two symmetric functions. Then

PAg
1,(H1y(8) = Z r! (I;)((i)lmq—h(f ® 8)- (2.4)

r=0

From Proposition 1, we have

E[1,(N1,0)] = { . LT 25)
p-(f g>H®p, if p=g,
where f denotes the symmetrization of f.
3. The Proof of Theorem
For simplicity, we introduce the following notations:
= Aol O = lodgqry and = Aoy

By using the multiplication formula (2.4) of the multiple stochastic integral, we write

2(H1+H2) n—1 n-1
0,(f) = f( 51)12(6k1®6k1)+

=0 /=0 k=0
= Ql,n(f) + QZ,n(f)~

We compute the limit of the square of the expectation of Q7 (f). Using the formula for the multipli-
cation (2.4) of the multiple stochastic integral, we write

p2(H+Hy) 1= 1 n—

Zf( H)[(C’kh@kﬁﬂ ym 2H1+2H2}

»

pHHEHH) T 1 n-l

B[ J01f | =" 2 3L Bl (st )r (B )xia(ers 80, ) (e @0y )]
k1=0 k' '=0 "
pAH+HD) 2 n-l "—
I )E[f( DB )30 800)8 (e s B0 o)
4(H1+H2) r=0 k,[=0k’,I’=0

= (é’” +0 + é’”)

By using the binomial formula for the derivative and the duality formula (2.2), we obtain

6= 5wl (et ) e 80e) 8 e )|

KLk =0

n—1
( ) Z E[f(p)(BH )f(4 p)(BI;I, ﬁ)] <fpi® Qz,(étp),(eg’i ®9ﬂ‘£)®(9kl® k’,[')>
R s n'n n’n n'n non H®4

n’n
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Define, fore = 1,2,

al’e(i, j) = (i + 1)*He — 2He 4| j — e —|j -

be(i, j) = li— j+ 1 +]i = j— 1 = 2]i — jI*He

H,/: =~ _ 2H, , 2H, . .2H,
(i, )=+ je =i = 1T

i— 1[2He

Then we have the following estimates:

n—1
sup |a ‘GG ) e pl < en?t and |G| <2 M G
i,j=0,..., i,j=0
The sum £, can be written as
2(H,+H,) 2(H\+H,) ,,-8(H,+H,) "=l
n n n 4 [ H
n? foo = n? 64 Z E [f( )f( )<B'§: ’;)]
Lk =0

x (k)2 ™ (k, k)M (K K)a™ (K k) x (P Da™™ (1L, 1Da > (1, ).

By using (3.1) and the assumption on f, we estimate

pAHI+HD) P tH) [ -8(H +Hy) 1 o nl I
n ’ ’ ’ ’
—|500|<c p o D Kyt ek x 3 IRy e |
k=0 LI'=0
pHH+H) n—S(HH-Hz) 4H u B "
<cl - ‘Z'a‘(kk’ Xn”Z|a2(ll'
n kk'=0 LI'=0
pHH+Hy) 3 —8(H\+Hy) pn2(Hi+Hy)
6(H,+H,)+2
<C ) n <C—>—
n 64 n
This estimate gives, from H; + H, < 1, that
4(H1+H2)
lim ——|
n—oo n | 00'
However, we estimate |£f,| < C(A] + A} + A} + A}), where
n—1
n _
A= > [ersen)y (e e ber) (eorbn) (errecr) |
kLK =0
n—1
A= > o), (o coes) (6 r i) (nroenr), |
kLI =0
n—1
A= S e 0 (e rens) (e eibes) (6o res) ],
i n won TH N\ s o ]
kLI =0
n—1
AZ: ‘(55’1,65 > <§k' v, Ek 1> <§k/ v, 0k 1/> <§g £’0£’1>H|'
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Then, by using (3.1), we obtain

- S(H1+H) n-1 n—1

A;iz — 32 Z (k/)2H| |aH| (k k)aHl (k/ k/)CHl (kl k)| Z ZZHZ(II)ZHZ |aH'>(ll ll)aHz(l l/)
k,k'=0 LI'=0

< CpSH) o ) Z a1 (k. k)| Z |a™1 (K, 1) Z |at1,1)

k=0 LI=
2
< CpMHI+H) (n " n2H2) pI¥2Hy o CpAHi-2H243

Similarly, we can estimate

n-1
Al < Cn ¥ ) N gt (7 foya™ (K, K

n-1
)| D |a™ @, pa™ . 1)

k,k'=0 LI'=0
— n—1
< Cp 4+ Z |af (k' k)| Z lat1,1)
k,k'=0 LI'=0

S Cn—4(H1+Hz)n2+2(H] +H>) S an_z(Hl+H2).

