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SANDWICH-TYPE THEOREMS FOR A CLASS OF
INTEGRAL OPERATORS ASSOCIATED WITH
MEROMORPHIC FUNCTIONS

NAK EuN CHO

ABSTRACT. The purpose of the present paper is to investigate some sub-
ordination and superordination preserving properties of certain integral
operators defined on the space of meromorphic functions in the punctured
open unit disk. The sandwich-type theorems for these integral operators
are also presented.

1. Introduction

Let H = H(U) denote the class of analytic functions in the open unit disk

U={2€C:|z|<1}. ForacCandneN={1,2,---}, let
Hla,n)={f €H: f(2) =a+anz" +aps12" T+ }.

Let f and F' be members of H. The function f is said to be subordinate to
F', or F' is said to be superordinate to f, if there exists a function w analytic
in U, with w(0) =0 and |w(z)| < 1 for z € U, such that

f(z) =F(w(z)) (z€0).
In such a case, we write
f=<F or f(z)=<F(2).
If the function F is univalent in U, then we have (cf. [12])
f<F <= f(0)=F(0) and f(U)c F(U).

Definition 1.([12]) Let ¢ : C* — C and let h be univalent in U. If p is analytic
in U and satisfies the differential subordination:

¢(p(2),2p'(2)) < h(z) (2 €U), (1.1)
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then p is called a solution of the differential subordination. The univalent
function q is called a dominant of the solutions of the differential subordination,
or more simply a dominant if p < ¢ for all p satisfying (1.1). A dominant ¢ that
satisfies ¢ < ¢ for all subordinants ¢ of (1.1) is said to be the best dominant.

Definition 2.([13]) Let ¢ : C? — C and let h be analytic in U. If p and
©(p(2), zp'(z)) are univalent in U and satisfy the differential superordination:

h(z) < ¢(p(2),2p'(2)) (2 € ), (1.2)
then p is called a solution of the differential superordination. An analytic func-
tion ¢ is called a subordinant of the solutions of the differential superordination,
or more simply a subordinant if ¢ < p for all p satisfying (1.2). A univalent
subordinant ¢ that satisfies ¢ < ¢ for all subordinants ¢ of (1.2) is said to be
the best subordinant.

Definition 3.([13]) We denote by Q the class of functions f that are analytic
and injective on U\ E(f), where

B(f) = {¢ 0V’ lim f(2) = o |
and are such that
(O #0 (CedU\E(S)).
We also denote the class A by
A:={h e H[1,1]: h(2)h'(z) #0 (2 € U\{0})}.

Let ¥ denote the class of functions of the form

1 o]

flz)= 2 + Zanz”
n=0

which are analytic in the punctured open unit disk D = U\{0}. Let ¥* and

Y be the subclasses of ¥ consisting of all functions which are, respectively,

meromorphic starlike and meromorphic convex in D (see, for details, [5, 12]).

For a function f € X, we introduce the following integral operators I
defined by

o 1/
Bo NG = (P52 [ Ponone) (13

(fex; B,yeC peC\{0}; Ry -} >0; heA).
Various developments associated with the integral operator Ig (f) defined by
(1.3) have been extensively studied by many authors [1, 2, 5-7] with suitable
restrictions on the parameters 8 and -, and for f belonging to some favoured
classes of meromorphic functions.
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Moreover, making use of the principle of subordination between analytic
functions, Miller et al. [14] and more recently, Owa and Srivastava [15] ob-
tained some subordination preserving properties for certain integral operators.
Moreover, Miller and Mocanu [13] considered differential superordinations, as
the dual concept of differential subordinations (see also [3]). We also remark
that some more interesting results related to subordination and subordination
may be founded in [4]. In the present paper, we obtain the subordination and
superordination preserving properties of the integral operator Ig ., defined by
(1.3) with the sandwich-type theorem.

The following lemmas will be required in our present investigation.

