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A HYBRID PROJECTION METHOD FOR RELAXED
COCOERCIVE MAPPINGS AND STRICTLY
PSEUDO-CONTRACTIVE MAPPINGS

YING Liu

ABSTRACT. The purpose of this paper is to introduce a hybrid projection
method for finding a common element of the set of solutions of a gener-
alized equilibrium problem, the set of solutions of a variational inclusion
problem and the set of common fixed points of a finite family of strict
pseudo-contractions in Hilbert spaces.

1. Introduction

Let H be a real Hilbert space and C' be a nonempty closed convex subset
of H. Let B : H — H be a single-valued mapping and M : H — 29 be
a multivalued mapping. Then, we consider the following variational inclusion
problem which is to find v € H such that

0 € Blu) + M(u). (1.1)

The set of solutions of the variational inclusion(1.1) is denoted by VI(H, B, M).
Special Cases.

(1) When M is @ maximal monotone mapping and B is a strongly monotone
and Lipschitz continuous mapping, problem (1.1) has been studied by Huang
[14].

(2) If M = 0¢, where 0¢ denotes the subdifferential of a proper, convex
and lower semi-continuous function ¢ : H — R|J{+o0}, then problem (1.1)
reduces to the following problem: find v € H such that

(B(u),v —u) + ¢(v) = ¢(u) 20, Vv e H, (1.2)

which is called a nonlinear variational inequality and has been studied by many
authors; see, for example [4-5].
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(3) If M = 9d¢, where d¢ is the indicator function of C, then problem (1.1)
reduces to the following problem: find u € C such that

(B(u),v —u) >0, YveC, (1.3)

which is the classical variational inequality; see, e.g., [13,15].

Recall the following definitions:

(1)

(2)

3)

(®)

A mapping A of C into H is called monotone if
(Au — Av,u —v) >0, Vu,v e C.
A is called v—strong monotone, if for each z,y € C, we have
(Az — Ay,z —y) > vllz — y||* for a constant v > 0.
A is said to be p—cocoercive, if for each x,y € C, we have
(Az — Ay, x — ) > u||Az — Ay||*> for a constant p > 0.

Clearly, every p—cocoercive mapping is i—LipSChitZ continuous.

A is said to be relaxed p—cocoercive, if there exists a constant p > 0
such that

<A£L' - Ay,x - y> > (—LL)HAiC - Ay”2 V‘T7y e C.

A is said to be relaxed (u,v)—cocoercive, if there exist two constants
wu,v > 0 such that

(Az — Ay, z —y) > (~p)| Az — Ay|* + v|z —y|* Va,yeC.

A mapping T : C' — C is called nonexpansive if [|Tz — Ty| < ||z — y||
for all z,y € C.

A set-valued mapping M : H — 2¥ is called monotone if for all 2,y €
Hu e Mz,v € My imply (z —y,u —v) > 0. A monotone mapping
M : H — 2 is maximal if the graph G(M) of M is not properly
contained in the graph of any other monotone mapping. It is known
that a monotone mapping M is maximal if and only if for (z,u) €
Hx H, (x —y,u—wv) >0 for every (y,v) € G(M) implies u € M.

A mapping S : C — C is said to be k—strictly pseudo-contractive if
there exists a constant k € [0,1) such that

1Sz — Syll* < lla = yll* + k(I = S)z — (I = S)yll*, Va,yeC.

Note that the class of k—strict pseudo-contractions strictly includes the class of
nonexpansive mappings. That is, .S is nonexpansive if and only if S is O-strictly
pseudo-contractive.

Recently, many authors considered the problem of finding a common element
of the set of fixed points of a nonexpansive mapping and the set of solutions of
variational inequality (1.3) for an a-cocoercive mapping. They obtained some
weak and strong convergence theorems(see, for example [7, 8, 15, 19, 27, 30]).
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Let f be a bifunction of C' x C' — R, where R is the set of real numbers.
The equilibrium problem for the bifunction f is to find z € C such that

f(z,y) >0, VyeC. (1.4)

The set of solutions of (1.4) is denoted by EP(f). Numerous problem in
physics, optimization and economics reduce to find a solution of (1.4). Some
methods have been proposed to solve the equilibrium(1.4)(see, for instance [9,
10, 12, 21, 28, 29]).