By a similar estimate as for Af, the sum A% can be estimated as

AL < Cp ) Z |a™ (&, k’)|z |a 1, 1)|Z o™, 1)

kk' =

< Cp~4Hi+H>) , 1+2H, (n + nsz) < Cp3~2Hi—4H,

Using the same arguments as for A7 yields A < Cn?~2H+H2) Hence we have

AH +Ha)
. n | _
lim —a |€01 |

n—oo

As for 532, we write

n
502

5

n—1
() IE[ <2>( ’gl)f<2>(B{j£)] < ®g®$>,(U@e,!,/)é(eu@ew))
kL =0 " nn " He4

1l
~
—_—
“h
%)
©
A
:\hm
Sim
S—
=
N
3%}
8
-
:\"
s~
N
[S—
~
=~
—
==
N
~
<
N
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where B!(k,1,k',I') for k = 1,...,6 are given by

B} (kLK. I') = (£ )( 9,,><,/9>(,,€,,>
( )=ty Ens O e ) (Ger.00s) (Se e )y,
By (LK. 1) = (61 1.0 1), (611010 )y (6 oent) (B e ey
By (k, LK, I) = <§K’£’0%’ﬁ>]ﬁ1 <§f7 L€ L>H <§k,,g,95!z>H (&0 L€k €>H’
1 ’ ’

Byl K1) = (1 peg o) (x s enn) (€ 0g ), (e r 00 ),
n ’opN

Bik LRI = <f%~é’9%,%>H<ff,é’f%# {6 %’95,% <f%,¢:vfaa>H’

Bl (kLK. 1) = (¢

L)y
By a similar estimate as for {’g], we have
€y, < p~ ) Z la™ (& k)| Z |t (1, 1)
kk'=0 LI'=0
S Cn2 2(H]+H2).
Using the same arguments as for {f,,, we can easily show that
n4(H]+H2)
lim —— |, |=0, for p=1,...,5.
i 4525 p
" .
As for 5026, we write
A H D) pHHIH)  8(H +Hy) ] (o \ o [ nit
B = S el (s, (52
A= s 6 FoBL )\ Be

k,Lk' ,I'=0
XkZHl ((k + 1)2H1 _ kZH] _ 1)(kl)2H] ((k/ + ])ZH] _ (k’)ZHl _ ])
X P (14 12 = P — 1) (@ (0 + 1P = @y - 1), (3.2)

Hence it follows from (3.2) that

n4(H| +Hg) n—1 1 k ZHl k/ 2Hl l 2HZ l/ 2HZ
noo_ ) [ pH 2) [ pH I n L . —4(H,+H)
5 ) s (5 )G )

KLk '=0
1 piHi+Hy) =l
R S e )
n kLI =0 i e
2H1 k, ZHl{ +1 2H, )2H| (k,+ 1)2H1 (k,)2H1:|
+

(1)“' 5

- <f:>“‘}—(:-l>“‘

- )
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G e
T e

For e = 1, 2, we estimate

I+1 2”2 2”2 1/ + 1
n

n—1
> ‘k”’* (Ch+ 12— R2He 1) (K2 (K + 1> = (k)P — 1) = 1]
k=0
n—1
- Z k2H<’(k')2H” ((k i 1)2H(, _ szle) ((k’ + 1)2He _ (k/)ZHe)
kk'=0
n—1 n-l
4 Z k2He(kr)2H( ((k " 1)2H<) _ kzm) " Z k2H(,(k/)2He ((k’ " 1)2He _ (kr)ZHe)
k,k'=0 k=0
< n®He 4 20T, (3.4)

Using the estimate (3.4) and the equation (3.3), we have

: 2Hy o \2H) | \2Hy [\ 2H

) | o (it \ o [ wit (RN RN (NN e
Lo — E f B )7\ Be v - - - - n
n* o o 16 n n n n
klk 7=
n4(H1+H2)

<C : (1 4 2 2 +n—2(H1+H2)+2)' (3.5)

n

Since 2H| +4H, < 3 and 4H, +2H, < 3, the right-hand side of (3.5) tends to zero as n goes to infinity.
As for £7,, by a similar estimate as for £, , we can easily show that

03> o1’
pAHI+H)
lim —— |£}
n—oo n 03|
For £j,, we note that |<§,f3},i,/,,, (&/nin ® O i jn) ® Oksnisn ® €y in)mes| < Cn?2H+H2) | From this
estimate, it follows that
4(Hy+H>)
n
lim —— || =0
1 20 g

In order to estimate £} and £}, we compute the contraction (€/ni/n ® Ok/nijn) ®r (€ nir jn & Ok jnr n) for
r=1,2. Whenr = 1, fora, b € [0, 1]?,

=—<9Ll,9£1,> Eki@fLL+<0kl,6k g> €1 Q0O v
4 n'n nenlH n'n non n'n non n nn

+<6k1,9gg> 9k1®6gg+<651,6gg> 01 ®60y v |(a,b). 3.6)
n’n nenlH non n’ n’n nenlH non n’n

In addition, when r = 2,
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From (3.6), the term ¢ can be written as £ = 22:1 KTP, where