Lemma 1.([10]) Suppose that the function H : C* — C satisfies the following
condition:

R{H (is,t)} <0
for all real s and for all t < —n(1+ s2)/2 (n € N). If the function
p(z) =14pp2" +---
is analytic in U and
R{H(p(2),2p'(2))} >0 (2 €D),
then
R{p(z)} >0 (z€U).

Lemma 2.([11]) Let 5, € C with 8 # 0 and h € H(U) with h(0) = c. If
R{Bh(z) +7} >0 (z€0),
then the solution of the differential equation:

72’(]’(2’) = h(z z ; =c
q(Z)+Bq(z)+,y =h(z) (z€U; q(0)=¢)

is analytic in U and satisfies the following inequality given by

R{Bq(z) +~} >0 (z€N).

Lemma 3.([12]) Let p € Q with p(0) = a) and let
g(z) =a+apz"+--- (¢(z) Za and neN)

be analytic in U. If q is not subordinate to p, then there exist points zy =
roe® € U and (o € OU\E(f), for which

q(Uy,) € p(U), q(z0) =p(Co) and 20q'(20) = mGop'(Co) (m >n).
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Let

N::N@ﬂ:'dv1+§:g*+j“* (c €C: R{c) > 0).

If R is the univalent function defined in U by R(z) = 2Nz/(1 — 22), then the
open door function (see, for details, [12]) defined by

z+0b o
Rc(z)::R<1+bZ> (z€U; b=R""(c)). (1.4)

Remark 1. The function R, defined by (1.4) is univalent in U, R.(0) = ¢ and
R.(U) = R(U) is the complex plane with slits along the half-lines R{w} = 0
and J{w}| > N.

Lemma 4. Let 5,7 € C with § # 0 and R{y — B} > 0 and let h € A. If
f e Xs,, where
!’ h/ h/l
S = {f =F 52]{(5) Zh(S) F14 Zh,(z) ~< R.Y_B(Z)} (1.5)
and R,_g(z) is open door defined by (1.4) with ¢ =~ — 3, then
Isy(f) €, zlgA(f)(2) #0 (2 €U)
STPEUREICIN S

I~ (f)(2)
where Ig ., is the integral operator defined by (1.3).

+(y-1)

and

Remark 2. The proof of Lemma 4 can be derived very easily by using the same
techniques given in the proof of Miller and Mocanu [12].

A function L(z,t) defined on U x [0,00) is the subordination chain (or
Loewner chain) if L(+, ¢) is analytic and univalent in U for all ¢ € [0, 00), L(z,-)
is continuously differentiable on [0, 00) for all z € U and

L(z,8) < L(z,t) (2€U; 0<s<t).

Lemma 5.([13]) Let g € H[a, 1] and p: C*> — C. Also set

pa(2),2¢'(z)) = h(z) (2 € ).
If

L(z,t) = p(q(2), tzq¢ ()

is a subordination chain and p € Hla,1] N Q, then

h(z) < u(p(2),2p'(2)) (2 €U)
implies that

q(z) <p(z) (2€0).
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Furthermore, if
1(q(2), 24’ (2)) = h(z)
has a univalent solution q € Q, then q is the best subordinant.

Lemma 6.([16]) The function
L(z,t) =a1(t)z+ - -

with a1(t) # 0 and lim;_,o |a1(t)| = co. Suppose that L(;t) is analytic in U
for allt > 0, L(z;-) is continuously differentiable on [0,00) for all z € U. If
L(z;t) satisfies

OL(z,0)

20L(z,t)
%{az} >0 (2€U; 0<t<o0)
ot

and
[L(z;1)] < Kolai(t)]  (|2[ <ro <1; 0 <t <00))
for some positive constants Ko and 1o, then L(z;t) is a subordination chain.
2. Main results

We begin by proving subordination theorem involving the integral operator
I, defined by (1.3) is contained in Theorem 1 below.