For solving the equilibrium problem for a bifunction f : C' x C' — R, we may
assume that f satisfies the following conditions:

(A1) f(z,z) =0, for all x € C;

(A2) f is monotone, i.e., f(z,y)+ f(y,z) <0 for all z,y € C;

(A3) for each z,y,z € C,

lim f(tz + (1= t)z,y) < f(z,y);

(A4) for each x € C,y — f(x,y) is convex and lower semi-continuous.

In 2007, S. Takashi and W. Takahashi [26] introduced a viscosity approx-
imation method for finding a common element of the set of solutions to the
equilibrium problem (1.4) and the set of fixed points of a nonexpansive map-
ping in Hilbert space.

On the other hand, Y. Liu [16] and L.-C. Ceng, et al. [6] introduced different
iterative methods for finding a common element of the set of solutions to the
equilibrium problem (1.4) and the set of fixed points of a k—strictly pseudo-
contractive mapping in Hilbert space.

Recently, Takahashi and Takahashi [25] considered the following generalized
equilibrium problem:

Find z € C, such that f(z,y) + (Az,y —2) > 0,Vy € C. (1.5)

The set of solutions of (1.5) is denoted by E'P. More precise, they proved the
following result:

Theorem 1.1. Let C be a nonempty closed convexr subset of a real Hilbert
space H and let f: C x C — R be a bifunction satisfying (A1)-(A4). Let A be
an a-cocoercive mapping of C into H and let S be a nonexpansive mapping of

C into itself such that F(S)(VEP # 0. Letu € C and x1 € C and let {z,} C C
and {x,} C C be sequences generated by

1

Tpt1 = Pntn + (1 — Bn)Slanu + (1 — an)z,], Vn €N,
where {ay,} C [0,1], {B,} C[0,1] and {\,} C [0,2a] satisfy
0<e<fB,<d<l1l, O0<a<), <b<2a,

oo
lim a, =0 and E o, = 00.
n— o0 1

n=
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Then, {x,} converges strongly to z = Ppsyngpu, where Prpisynep is the
metric projection from C onto F(S)(EP.

It’s easy to see that in the case of A = 0, this problem (1.5) reduces to the
equilibrium problem (1.4).
In this paper, we consider the following generalized equilibrium problem:

Find z € H, such that f(z,y) 4+ (Az,y—2) >0, Vye€ H. (1.6)

Denote the set of solutions of (1.6) by €.

On the other hand, G. L. Acedo and H. K. Xu [1] introduced iterative
methods for finding a common fixed point of a finite family of k—strict pseudo-
contractions in Hilbert spaces. More precisely, they proposed the following
iterative algorithm:

1 = apxo + (1 — ag)Toxo,

To = 11 + (1 — O[l)Tll'h

ey =an_1Zy-1+ (1 —anv_1)ITNv_1zNn-1,

eyt =aney + (1 —an)Tozy,

In a more compact form, ,,41 can be written as x,+1 = apx, +(1 fan)TMxn,
where T, = T;, with i = n(modN), 0 < i < N —1, N > 1 is a positive
integer and {7; fV: 61 are N strict pseudo-contractions defined on C. Then,
they showed that the above algorithm is weakly convergent if the sequence
{ay} is appropriately chosen.

In this paper, we introduce a hybrid projection method for the variational
inclusion problem (1.1), the generalized equilibrium problem (1.6) and a fixed
point problem for a finite family of k—strict pseudo-contractions. Then, we
obtain a strong convergence theorem. In addition, about the hybrid projection
method, we can also see [22, 23].

2. Preliminaries

Throughout this paper, we always let H be a real Hilbert space with inner
product (-, -) and norm |||/, and let C be a closed convex subset of H. We write
x, — x to indicate that the sequence {z,} converges strongly to . We denote
by Z* and R the sets of positive integers and real numbers, respectively. For
any x € H, there exists a unique nearest point in C', denoted by Pcx such that

le - Pox|| < lle —yll, VyecC.

Such a Pg is called the metric projection of H onto C. It is known that P is
nonexpansive. Furthermore, for x € H and u € C,

u=Pox o (r—u,u—y) >0, VyeC.
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It is also known that ||z — y||* > ||z — Poz||? + ||y — Pox||?, for all z € H and
yeC.

