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Abstract

In this paper, we introduce the concept of fuzzy almost strongly (r, s)-semicontinuous mappings on intuitionistic fuzzy
topological spaces in Sostak’s sense. The relationships among fuzzy strongly (r, s)-semicontinuous, fuzzy almost (r, s)-
continuous, fuzzy almost (r, s)-semicontinuous, and fuzzy almost strongly (r, s)-semicontinuous mappings are discussed.
The characterization for the fuzzy almost strongly (7, s)-semicontinuous mappings is obtained.
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1. Introduction

The concept of fuzzy set was introduced by Zadeh [1].
Chang [2] defined fuzzy topological spaces. These spaces
and its generalizations are later studied by several authors,
one of which, developed by Sostak [3], used the idea of
degree of openness. This type of generalization of fuzzy
topological spaces was later rephrased by Chattopadhyay
and his colleagues [4], and by Ramadan [5].

As a generalization of fuzzy sets, the concept of in-
tuitionistic fuzzy sets was introduced by Atanassov [6]
and Coker [7] introduced intuitionistic fuzzy topological
spaces using intuitionistic fuzzy sets. Using the idea of de-
gree of openness and degree of nonopenness, Coker and
Demirci [8] defined intuitionistic fuzzy topological spaces
in Sostak’s sense as a generalization of smooth topologi-
cal spaces and intuitionistic fuzzy topological spaces. Shi
Zhong Bai [9] introduced the concept of fuzzy almost
strongly semicontinuous mappings on Chang’s fuzzy topo-
logical spaces.

In this paper, we introduce the concept of fuzzy
almost strongly (r, s)-semicontinuous mappings on
intuitionistic fuzzy topological spaces in Sostak’s
sense. The relationships among fuzzy strongly (r,s)-
semicontinuous, fuzzy almost (r,s)-continuous, fuzzy
almost (r, s)-semicontinuous, and fuzzy almost strongly
(r, s)-semicontinuous mappings are discussed.  The
characterization for the fuzzy almost strongly (r,s)-
semicontinuous mappings is obtained.
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2. Preliminaries

For the nonstandard definitions and notations we refer to
(10, 11, 12, 13].

Let I(X) be a family of all intuitionistic fuzzy sets in X
and let I ® I be the set of the pair (r, s) such thatr, s € T
andr + s < 1.

Definition 2.1. ([8]) Let X be a nonempty set. An infu-
itionistic fuzzy topology in Sostak’s sense(SoIFT for short)
T = (T1,72) on X is amapping 7 : I(X) — I ® I which
satisfies the following properties:

(1) T1(0) = Ti(1) = Land 73(0) = T2(1) =
(2) ﬂ(AﬁB) > T1(A)AT1(B) and T3(ANB) < Ta(A)V
T2(B).

3) iU Ai) = ATi(A;) and T2(U Ai) <V T2(A).

The (X,7) = (X,71,7T2) is said to be an intuitionis-
tic fuzzy topological space in Sostak’s sense(SoIFTS for
short). Also, we call 71(A) a gradation of openness of A
and 73(A) a gradation of nonopenness of A.

Definition 2.2. ([10, 11, 13]) Let A be an intuitionistic
fuzzy set in a SOIFTS (X, 71, 72) and (r,s) € I ® I. Then
A is said to be

(1) fuzzy (r, s)-semiopen if cl(int(A, r, s),r, s) D A,

(2) fuzzy (r, s)-semiclosed if int(cl(A, 1, s),r,s) C A,

4) fuzzy
cl(int

r, s)-regular closed if

(

(3) fuzzy (r, s)-regular open if int(cl(A,r, s),r, s) = A,
(r

(A, 8),7,8) = A,

(5) fuzzy strongly (r, s)-semiopen if
A Cint(cl(int(A,r, s),7,8),7, 3),
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(6) fuzzy strongly (r, s)-semiclosed if
A D cl(int(cl(A,r, s),7,8),7,8).

Definition 2.3. ([13]) Let (X,77,72) be a SoIFTS. For
each (r,s) € I ® I and for each A € I(X), the fuzzy
strongly (r, s)-semiinterior is defined by

ssint(A, 1, s) = U{B € I(X)| BCA,

B is fuzzy strongly (r, s)-semiopen}

and the fuzzy strongly (r, s)-semiclosure is defined by

sscl(A,7,5) = {BeI(X)|ACB,

B is fuzzy strongly (r, s)-semiclosed}.

Theorem 2.4. ([11]) (1) The fuzzy (r,s)-closure of a
fuzzy (r, s)-open set is fuzzy (r, s)-regular closed for each
(r,s)eI®I.

(2) The fuzzy (r, s)-interior of a fuzzy (r, s)-closed set is
fuzzy (r, s)-regular open for each (r,s) € I ® I.