Theorem 1. Let f,g € ¥Xg,. Suppose that

e 2 (z) — z s v(2) = 2[zg(2))? MV—l "(z
Ref1+ 2 C s, ( € U; o) = Lot |12 h<>>,<2.1>
where

p= Hh_ﬂ&{y{{_'lﬂ__?}_ﬁ_l) Ly —p-1y>0. (22
Then the subordination relation:

1P |2 v <l M2 e cev) e
implies that

2zl (1)(2))° < 2[2154(9)(2))" (2 € 1), (2.4)

where Ig ., is the integral operator defined by (1.3). Moreover, the function

2[215(9)(2))°

is the best dominant.
Proof. Let us define the functions U and V' by
U(z) = z[zlgﬁ(f)(z)]ﬁ and V(z):= z[zfg’y(g)(z)]ﬂ, (2.5)
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respectively. We note that U and V' are well-defined by Lemma 4. Without
loss of generality, we can assume that V is analytic and univalent on U and
that

U'(Q)#0 (I¢I=1).
We first show that, if the function ¢ is defined by

o 2V"(2)

(z € V), (2.6)

then

R{q(z)} >0 (z€l).
In terms of the function v involved in (2.1), the definition (1.3) readily yields
(2.7)

. e [g20ea@@) s (RN
e (22O o) g (M) e

We also have
2(Is(9)(2) _ 2V'(2)

= - B —1. 2.8
e Ve P 2
It follows from (2.7) and (2.8), we obtain
(v =B(z) = (v = B =V (2) + 2V'(2). (2.9)
By a simple calculation with (2.9), we obtain the relationship:
2"(z) _ 2q'(2) _
1+ V() 7q(z)+q(z)+7—ﬁ—1 = h(z). (2.10)

From (2.1), we see that
R{h(z)+v—F-1} >0 (z€0)

and by using Lemma 2, we conclude that the differential equation (2.10) has a
solution ¢ € H(U) with

Let us put

H(u,v) =u+ +p, (2.11)

v

uty—pB-1

where p is given by (2.2). From (2.1), (2.10) and (2.11), we obtain
R{H(q(2),2q'(2))} >0 (2 € U).

Now we proceed to show that

R{H (is,)} < 0 <s ER; ¢ < —(17;52)) . (2.12)
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From (2.11), we have

R{H(is, 1)} =R {is + W " p}
_ R{y-p-1}
o “ -1+ P
< — Ep(s)
T2y =B —1+ias*
where
(2.14) Ey(s) :=(R{y = § = 1} = 20)s” — dp(R{y - B~ 1}s

= 2oly =B -1+ R{y - -1}
We note that the coefficient of s? in the quadratic expression E,(s) given by
(2.14) is positive or equal to zero and the quadratic expression by s in (2.14) is
a perfect square for the assumed value of p given by (2.2). Hence from (2.13),
we see that (2.12) holds true. Thus, by using Lemma 1, we conclude that
R{q(z)} >0 (z€l).

Hence the function V' defined by (2.5) is convex in U.

Next, we prove that the subordination condition (2.3) implies that
U(z)<V(z) (2€D) (2.15)

for the functions U and V' defined by (2.5). For this purpose, we consider the
function L(z,t) given by

N—B—1 1+t
Lz, t) = —V(z)+ ——2zV'(z zelU; 0<t<o0).
(2,1) pogy (2) P (2) ( )
Since V is convex in U and R{y — 8 — 1} > 0, we obtain that
OL(z,t) , t
—_— =V |1+ — 0 U; 0<t
0| =vo(1e5tg) 20 Gevozico)

and
z0L(z,t) "
0z _ - zV (Z)
Sﬁ{ aLéz7t)}—9‘i{'y Jé] 1+(1+t)(1+ Vi) >0 (ze€l).
i

Furthermore, since V is convex in U, by using the well-known growth and dis-
tortion sharp inequalities (see [8]) for convex functions, we can prove that the
second condition of Lemma 6 is satisfied. Therefore, by virtue of Lemma 6,

L(z,t) is a subordination chain. We observe from the definition of a subordi-
nation chain that

v(2)

_’y—ﬁ—l 1
- y-8 V(szfﬁ

2V'(z) = L(z,0)

and
L(z,0) < L(z,t) (€ U; 0<t<o0).
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This implies that
L(¢,t) ¢ L(U,0) =v(U) (¢ €dU; 0 <t <o0).