The following definitions and lemmas are useful for our paper.

Definition 1. ([2, 20]) If M is a maximal monotone mapping on H, then the
resolvent operator associated with M is defined by

Jur(u) =T+ M) u, Yue H,

where A > 0 is a constant and I is the identity operator. Furthermore, Jjs, y is
single-valued.

Definition 2. ([11]) A single-valued operator A : H — H is said to be hemi-
continuous if for any fixed z,y,z € H, the function ¢t — (A(x + ty),z) is
continuous at 0F. It is well known that a continuous mapping must be hemi-
continuous.

Definition 3. ([11]) A set-valued mapping A4 : X — 2% is said to be bounded
if A(B) is bounded for every bounded subset B of X.

Lemma 2.1. ([2]) The resolvent operator Ja, is single-valued and nonexpan-
sive, that is,

[ Jara(w) = Jpra ()] < Jlu—vf[,  Vu,v € H.

Lemma 2.2. ([17]) The resolvent operator Jar x is firmly nonezpansive, that
18

<JM7)\U — JM,)\’U,U, - U> > ||JM,)\U - JM,,\UHZ, Yu,v € H.

Lemma 2.3. ([20]) If T : X — 2% is a mazimal monotone mapping and
P : X — X* is a hemi-continuous bounded monotone operator with D(P) = X,
then the sum S =T + P is a mazimal monotone mapping.

Lemma 2.4. ([18]) If S : C — C is a k—strict pseudo-contraction, then the
mapping I — S is demiclosed (at 0). That is, if {x,} is a sequence in C such
that ©,, — & and (I — S)z, — 0, then (I —S)Z =0.

Lemma 2.5. ([18]) If S : C — C is a k—strict pseudo-contraction, then the
fized point set F(S) of S is closed and convex.

Lemma 2.6. ([24]) There holds the identity in a Hilbert space H :

1Az + (1= Nyl = AMz]|* + (1= Nyll* = A1 = N[l - y]?
for all z,y € H and X € [0,1].
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Lemma 2.7. The function u € H is a solution of variational inclusion (1.1)
if and only if w € H satisfies the relation

u = Jaa[u— ABul,

where A > 0 is a constant, M is a mazrimal monotone mapping and Jyrn =
(I +AM)~! is the resolvent operator.

Proof. Using Definition 2.1, we can obtain the desired result. O

Lemma 2.8. ([10, 3]) Let f be a bifunction from C x C into R satisfying (A1),
(A2), (A3) and (A4). Then, for anyr >0 and x € H, there exists z € C such
that

1

Further, if T,x = {z € C: f(z,y) + 2(y — 2,2 —x) >0, Vy € C}, then the
following hold:

(1) T, is single-valued;

(2) T, is firmly nonexpansive, i.e.,

”TT-T - Try||2 < <Tr$ - Try733 - y>7 VLL', ye H;
(3) F(T:) = EP(f);
(4) EP(f) is closed and conver.

Lemma 2.9. Let A: H — H be a relazed (u1,v1)-cocoercive and s1-Lipschitz
2(v1—p1s3)
51

continuous mapping, v > 0 be a positive number satisfying 0 < r <

)

then I — rA is nonexpansive.
Proof. For all z,y € H, we have
(I = rA)z — (I —rA)y|* = ||(z - y) — r(Az — Ay)|
= llz —yl* = 2r(z —y, Az — Ay) +7*| Az — Ay|?
< o —yl? = 2r((—p) [ Az — Ay[|* + w1z — y[|?)
+ 72| Az — Ay|?
< o —yl? + 2rpmsifle — yl? - 2rm |z — y?
+sir?|la — yl?
= (14 2rpu1s? — 2rvy + s3r2)||z — y||?
< llz —yll?,

which implies the mapping I — rA is nonexpansive. (I
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3. Main results
For any z¢ € H, we define the iteration process {z,} as follows:

x9 € H chosen arbitrarily,

Yn = JM,An (In - )\nBIn)a

1

n

Zp = YnUn + (]- - ’Yn)T[n]una (*)
U = QnZpn + (1 — an)zn,
CO = Ha

Cnyr =12 € Cn: [lon — 2| < lzn — 2]},

Tn41 = Pon+1£L'0.

