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AN IMPLICIT ITERATES FOR NON-LIPSCHITZIAN
ASYMPTOTICALLY QUASI-NONEXPANSIVE TYPE
MAPPINGS IN CAT(0) SPACES

G. S. SALUJA

ABSTRACT. The purpose of this paper is to establish strong convergence
of an implicit iteration process to a common fixed point for a finite family
of asymptotically quasi-nonexpansive type mappings in CAT(0) spaces.
Our results improve and extend the corresponding results of Fukhar-ud-
din et al. [15] and some others from the current literature.

1. Introduction

A metric space X is a CAT(0) space if it is geodesically connected and if
every geodesic triangle in X is at least as ”thin” as its comparison triangle in the
Euclidean plane. The precise definition is given below. It is well known that any
complete, simply connected Riemannian manifold having nonpositive sectional
curvature is a CAT(0) space. Other examples include Pre-Hilbert spaces (see
[3]), R-trees (see [27]), Euclidean buildings (see [4]), the complex Hilbert ball
with a hyperbolic metric (see [16]), and many others. For a thorough discussion
of these spaces and of the fundamental role they play in geometry, we refer the
reader to Bridson and Haefliger [3].

Fixed point theory in CAT(0) spaces was first studied by Kirk (see [25,
26]). He showed that every nonexpansive (single-valued) mapping defined on a
bounded closed convex subset of a complete CAT(0) space always has a fixed
point. Since then the fixed point theory for single-valued and multi-valued
mappings in CAT(0) spaces has been rapidly developed and many papers have
appeared (see, e.g., [1], [6]-[9], [18], [21], [24], [29]-[31], [33] and references
therein). It is worth mentioning that fixed point theorems in CAT(0) spaces
(specially in R-trees) can be applied to graph theory, biology and computer
science (see,e.g., [2, 10, 26, 28, 32]).

Let (X,d) be a metric space. A geodesic path joining x € X toy € X
(or, more briefly, a geodesic from = to y) is a map ¢ from a closed interval
[0,{] C R to X such that ¢(0) = =, ¢(I) = y, and let d(c(t), c(t')) = |t — | for
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all t,¢' € [0,1]. In particular, ¢ is an isometry, and d(z,y) = I. The image a of
¢ is called a geodesic (or metric) segment joining x and y. We say X is (i) a
geodesic space if any two points of X are joined by a geodesic and (ii) uniquely
geodesic if there is exactly one geodesic joining x and y for each z,y € X, which
we will denoted by [z, y], called the segment joining z to y.

A geodesic triangle N(x1,x2,x3) in a geodesic metric space (X,d) consists
of three points in X (the vertices of A) and a geodesic segment between each
pair of vertices (the edges of A). A comparison triangle for geodesic triangle
N(z1,m9,23) in (X,d) is a triangle A(zy, v9,23) := A(T71,T2,73) in R? such
that dg2(77,7;) = d(z;, ;) for i,j € {1,2,3}. Such a triangle always exists
(see [3]).

A geodesic metric space is said to be a CAT(0) space if all geodesic triangles
of appropriate size satisfy the following C'AT'(0) comparison axiom.

Let A be a geodesic triangle in X and let A C R? be a comparison triangle
for A. Then A is said to satisfy the CAT(0) inequality if for all z,y € A and
all comparison points Z,7 € A,

d(z,y) < d(z,7). (1)

Complete CAT(0) spaces are often called Hadamard spaces (see [20]). If
x,y1,y2 are points of a CAT(0) space and yp is the mid point of the seg-
ment [y1,y2] which we will denote by (y1 ® y2)/2, then the CAT(0) inequality
implies

2. Y1Dy2 L L L o
< = = - .
d (SL‘, 2 ) = 9 d (xay1)+ 2 d (xay2) 4 d (ylay2) (2)
The inequality (2) is the (CN) inequality of Bruhat and Titz [5]. The above
inequality has been extended in [8] as

P(z,ax® (1 —a)y) < ad®(z,2)+ (1 —a)d*(z,y)
—a(l - a)d*(z,y). 3)

for any o € [0,1] and z,y,z € X.