-1 n-1
rlll = nz nz E f(BIZL)f(BZ z')lz(eé L ® €x ﬁ) <9£’L’0£’K>H’
kI=0k,I'=0 nn nen wn wnl wow
-1 n-1
b = nz: nz: A f(B?%)f(BZ z')12(€5 L ®0x z) <95 1,65’1/>H,
kI=0k' =0 W wen’ wew
R ]
b3 = Z Z E f(Bg‘ﬁ)f(BZ K)Iz (0: s @ew o )|(er 1,00 )
kI=0k =0 wen /)N T
n—1 n-1 i 7
b= > BlF(BE) (B )R (0 900 2) (e see ),

k=0 k' '=0
Using the duality formula (2.2) and the assumption on f, we estimate |},| < C Zizl [€11p], where

n—1 n-—1
n
= kifﬁi><kl€’l’> <9519k'1/>
111 Z Z <§n’n’ won TH é‘:n’n’ ol m N e el
kI=0 k' /=0

n-1 n-1

to= 2, Y e pas)decs ee) o poee) v (e sa ) fepecs) (0 poee), |

n’n n’n

2070 n n’n

n-1 n-1

.= Z Z < K I, €k I> < K I, ER 1/> <9k1 O 1/> .
113 57»; won TH 67»; ol N et |

k=0 k' I'=0
For ¢£7,,, we first note that for e = 1, 2,

n—-1

<n ) o+ 1 +1p— 1P~ 2pP"
p=—0

|b*e (k. k) < Cn. (3.8)
0

k=
From (3.8), we estimate
n—1 n—1
|en,| < et 2 Z o™ (k' )| Z b, 1)

k,k'=0 LI'=0
< Cn—4H1—2H2nl+2H1n < Cn2—2(H1+H2)'

This estimate implies

4(H\+Ha)
. n .
lim ——— |€111| =0.

n—oco }14

By a similar estimate as for £,,, we can easily show that
n4(H1+H2)
lim ——— ¢, | =0, for p=2,3.

n—o0 n4
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We can easily show that

pAH+H)
lim ———|¢1 | =0, for p=2,3,4.

As for {7, we estimate, from (3.7)

|e2| < e Z |b1 (k, k') Z b, 1)
kk'=0

n—1
4 HI+H) Z |aH](k k') Z |aH”(l 1)
LI'=

ke k=0 LI=0
< Cp2-2Hi+Hy)
which implies that
pAH1+Hz)
lim ——— |65] =
n—oo n

Combining the above results for £y, ¢ and £;, we obtain that as n — oo
1
E [|Q’; N f)|2] - — f E[f® (B) £@ (BIL)| (sup* (ev*dsdtdudv.
’ 1 6 [0, 1 ]4 ” ’
Now we investigate the asymptotic behavior on the sequence of the following expectation

n-1

1 Y 2H, v 2H,
Bl 2 2L =) (5) |
Ql’"(f)4n2 k;()f 5\ n n

Then the sequence {a(n)} can be written as

p2Hi+H) ol

kl 2H, l/ 2H,
— (—) (—) E [f(2) (BH )f(z) (BIZ v )] X <§fi,€5,1 ®95,1>
4n T\ n wow nn wn [

p2H ) ]

kl 2H, l/ 2H,
T SO st ) s
n kLK T=0 n n nn

P +Hy) o]

J\2H, 1 3y\2H,
o 2 ) () ) ()<

a(n) =

1<I®91</>

n’n

fk, 1,,€k L ® O

, ),
= a1(n) + ar(n) + az(n).

By using the same arguments as for By term, we obtain

p2H+H) o

() = — Z ]E[f(”(B’g

) (82
KLk I'=0 '

y k+l 2H, k 2H, 1 2H,
n n n

=i~
:\?‘

NANANANGE

n

B

(3.9)

non lH

311
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Hence

n—1

ai(n) — ﬁ Z E [f(Z) (B?,ﬁ)f(z) (Bié%)] (S)zHl (%)ZH] (é)ﬂq2 (%)ZH2

k,Lk" ,I'=0
k+ 1V (N 1+ 1\ (1
n n n n

Cp2Hi+Hy) n-l1 k 2H, K 2H, l 2H, r 2H,
< - — — — —
< 2 GGG

CACRCACN SRS

2 Hi+Hy)

<C—p— (n2 423 n’2H2+3) —0 as n— oo. (3.10)
n

We can easily show that lim,,_,, ax(n) = 0 for k = 2,3. Therefore, from (3.9) and (3.10), it follows
that

= 21y (\2H 2
lim E||Q},(f) - ~ <2>(BH)— o=l | =o. 311
Hence the Riemann sum arguments yield, from (3.11), asn — oo
1
0. (f) > - f f 1O (B) e dsar in L2, (3.12)
" 4 Jo Jo -
However, as n tends to infinity, the sequence {Q; ,(f)} converges to zero by the following estimate:
p2H +Hy) 1) 1
|05, (N] < CT——= 37 3" (th + 1 =) (4 12 = 1)
k=0 1=0
n—-1 n—1 n—-1 n— 1
+ Z ((k + 1)2H1 _ k21‘11 + (l + 1)2H2 _ lZHl)
k=0 1=0 k=0 1=0
< Ci (n2(H] +Hy) | 142H1 n1+2H2)
<C3 .
Hence we complete the proof of our main theorem by (3.12). (]
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