In this section, we will employ the above iterative process {z,} for finding a
common element of the set of solutions of the generalized equilibrium problem
(1.6), the set of solutions of the variational inclusion problem (1.1) and the set of
common fixed points of a finite family of strict pseudo-contractions in Hilbert
spaces. By the construction of C, and {z,}, we can prove x, — w € H.
Using the nonexpansivity of I — r, A and I — A\, B, the firmly nonexpan-

sivity of Jarx, and T, we can obtain lim |z, — y,| = Lm |y, — uyll
n—oo n—oo
= lim ||z, — un|| = 0. It follows from lemma 2.4, conditions (A1)-(A4),
n— oo

lemma 2.3 and properties of a maximal monotone mapping that w € F, where
N—1

F:= (N FO)NQOVI(H,B,M) # (. Finally, by the continuity of | - || and
i=0

the uniqueness of Prxg, we can obtain w = Ppxy.

Theorem 3.1. Let H be a real Hilbert space. Let A : H — H be relaxed
(11, v1)-cocoercive and sy-Lipschitz continuous. Let B : H — H be relazed
(2, v2)-cocoercive and sa-Lipschitz continuous. Let f : H x H — R be a
bifunction satisfying (A1)-(A4). Let M : H — 2% be a mazimal monotone
mapping. Let N > 1 be an integer. Let, for each0 <i < N—1,T;: H — H be
a ki-strict pseudo-contraction for some 0 < k; < 1. Let k = max{k; : 0 < i <

N—1

N —1}. Assume that F := (\ F(T,))QNOVI(H,B,M) # (. Let {x,} be
=0

a sequence generated by (x) and {an}, {rn}, {An}, {7n} satisfy the following

conditions:
(B1) 0<a, <a<l,
2
(B2) 0<b<r, <c< 2ipus)
1

(B3) Ogdg/\ngegw%;z@’
2
(B4) 0< k< <y <1, for some a,b.c.d e,y €.
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Then, the sequence {x,} converges strongly to Prxo, where Pp is the metric
projection of H onto F.

Proof. Firstly, we show that F' is closed, convex. By lemma 2.5, we have
N-1

( F(T;) is closed and convex. It follows from Lemma 2.7 that VI(H, B, M) =
i=0

F(Ju (I —AB)) (the set of fixed points of Jy (I — AB) ), where 0 < A\ <
2(va —Q;Lr_)sg)

52

expansive mapping of H into itself. Thus, VI(H, B, M) is closed and convex.
It follows from Lemma 2.8 that Q = F(T,.(I — rA)) (the set of fixed points

of T.(I —rA) ), where 0 < r < 2(1'1:72’“5%) By Lemmas 2.8 and 2.9, we have
“1

T,.(I — rA) is a nonexpansive mapping of H into itself. Thus, 2 is closed and
convex. Therefore, F' is closed, convex.

. By Lemma 2.1 and Lemma 2.9, we have Jyx(I — AB) is a non-

The rest of the proof will be split into six steps.

Step 1. Show that Pg, 7o is well defined.

Now, we show that C,, is closed and convex for all n > 0. It’s obvious that
Cy = H is closed and convex. Suppose that C} is closed and convex for some
k € Z*. For z € Cy, we obtain that |Jvx — 2| < [z — z|| is equivalent to
2(z,z — vi) < ||zk]|® — |Jvk]|®. It’s easy to see that Ck.; is closed and convex.
Then, for all n > 0, C,, is closed and convex. This shows that Pg, ¢ is well
defined.

Step 2. Show that F' C C,, and {x,}, {yn}, {un}, {zn}, {vn} are bounded.