Definition 2.5. ([11, 12, 14]) Let f : (X,T1,72) —
(Y,U;,Us) be a mapping from a SoIFTS X to a SoIFTS
Y and (r,s) € I ® I. Then f is called

(1) a fuzzy strongly (r,s)-semicontinuous mapping if
f~Y(B) is a fuzzy strongly (r, s)-semiopen set in X
for each fuzzy (r, s)-open set Bin Y,

(2) a fuzzy almost (r, s)-continuous mapping if f~1(B)
is a fuzzy (r, s)-open set in X for each fuzzy (r, s)-
regular open set Bin Y,

(3) a fuzzy almost (r,s)-semicontinuous mapping if
f~Y(B) is a fuzzy (r, s)-semiopen set in X for each
fuzzy (r, s)-regular open set BinY.

Definition 2.6. ([11]) Let x(,, ) be an intuitionistic fuzzy
point in a SoIFTS (X,71,73) and (r,s) € I ® I. Then
an intuitionistic fuzzy set A in X is called a fuzzy (r, s)-
neighborhood of (., g if there is a fuzzy (r, s)-open set B
in X such that 7, ) € B C A.

Definition 2.7. ([9]) Let f : (X1,51) — (X2,52) be a
mapping from a fuzzy space X; to another fuzzy space X5.
Then f is called a fuzzy almost strongly semicontinuous
mapping if f~1(B) is a fuzzy strongly semiopen set of X
for each fuzzy regular open set B of Xs.
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3. Fuzzy almost strongly
(r, s)-semicontinuous mappings

Now, we define the notion of fuzzy almost strongly
(r, s)-semicontinuous mappings on intuitionistic fuzzy
topological spaces in Sostak’s sense, and then we inves-
tigate some of their properties.

Definition 3.1. Let f : (X, 71,72) — (Y,U1,Us) be a
mapping from a SoIFTS X to a SoIFTS Y and (r,s) €
I ® I. Then f is called a fuzzy almost strongly (r,s)-
semicontinuous mapping if f~1(B) is a fuzzy strongly
(r, s)-semiopen set in X for each fuzzy (r, s)-regular open
set BinY.

Definition 3.2. Let f : (X, 71,72) — (Y,U1,Us) be a
mapping from a SoIFTS X to a SoIFTS Y and (r,s) €
I ® I. Then f is said to be fuzzy almost strongly (r, s)-
semicontinuous at an intuitionistic fuzzy point x( gy in
X if for each fuzzy (r,s)-regular open set B in Y with
[(x(a,p)) € B, there is a fuzzy strongly (r, s)-semiopen
set Ain X such that 7, 4) € Aand f(A) C B.

Theorem 3.3. Let f (X, T, T2) — Y,Up,Us)
be a mapping from a SolFTS X to a SoIFTS Y and
(r,s) € I ® I. Then f is fuzzy almost strongly (7, s)-
semicontinuous if and only if f is fuzzy almost strongly
(r, s)-semicontinuous at each intuitionistic fuzzy point
T(a,B) in X.

Proof. Let f be almost strongly  (r, s)-
semicontinuous, T, g) an intuitionistic fuzzy point
in X, and B a fuzzy (r,s)-regular open set in ¥ with
f(x@p) € B. Since f is fuzzy almost strongly
(r, s)-semicontinuous, f~!(B) is a fuzzy strongly (r, s)-
semiopen set in X. Putting A = f~1(B). Then A is
fuzzy strongly (r,s)-semiopen in X, z(, 3 € A, and
f(A) = f(f~Y(B)) € B. Since (44 is an arbitrary
intuitionistic fuzzy point in X, we conclude that f is fuzzy
almost strongly (r, s)-semicontinuous at each intuitionistic
fuzzy point z(, gy in X.

fuzzy

Conversely, let B be a fuzzy (r, s)-regular open set in
Y and 2(o5) € f1(B). Then f(2(q,5) € B. From the
assumption, there is a fuzzy strongly (r, s)-semiopen set

Ax(aﬁ) in X such that 2, gy € Ax(u,m and f(Ax(Q,B)) -
B. Thus
f_l(B) = U{w(a,ﬁ) | x(a,ﬁ) S f_l(B)}
- U{AI(Q,B) | T(a,B) € f_l(B)}
c fY(B).