Let us recall that a geodesic metric space is a C AT (0) space if and only if it
satisfies the (C'N) inequality (see [3, page 163]). Moreover, if X is a CAT(0)
metric space and z,y € X, then for any « € [0, 1], there exists a unique point
ar @ (1 — a)y € [z,y] such that

dz,ax® (1 —a)y) < ad(z,z)+ (11— a)d(z,y), (4)

for any z € X and [z,y] = {az ® (1 — )y : « € [0,1]}.

A subset C of a CAT(0) space X is convex if for any z,y € C, we have
[z,y] C C.

Let T be a self map on a nonempty subset C of X. Denote the set of fixed
points of T' by F(T) = {z € C : T(z) = x}. We say that T is:
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(1) asymptotically nonexpansive if there exists a sequence {k,} C [1,00)
with lim,,_, - k, = 1 such that

d(T"z,T"y) < knd(z,y), ()

for all z,y € C and n > 1.
(2) asymptotically quasi-nonexpansive if F(T) # @ and there exists a se-
quence {k,} C [1,00) with lim,_, k, = 1 such that

d(Tnx’p) S k"d(z,p), (6)

forallz € C,pe F(T) and n > 1.
(3) asymptotically quasi-nonexpansive type if F(T) # () and

lim sup { sup (d(T"x,p) - d(x,p)) } < 0. (7)

n—oo z€C, peF(T)
(4) uniformly L-Lipschitzian if there exists a constant L > 0 such that
d(T"x,T"y) < L d(z,y), (8)

for all z,y € C and n > 1.

(5) semi-compact if for any bounded sequence {z,} in C with d(x,, Tz,) —
0 as n — oo, there is a convergent subsequence of {x,}.

Denote the indexing set {1,2,...,N} by I. Let {T; : i € I} be the set
of N self mappings of C. Throughout the paper, it is supposed that F' =
ﬂiil F(T;) # 0. We say condition (A) [15] is satisfied if there exists a nonde-
creasing function f: [0,00) — [0, 00) with f(0) =0, f(r) > 0 for all r € (0, 00)
and at least one T € {T; : i € I'} such that d(x,Tz) > f(d(x, F)) for all z € C
where d(z, F') = inf{d(x,p) : p € F}.

Recently, number of papers have appeared on the iterative approximation of
fixed points of asymptotically nonexpansive (asymptotically quasi-nonexpansive)
mappings through Mann, Ishikawa and implicit iterates in uniformly convex
Banach spaces, convex metric spaces and CAT(0) spaces (see, e.g., [11]-[14],
[17), [19], [21}-28], [34], [36])-

Very recently, Fukhar-ud-din et al. [15] generalized the Sun’s [34] implicit
algorithm in CAT(0) space by using the concept of convexity in CAT(0) space.
The generalized implicit algorithm is as follows:

xg € C,
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1 = o1z ® (1 —oq)Tiay,
To = QoI1 D (1 — 042)T2x27
zy = anzn-1 P (1 —an)Inzy,
tnt1 = ans1an @ (1— anp)TPan4, 9)
Ton = aanTan—1® (1 — asn)TaTanN,
Tont1 = Qanp1Zen ® (1 — aoni1)Timany1,

where 0 < o, < 1.
Starting from arbitrary xg € C, the above process in the compact form can
be written as
k
T = o1 ® (1— )Ty 2, 0> 1, (10)
where n = (k —1)N + i, ¢ = i(n) € I and k = k(n) > 1 is a positive integer
such that k(n) — oo as n — oo. They have proved some strong convergence
theorems using implicit iteration scheme (10) for a finite family of generalized
asymptotically quasi-nonexpansive mappings in CAT(0) space and also gave
the necessary and sufficient condition to converge to common fixed point for
said mappings in CAT(0) space.
In a normed space, iteration scheme (10) can be written as
k
T o= o1+ (1= )T 2, > 1, (11)
where n = (k— 1)N +14,i =1i(n) € I and k = k(n) > 1 is a positive integer
such that k(n) — oo as n — co.
The iteration scheme (10) - (11) exist as follows.
Let X be a CAT(0) space. Then, the following inequality holds:

dAx® (1 -z, Ay ® (1 —Nw) < M(z,y)+ (1 —Nd(z,w), (12)
for all z,y,z,w € X (see [30]).