Note that u,, can be rewritten as w,, = T, (yn, — rnAyy) for each n > 0. By
Lemma 2.9 and conditions (B2) and (B3), we know that I —r,A and I — \,,B
are nonexpansive. So, for any p € F, we have

yn = pll = |J3s.x, (Tn — AnBxn) — Jarn, (p — A BD)||

3.1
< @0 = MBaa) = (0= MBI < o —pl, OV
and

lun = pll = 1T, (Yn — "0 AYn) — Tr, (p — T Ap)|| (3.2)

< NWn — rnAyn) — (p — rn Ap) || < llyn — plI. '

On the other hand, from Lemma 2.6 and (B4), we have
2 = plI* = Ynlltn — plI*> + (1 = )| T un — pII?
— V(1 =) Jtn — T[n]unH2

< nlltn = plI* + (1= ) ([un = plI* + Klltn — Tinyunl|®) (3.3)

= (1 =) lun — T[n]un”2
= [lun = pl1* = (1 =) (v = K)l[un = Tinjun?
< Jun —pl*.
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Next, we show that F' C C,, for each n > 0. F C Cy = H is obvious. Suppose
F c C,, for some m > 1. Then, for any p € F' C Cp,, from (3.1)-(3.3), we have
[om = pll < amllzm = pll + (1 = am)llzm — pll

< amllzm — pll + (1 — o) [Jum — pl|
W lzm = pll + (1 = oo |2 — D

= [|zm — pl|-

IN

It follows that p € Cy,41. This implies F' C C), for each n > 0. Since x,, =
Pg,xg and F' C G, we have ||z, — x| < [|[p— 0| for all p € F. In particular,
{z,} is bounded and

|20 — 2ol < [lg — ol (3.4)
where ¢ = Ppxg. Hence, {y,}, {un}, {zn}, {vn} are also bounded.

Step 3. Show that x,, - w € H as n — c©.

Noticing that x, = Pc,x0 and xp41 = Pe,,, %0 € Cpt1 C Cp, we have

n+1
lxn — zo|| < ||®n+t1 — x0l], forall n > 0.

Therefore, {||z, — x|} is nondecreasing. It follows that the limit of {||z,, —xo|}
exists. By the construction of C),, we have that C,, C C,, and x,,, = Pc,, 20 €
C,, for any positive integer m > n. It follows that

l2m = 2all* = ll2m — Po,zol* < l|lzm — zoll* = 2 — zol*. (3.5)

Letting m,n — oo in (3.5), we have x,,, — x, — 0, as m,n — oo. Hence {x,}
is a Cauchy sequence. we can assume that z,, = w, as n — oco.

Step 4. Show that
lm ||z, — ynl = lim |Jyn — ups|| = lim ||u, — 24| = 0.
n—roo n—oo n— oo

Noticing that z, 41 € Cp41, we obtain ||v, —Zpy1]] < ||Tn —Zn41]|- It follows
that

lvn — Znll < lvn — Tns1ll + |Tne1 — 20l = 0, as n — oo. (3.6)

On the other hand, from v, — x,, = (1 — a,)(zn — ), we have

| I <
Up, —
T—a, " " 1-a

|z — x| = lvn —zn]| =0, as n—o00. (3.7)

For any p € F, from (3.3), we have
[on = pI* = llan(zn —p) + (1 = an)(z0 — p)|”
= an|zy, —p||2 + (1 —an)llzn — p||2
—an(l = ap)|zn — 2l

< aplley —p||2 + (1 —an)|lun, _pH2'
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Observing that

[tn = plI* = T, (Y — P10 Ayn) — T, (p — rn Ap)|?
< N(yn — rnAyn) — (p = raAp)|?
= I(yn — p) = ra(Ayn — Ap)|?
= lyn — plI*> + 72l Ayn — Ap[l* = 2ry(yn — p, Ayn — Ap)
< |lyn — Pl + r2 || Ayn — Apl|® + 27, pa | Ay, — Ap]|?
— 2r,v1|lyn — pl|?
<|lyn — Pl + r2l| Ayn — Apl|® + 27, pa || Ay, — Ap]|?

2rn 121

+ HAyn _Ap||2

2rn 12z

) Ayn — Apl*.

= llyn — pll2 + (2rpp + 12 —

Similarly, we have

lyn = pI* < llzn = pII* + (2Xnp2 + A7 — o )[Ban — By

It follows from (3.8), (3.3), (3.9) and (3.10) that
lon = plI* < anllzn = plI? + (1 = an)lun — plI?
< anllzn = pl* + (1= an) (lyn — 2l

)| Ayn — Ap||?)