Now suppose that U is not subordinate to V', then by Lemma 3, there exists
points zg € U and (p € U such that

Ulzo) =V (¢o) and 20U(z0) = (1 +1)¢V (¢o) (0 <t < o0).
Hence we have
y—0B-—1 1+1¢

L(¢o,t) = e V(Co) + 6(0‘/ (o)
_y—B-1
—" U(Zo) + P IBZOU (Zo)
2)]""
20 [20.f (20)] { - ] € v(U),

by virtue of the subordination condition (2.3). This contradicts the above
observation that

L(¢o, ) & v(U).
Therefore, the subordination condition (2.3) must imply the subordination
given by (2.15). Considering U = V, we see that the function G(z) is the
best dominant. This evidently completes the proof of Theorem 1.
Remark 3. We note that p given by (2.2) in Theorem 1 satisfies the inequal-
ity:
0<p<1/2.
O

We next prove a solution to a dual problem of Theorem 1, in the sense that
the subordinations are replaced by superordinations.

Theorem 2. Let f,g € Yg . Suppose that
20" (2) . o s [P,
9‘{{1 + () } > —p (z e U; v(z) := z[zg(2)] - h(z) ],
where p is given by (2.2), and z[zf(2)]? (h(2)/2)" "' I/ (2) is univalent in U and

2[2ls 4 (H)(2))7 € Q,

where I3~ is the integral operator defined by (1.3). Then the superordination
relation:

2[29(2))? [h(z)]v_l W (z) < z[zf(2)])° [h(z)]v_l h'(z) (z€U) (2.16)

z z

implies that
2[2lp 4 (9)(2))° < 22154 ())(2))° (2 €U).
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Moreover, the function

2[2154(9)(2))°
is the best subordinant.

Proof. Let us define the functions U and V, respectively, by (2.5). We first
note that by using (2.7) and (2.8), we obtain

el SV SN SR T
vz = y-5 V(Hv—ﬁv() (2.17)

=: (V' (2),2V'(2)).
After a simple calculation, the equation (2.17) yields the relationship:
20'(2) 2 (2)
SR S
where function ¢ is defined by (2.6). Then by using the same method as in the
proof of Theorem 1, we can prove that

R{q(2)} >0 (z€l),

that is, that V' defined by (2.5) is convex(univalent) in U.
Next, we prove that the superordination condition (2.16) implies that

V(z)<U(z) (z€l). (2.18)
Now consider the function L(z,t) defined by
L(z,t) == y=B- 1V(z) + L 2V'(z) (2€U; 0<t < o0).

Y0 y—8
Since V is convex in U and R{y — 8 — 1} > 0, we can prove easily that L(z,t)
is a subordination chain as in the proof of Theorem 1. Therefore according to
Lemma 5, we conclude that the superordination condition (2.16) must imply the
superordination given by (2.18). Furthermore, since the differential equation
(2.17) has the univalent solution G, it is the best subordinant of the given

differential superordination. Therefore we complete the proof of Theorem 2.
O

If we combine Theorem 1 and Theorem 2, then we obtain the following
sandwich-type theorem.

Theorem 3. Let f, g, € Xp(k =1,2). Suppose that

R {1 + Z::((ZZ))} >—p (z € Usup(2) = 2[zgn(2))” [hiz)]v_lh’(z); k= 1,2)

(2.19)
where p is given by (2.2), and the function z|zf(2)]° [h(z)/2]""" W' (2) is uni-
valent in U and

22154 (f)(2)) € Q,
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where Ig ., is the integral operator defined by (1.3). Then the subordination
relation:
h(z)

. ] ) W(z) <vs(z) (z€U)

0(e) < s |
implies that
2[215.4(91)(2))° < 2[215(f)(2)]° < 2[215,4(92)(2)] (2 € V).