Denote the indexing set {1,2,...,N} by I. Let {7} : i € I} be N uniformly
L-Lipschitzian asymptotically quasi-nonexpansive type self-mappings of C. We
show that (12) exists. Let xg € C and z7 = a9 ® (1 — a1)Tix;. Define
W:C — Cby: Wa = ar120® (1 — ag)Thz for all x € C. The existence of xq
is guaranteed if W has a fixed point. For any x,y € C, we have

dWz,Wy) < (1-a)d(Tiz,Try) < (1 —a1)Lld(z,y). (13)

Now, W is a contraction if (1 —ay)L <lor L <1/(1—ay). As ag € (0,1),
therefore W is a contraction even if . > 1. By the Banach contraction principle,
W has a unique fixed point. Thus, the existence of x; is established. Similarly,
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we can establish the existence of xs,x3,24,.... Thus, the implicit algorithm
(10) is well defined. Similarly, we can prove that (11) exists.

The purpose of this paper is to study strong convergence of implicit iteration
process (10) for the class of uniformly L-Lipschitzian and asymptotically quasi-
nonexpansive type self mappings on a CAT(0) space. Our results extend the
corresponding results of Fukhar-ud-din et al. [15] and many others.

We need the following useful lemma to prove our convergence results.

Lemma 1.1. (see [35]) Let {an} and {b,} be sequences of nonnegative real
numbers satisfying the inequality

ni1 < ap+by, n>1. (14)

If 220:1 by, < 0o, then lim, o a, exists. In particular, if {a,} has a subse-
quence converging to zero, then lim,_, a, = 0.

2. Convergence in CAT(0) spaces

We establish some convergence results for the iteration scheme (10) to a
common fixed point of a finite family of uniformly L-Lipschitzian and asymp-
totically quasi-nonexpansive type self mappings in the framework of CAT(0)
spaces.

Theorem 2.1. Let (X, d) be a complete CAT(0) space and let C be a nonempty
closed convex subset of X. Let Let {T; : i € I} be N uniformly L-Lipschitzian
and asymptotically quasi-nonexpansive type self mappings of C. Suppose that
F is closed. Let {x,} be the implicit iteration process defined by (10). Put

Gy = max {O, sup (d(Ti"wn,p) - d(xn,p)> RS I}, (15)

peF, n>1

where n = (k — 1)N +i and i = i(n) € I. Assume that Y .~ | Gi, < oo and
{on} C [s,1—5] for some s € (0,3). Then the sequence {x,} converges strongly
to a common fized point p of the mappings {T; : i € I} if and only if

liminf d(z,, F) =0,
n— oo
where d(x, F) = infpep{d(z,p)}.

Proof. The necessity is obvious and so it is omitted. Now, we prove the suf-
ficiency. For any p € F = N, F(T;) from (10) and (15), where n > 1,
n=(k—1)N+iandi=1i(n) €I, we have

d(zn,p) = d(anxn—l S3) (1 - an)TZES;)znap)

< and(wn-1,0) + (1 = an)d (T} w0, )
< ond(zn-1,p) + (1 = an)[d(@n, p) + Gigm)]

And(Tn-1,p) + (1 — an)d(wpn, p) + (1 — an)Gigmn)-  (16)
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Since «,, € (s,1 — s), the above inequality gives that

1
d(xn,p) < d(Tp_1,p)+ (g - 1) Gik(n)
= d($n—lap) + Qik(n)v (17)

where Qi) = (% — 1)Gik(n). Since Z?En):l Gikn) < oo for all 7 € I, it
follows that Z:’En):l Qik(n) < oo. Therefore, from Lemma 1.1, we know that
lim,, o d(x, F) exists. Since by hypothesis liminf, . d(x,, F) = 0, so by
Lemma 1.1, we have

lim d(x,, F) =0. (18)

n—oo

Next we prove that {z,} is a Cauchy sequence in C. It follows from (17) that
for any m > 1, for all n > ng and for any p € F, we have

N 00
d(xn-‘rmap) S d(xn7p) +Z Z sz(n) (19)

i=1 k(n)=1
So, we have

d(anrmaxn) S d($n+m7p) + d(xnap)
N

d(xn,p) + Z Z Qik(n) + d(xn, p)