Hence f~'(B) = U{4s. 4 | Z(a,p) € f7'(B)}, which
is a fuzzy strongly (r, s)-semiopen set in X. Therefore f is
fuzzy almost strongly (r, s)-semicontinuous. O
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Remark 3.4. It is clear that the following implications are ~ we conclude that f is fuzzy almost strongly (%, %)-
true: semicontinuous. However, f is neither fuzzy al-
o most (3, )-continuous nor fuzzy strongly (3, 3)-
(1) fuzzy strongly (r, s)-semicontinuous = semicontinuous.  For f~!(A3) = A3 is not fuzzy
fuzzy almost strongly (r, s)-semicontinuous. (2’ 3) open in (X,7) and
(2) fuzzy almost (r, s)-continuous = . ] ) 11.11.11
fuzzy almost strongly (r, s)-semicontinuous. f(A)) = Ay ¢ int(cl(int(Ay, 5 §)’ 5 §)a 5 §)
11,11
(3) fuzzy almost strongly (r, s)-semicontinuous = = int(cl(As, 5 3)7 5 g)
fuzzy almost (7, s)-semicontinuous. 11
= int(435, =, =) = As.
However, the following examples show that all of the con- 2°3
verses need not be true. Example 3.6. Let X = {z,y, 2} and let A; and A5 be
Example 3.5. Let X = {2, y, 2} and let A;, A, Ay, and intuitionistic fuzzy sets in X defined as
Ay be intuitionistic fuzzy sets in X defined as Ar(x) = (0,0.5), Ay(y) = (0.3,0.5), A1(z) = (0.3,0.5);

Ai(z) = (0.1,08), Ai(y) =(0,1), Ai(2)=(0.2,0.6); , 4

Az(z) = (0.5,0.5), Az(y) = (0.5,0.5), Az(2) = (0.5,0.5); A,(2) = (0,0.7), Aa(y) = (0.2,0.7), As(z) = (0.2,0.8).

As(x) = (0.2,0.7), As(y) = (0.3,0.6), A3(z) = (04,0.5)ipefine 7. 1(X) 5 T® Tand U : I(X) — [ © I by
and

(1,0) if A=0,1,
Au(z) = (0.6,0.3), Au(y) = (0.5,0.5), As(z) = (0.7,0.1). T(A) = (Ti(A),To(A)) = { (3.3) if A=Ay,
(0,1) otherwise;
Define 7 : [(X) > I®Tand U : [(X) = I ® I by d
an
(1,0) it A=0,1, 10 A
_ _ 11y - _ , if A=0,1,
T = (TN = () A= dide ) = @ua sy =4 () if 4= 4,
(0,1) otherwise; 3 .
(0,1) otherwise.
and Then clearly 7 and U are SolFTs on X. Consider a map-
(1,0) if A=0,1, ping f : (X,7T) = (X,U) defined by f(z) = =, f(y) = v,
UA) = (A Ux(A) = § (3,3) if A=Ag Ay, 3ndJ() =2 Note that
(0,1) otherwise.

11,11
mt(cl(A1, =), =, =) =4A4; in (X,U),
Then clearly 7 and U are SolFTs on X. Consider a map- '372°3

ping f : (X, T) = (X,U) defined by f(z) =2, f(¥) =¥, and hence Ay is fuzzy (3, l) -regular open in (X, ). Since

and f(z) = z. Note that f~Y(Ay) = Aj is fuzzy (2, %)-semiopen in (X, T), f is
11 11 fuzzy almost (2, };) semicontinuous. However, f is not a
int(cl(As, 3 §)’ 2 g) = As, fuzzy almost strongly (3, %)-semicontinuous mapping. For
11,11, 11
11,11 -1 — i i Z )y )y - =
int(cl(As, 5, 3), 503) =1 # Ay in (X, U). [7A) = A ¢ intel(inAr, 5, 5), 53050 3)
11,11
T?ui As is fuzzy (1, 3) regular open but Ay is not a fuzzy = int(cl(Az, 5 3)7 bR g)
, = )-regular open set in (X, ). Since 1 1
(3:5)res P ( ) = int(A§a§7§):A2-
11,1111
-1 _ : : 22y Z 2y 2z
f7(A3) = A3 C int(cl(int(A4s, 0% 3), 9’ 3)’ 2’ 3) Theorem 3.7. Let [ : (X, 71, T2) — (Y,U1,Us>) be amap-
B (A 1,11 ping from a SoIFTS X to a SOIFTS Y and (r,s) € I ® I.
= int(cl(Ay, 0% 5)’ bR g) Then the following statements are equivalent:
. 11
= int(A3, 3 g) = Aa, (1) f is fuzzy almost strongly (r, s)-semicontinuous.
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(2) f~Y(B) is fuzzy strongly (r, s)-semiclosed in X for
each fuzzy (r, s)-regular closed set BinY'.

(3) For each fuzzy (r, s)-closed set BinY,

sscl(f~Y(cl(int(B, 7, s),7,5)),7,8) C f~1(B).

(4) For each fuzzy (r, s)-open set Bin Y,

f_l(B) - ssint(f_l(int(cl(B, T,8),T,8)), Ty 8).

(5) For each fuzzy (r, s)-semiopen set BinY,

sscl(f~Y(B),r,s) C f~H(cl(B,r,s)).