Moreover, the functions

2zl 4(91)(2))7  and  2[2054(g2)(2))
are the best subordinant and the best dominant, respectively.

The assumption of Theorem 3, that the functions

LI |

y—1
" v wa s e
need to be univalent in U, may be replaced by another conditions in the fol-
lowing result.

Corollary 1. Let f,gi € ¥g(k = 1,2). Suppose that the condition (2.19) is
satisfied and

() - 2 €Usp(2) i= 2 [2£(2)]° @Akl’z-z z
{1+ 2L, ( cUu(e) =LA | 2] e f()eg>,
(2.20)

z

where p is given by (2.2). Then the subordination relation:

h(z)

z

v1(2) < z[2f(2)]° [ ] ) R(z) <wva(z) (2€0)

implies that

225 (90)(2)) < 22154 (f)(2))" < 2[z1p,4(92)(2)]° (2 € D),
where I3, is the integral operator defined by (1.3). Moreover, the functions

2[2lpn(91)(2))7 and  z[2I54(g2) ()]

are the best subordinant and the best dominant, respectively.

Proof. In order to prove Corollary 1, we have to show that the condition (2.20)
implies the univalence of v(z) and

U(z) = 2(215,4(f)(2))".
Since 0 < p < 1/2 from Remark 1, the condition (2.20) means that 1 is a close-
to-convex function in U (see [9]) and hence 1 is univalent in U. Furthermore,
by using the same techniques as in the proof of Theorem 3, we can prove the
convexity(univalence) of U and so the details may be omitted. Therefore, by
applying Theorem 3, we obtain Corollary 1. (]
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By setting v — 8 = 3 in Theorem 3, so that p = 1/4, we deduce the following
consequence of Theorem 3.

Corollary 2. Let f,gx € X,5+3(k =1,2). Suppose that

9%{1 + Z”,g(z)} > *i (z € U up(2) = 2[zgu(2)])? [h(z)]w W (2)k = 1,2) :

v}.(2) z
and the function z[zf(2)]? [h(2)/2]" " W (2) is univalent in U and

z[zIg,513(f)(2))° € Q,

where Ig pys is the integral operator defined by (1.3) with v = 8+ 3. Then the
subordination relation:

01 (2) < 2l (2)]° [’”‘(

2)] ) R(z) <wv(2) (2€0)

implies that

2[21,643(91)(2))7 < 2[215,643(f)(2))” < 2[zlp,643(92)(2)]" (2 € V).
Moreover, the functions

2[205 543(g1)(2)]°  and  z[z1g p1s(g92)(2)]°

are the best subordinant and the best dominant, respectively.

If we take v — 8 = 2+ in Theorem 3, then we easily to led to the following
result.

Corollary 3. Let f,gx € X3 g+2+4i(k =1,2). Suppose that

Al L B=VE (o TG
m{1+ %(Z)}> . (eU, () = 2legn(2)] [ Z] h<>,k_1,2>7

and the function z[zf(2)]P [h(2)/2)]" " W (2) is univalent in U and

z [zfﬂ,ﬂ+2+i(f)(z)]6 €9,

where Ig g1o4; is the integral operator defined by (1.3) with v = f+2+1i. Then
the subordination relation:

01 (2) < 2l (2)]° [”(

z)] ) W(z) <va(2) (z€U)

implies that

2lelp prai(9)(2))” < 2 (25 g2 ) < 2lelp prasile2) (2))° (s € V).
Moreover, the functions

22l pi04i(91)(2))°  and  z[zlspia4i(g2)(2))”

are the best subordinant and the best dominant, respectively.
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