Tn V1

+ (2rpu + r -

< anllzn —pl* + (1 - Oén)(llfﬂn —p?

2\, v
+ @tz + X2 = 52 | B, — Byl
2rny
+ (2rnpn + 15 — )| Ay — Ap|?)
2\, v
= [Jzn = plI”> + (1 — ) (RAnp2+ A5 — 2)HB »—Bp||?

2r nu
+ (1= o) 2rpps + 12 — D)l Ay, — Ap|1>.
1

So, we have

2dv:
>)|| Bz, — Bp|*
55

— (1 —a)(2eps + e —
2)\ VQ

2

—(1 = a) (2Anp2 + N2 — )| By, — Bp|?

<l = pII* = llvn — 2l

(3.10)

(3.11)

(3.12)
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and
2bV1
= (1= a)(2cp + ¢ = =) Ayn — Ap||*
1
2 2raln 2 (3.13)
< —(1=an)@rap + 15 = —5= )1 Ayn — Apl|
1
< llwn = plI* = llvn = pll.
From (3.6), (3.12) and (3.13), we have
lim ||Bx, — Bp|| = lim ||Ay, — Ap|| = 0. (3.14)
n— oo n—0o0

Using Lemma 2.8, we have
[un, = pl1* = 1T, (yn — 70 Ayn) = Tr,, (0 — rn Ap)||®
((Yn = rnAyn) — (p — 10 Ap), un — p)
S0 = raA)y — (T = ru AP + i — pIP?
I =70 Ay — (I =70 A)p — (un —p)[1*}

1
5 Uy =l +llun =pI* = [l (g —un) = rn (Ayn — Ap) "}

IN

IA

= 2 — I+ — 2l = g —
+ 27 (Y — tn, Ayp — Ap) — 77 || Ayn — Apl|*},

which implies

[ =2l < llyn = 2I* = llyn = wnll® + 270 (Yn — wn, Ayn — Ap).  (3.15)
Using Lemma 2.2, we also have

[0 = plI* = |07, (0 = A Ban) = Jarn, (0 — A Bp) |
<{(xn — ABzn) = (p = ABp),yn — p)
= 2l — AaBa) — (0= ABp)I + 1 — o
—l(@n = AuBzn) = (p = XuBp) — (yn — p)II”}

1
< S illzn =+ llyn = plI* = l(@n = yn) = An(Bas — Bp)|I*}

A

1

5 Uen =pl* + llyn = pI* = 20 = yull* = ALl Ban — Bpl|?
+ 2/\n<xn — Yn, BTy, — Bp>},

which implies

Y —p||2 < |lwn _p”2 — |lzn — yn||2 + 2Xn(Tn — Yn, Bxn — Bp). (3.16)
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Substitute (3.15) and (3.16) into (3.8) yields that
[vn = plI* < anllzn —plI* + (1 = an)l[un —p|?
< anllzn = pl? + (1= an){llyn = pII* = lyn — uall?
+ 213 (Yn — un, Ayn — Ap)}
< anllzn = pl? + (1= an){lzn = pl* = 20 — yal?
+ 2X (T — Yn, Bry — Bp)} — (1 — ap)[lyn — un||2
+2rn (1 = o)y — unl|[| Ayn — Apl||
< lwn =l = (1 = an) |20 — ynll?
+ 20 (1 = an) [z = yalll Bey — Bpll = (1 — @) |lyn — ua|?
+ 2rn (1 = an)[yn — un || Ayn — Apll.
This implies
(1= a)llzn = yal® < (1 = an)llzn — yal?
< lzn =l = llvn = pl?

(3.17)
+ 220 (1 — an)l|zn — ynll[| Ban — Bp||
+ 21 (1 = an) |y — unlll| Ay — Ap],
and
(1= a)lyn = unll* < (1 = ) lyn — unll?
<Al — plI? = (v, — p|2
< lon = I = o = s)
+ 20, (1 = an)l|zn — Yl Bzn — Bp||
+2rn (1 — an)lyn — unll|| Ay, — Ap|.
It follows from (3.6), (3.14), (3.17) and (3.18) that
Jim 2 —yal = lim g, —ua = 0. (3.19)
From [[up — 2nl| < [[un — yYnll + |yn — 24|, we have
nh_)ngo [, — zn]| = 0. (3.20)
From ||z, — un|| < ||2n — @nl| + |20 — un]|, (3.7) and (3.20), we have
nhﬁn;o l|zn — unl|| = 0. (3.21)
Step 5. Show that w € F.
Observing that || Tius —unl| = 125|120 —unll < 1251120 —un, from (3.21),
we obtain
nh~>nc}o | Ty tn — tn| = 0. (3.22)
Since lim ||uy, — 2,]| =0 and z, - w, n — oo, we have
n— oo