(6) For each fuzzy (r, s)-semiclosed set B in Y,

f_l(int(B, r,8)) C ssint(f_l(B), T,8).

Proof. 1tis clear that (1) & (2), 3) & (4), (5) & (6).

(2) = (3) Let B be a fuzzy (r, s)-closed set in Y. By
Theorem 2.4, cl(int(B,r,s),r,s) is fuzzy (r,s)-regular
closed in Y. By (2), f~!(cl(int(B,r,s),r,s)) is a fuzzy
strongly (, s)-semiclosed set in X. Hence
sscl(f~1(cl(int(B,r,5),1,8)),7, )

= f7Ycl(int(B, 7, s), 7, )
C fHc(B,r,s)) = fH(B).

(3) = (5) Let B be a fuzzy (r, s)-semiopen set in Y.
Then cl(B,r,s) is fuzzy (r,s)-closed in Y. By (3), we
have
ssel(f~1(B), 7,s)

sscl(f~(cl(int(B, 7, 5),7,5)),7, 5)
sscl(f Y (cl(int(cl(B,r, s),7,5),7,5)),7, 5)
7 Hcl(B, T, 8)).

N 1N 1N

(5) = (2) Let B be a fuzzy (r, s)-regular closed setin Y.
Then B is fuzzy (r, s)-closed and fuzzy (r, s)-semiopen in
Y. By (5), we obtain

fYB) Csscl(f~Y(B),r,s) < fcl(B,r,s))
= f(B).

Thus we have f~1(B) = sscl(f~1(B),r,s), which is a
fuzzy strongly (r, s)-semiclosed set in X. O

Definition 3.8. Let z(, gy be an intuitionistic fuzzy point
in a SoIFTS (X, 71,73) and (r,s) € I ® I. Then an intu-
itionistic fuzzy set A in X is called a fuzzy strongly (r, s)-
semineighborhood of x(, gy if there is a fuzzy strongly
(r,s)-semiopen set B in X such that z(, ) € B C A.
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Theorem 3.9. Let f : (X, 71, 7T2) — (Y,U1,Uz) be amap-
ping from a SoIFTS X to a SOIFTS Y and (r,s) € I ® I.
Then f is fuzzy almost strongly (r, s)-semicontinuous if
and only if for each intuitionistic fuzzy point (4 g) in X
and each fuzzy (7, s)-neighborhood B of f(z(,,g)). there is
a fuzzy strongly (r, s)-semineighborhood A of (4, 5 such
that 2, gy € Aand f(A) Cint(cl(B,r,s),,s).

Proof. Let x (4, g) be an intuitionistic fuzzy point in X and
B afuzzy (r, s)-neighborhood of f(x(,,gy). Then there is a
fuzzy (7, s)-open set C'in Y such that f(z(, ) € C C B.
Thus (. 5) € f1(C) C f~1(B). Since f is fuzzy almost
strongly (r, s)-semicontinuous, by Theorem 3.7, we have

fHC) < ssint(f(int(cl(C, 7, 5),7,5)), 7, 8)
C ssint(f~!(int(cl(B,r,s),7,5)),7,5).
ut A = f~(int(cl(B,r,s),r,5)). By Theorem 2.4,
int(cl(B,r,s),r,s) is fuzzy (r, s)-regular open in Y, and
hence A = f~Y(int(cl(B,r,s),7,s)) is a fuzzy strongly
(r, s)-semiopen set in X. Thus
Z(a,p) € [H(C)

N

ssint(f~*(int(cl(B, 7, 5), 7, 5)),7, 5)
= ssint(4,r,s) = A.

Hence we conclude that A is a fuzzy strongly (r,s)-
semineighborhood of z(, g) and

f(f~(nt(cl(B,r, 5),7,5)))
int(cl(B,r,s),r,s).

f(4)

c
c

Conversely, let B be a fuzzy (r, s)-regular open set in Y’
and z( gy € f~'(B). Then B is fuzzy (r, s)-open in Y,
and hence B is a fuzzy (r, s)-neighborhood of f(x (4 g))-
From the assumption, there is a fuzzy strongly (r,s)-
semineighborhood A of T(q,p) such that z(, g €
A and

T(a,8)

T(ex,B8)

f(Am(uyﬂ)) < int(CI(B’ T S)a Ty 5) = B.

Because Ay, is a fuzzy strongly (7, s)-
semineighborhood of x(, gy, there is a fuzzy strongly
(r, s)-semiopen set C, , such that

T(a,8) € Ca < Am(a,ﬁ)

C FTUf(An ) S fTHB).

(e, 8)

Hence f~'(B) = {Ca(, 4 | Z(a,p) € F7'(B)}, which is
a fuzzy strongly (r, s)-semiopen set in X. Therefore f is
fuzzy almost strongly (r, s)-semicontinuous. O
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