Up = W, N — 0. (3.23)
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Take a subsequence {uy, } of {u,} such that n;(modN) =1, 1€{0,1,2,..,N—
1}, we deduce that

Jim ([ Thgjyuni+s = tnerl| = W [Ty tn, 45 — tngsl = 0-
Then, by Lemma 2.4, we have w € Ty, for all j € {0,1,2,--- ,N — 1}.
N-1
This ensures that w € () F(T;). Now we show that w € Q. Since u, =
i=0

Ty, (Yn — rnAyny), for anygj € H, we have

1
f(unay) + <Ayn7y_un> + 7<y — Un, Un _yn> >0,

n

From (A2), we have

(A = ) + -y = st = ) 2 [ (1) (3.24)

n

Put z; =ty + (1 —t)w for all t € (0,1] and y € H. From (3.24), we have
(2t — Un, Aze) > (2t — Un, Azt) — (2t — Un, AYn)

Un — Yn
- <Zt — Un, Y >+f(zt7un)
= (2t — Up, Azt — Auy) + (2t — Up, Au,, — Ayp)
Un — Yn
— (ot =, I 4 F (o ).

n

Since A is a relaxed (ui,v1)—cocoercive, s;—Lipschitz continuous mapping,
from condition (B2), for any x,y € H, we have

(Az — Ay,z —y) > (=)l Az — Ay||* + v [le — y|?
> (—mst +wv)llz —yl* > 0,

which yields that A is monotone, so is B. Further, from (3.19) and the conti-
nuity of A, we have ||Au, — Ay,| — 0, as n — co. So, from (A4), we have

(zt —w, Az > f(z¢,w). (3.25)

From (A1), (A4) and (3.25), we also have

0= f(zt, 2)

< tf(zy) + (1= 10) f(zw)

<tf(ze,y) + (L —t)(2e — w, Az)
=tf(zt,y) + (1 —O)t{y — w, Az),
and hence,

0< flzt,y) + (1 —1){y —w, Az).
Letting ¢ — 0, from (A3), we have, for each y € H,

0 < f(w,y) + (y — w, Aw).
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This implies w € Q. Next, we show that w € VI(H,B,M). Since B is a
so—Lipschitz continuous monotone mapping and D(B) = H, by Lemma 2.3,
M + B is a maximal monotone mapping. Let (v, f) € G(M + B). Since
f—Bv e Mv and i(mn — Yn — A\ Bxy,) € My, we have

(= g (f = Bo) = 30—y — MaBaa) 2 0.

n

Therefore, we have

1
<U — Yn, f> > <'U — Yn, Bv + 7(1771 —Yn — /\nBIn»

An
1
= (V= Yn, Bv — Brp) + (v — Y, r(xn —Yn))
= (v — Yn, Bv — Byn) + (v — yn, Byn, — Bzy,)

1
+ (v = Yn, r(zn ~Yn))

n

1
Z <U - ynyByn - an> + <U — Yn» T(xn - yn)>

Let n — 0o, we obtain (v — w, f) > 0. Since B + M is maximal monotone, we
have 0 € Bw+ Mw and hence w € VI(H, B, M). Therefore, we obtain w € F.

Step 6. Show that w = Ppxg.
By taking limit in (3.4), we have

lw — o] < |lg — xo||, where ¢ = Prxy.
Since w € F, it follows from the uniqueness of Prxg that w = Ppxg. O

Remark 1. In theorem 3.1, taking M = 0¢p or M = 0é¢c, f =0, A=0, k=0,
then, we can obtain a common element of the set of solutions of problem (1.2)
or (1.3) and the set of common fixed points of a finite family of nonexpansive
mappings in Hilbert spaces.
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