<
i=1 k(n)=1
N oo
= 2d(zn,p)+ ) Qik(n) (20)
i=1 k(n)=1
Then, we have
d(xn-‘rmaxn) < 2d xna + Z Z sz(n (21)
i=1 k(n)=1

For any given € > 0, there exists a positive integer n; > ng such that for any
n 2 ny,

d(an, F) < 2, (22)
and
N 9]
YD Qi < 5 (23)
i=1k(n)=1
Thus, from (21)-(23) and n > ny, we have
A(@nim, tn) < 2545 =¢. (24)

4 2
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This implies that {z,} is a Cauchy sequence in C. Thus, the completeness of
X implies that {z,} must be convergent. Assume that lim,_, x, = z. Since
C is closed, therefore z € C. Next, we show that z € F. Now, the following
two inequalities:

d(z,p) < d(z,zp)+d(zn,p) YpEF, n>1,
<

d(z, ) d(z,p) +d(zp,p) VpEF, n>1
give that
—d(z,z,) < d(z,F)—d(z,, F) <d(z,z,), n>1. (25)
That is,
|d(z, F) —d(xn, F)| < d(z,zy,), n>1. (26)
As lim, 00 T, = 2z and lim,, o d(z,,, F') = 0, we conclude that z € F'. O

Theorem 2.2. Let (X, d) be a complete CAT(0) space and let C be a nonempty
closed conver subset of X. Let {T; : i € I'} be N uniformly L-Lipschitzian and
asymptotically quasi-nonexpansive type self mappings of C. Suppose that F' is
closed. Let {xy} be the implicit iteration process defined by (10). Put

Gipn = max {O, sup (d(Ti"a:n,p) - d(sr:n,p)> S I},

peF, n>1

where n = (k — 1)N + i and i = i(n) € I. Assume that Y .~ Gin < 00
and {a,} C [s,1— 8] for some s € (0,3). Then the sequence {z,} converges
strongly to a common fized point p of the mappings {T; : i € I} if and only if
there exists a subsequence {xy,,} of {x,} which converges to p € F.

Proof. The proof of Theorem 2.2 follows from Lemma 1.1 and Theorem 2.1. [J

We prove a lemma which plays an important role in establishing strong
convergence of the implicit iteration process with errors in a CAT(0) space.

Lemma 2.3. Let (X,d) be a complete CAT(0) space and let C' be a nonempty
closed convex subset of X. Let Let {T; : i € I} be N uniformly L-Lipschitzian
and asymptotically quasi-nonexpansive type self mappings of C. Suppose that
F is closed. Let {x,} be the implicit iteration process defined by (10). Put
Gi, = max {0, sup (d(Ti"mn,p) - d(xn,p)> (i€ I},
peEF, n>1

where n = (k — 1)N + i and i = i(n) € I. Assume that Y .~ | Gi,, < oo and
{an} C [s,1 — 8] for some s € (0, %) Then lim,, o d(xy, Tizy) = 0 for all
lel

Proof. Note that {z,} is bounded as lim,_,o d(z,,p) exists (proved in Theo-
rem 2.1). So, there exists R > 0 and zo € X such that x, € Br(zo) = {z :

d(xz,z9) < R} for all n > 1. Let 0, = d(xnthi’EEf;)).

We claim that lim,, ,., 0, = 0.
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For any p € F, using (3) and (10), we get

Prnp) = @ (anrnr© (1 o) T, p)
< and*(zn_1,p) + (1 —ay)d? (11’?53)1‘”,]))
—an (1 — ay)d? (T;Ei’;)xn, mn,l)
< and*(zn_1,p) + (1 — an)[d(xn, p) + Gik(n)]Q
—an (1 — ay)d? (Tﬁgs)xn, xn_l)
< and®(@n-1,0) + (1 = an)[d (2, D) + Gig(n)]

—an(1 — ay)d? (T’Ef{”;’xn xnfl), (27)

where 0;,(,) = G?k(n) + 2G(n)d(xn, p). Since Z?En):l Gik(n) < 00, it follows

that ZZC()n)zl Sik(n) < 00.
Since s < a;, < (1 — s), from (27), we obtain

s?on < and*(wn-1,p) — & (2, p) + (1 — an)d*(zn, p)
+(1 - an)dik(n)
= apd*(@n-1,p) — 0nd* (@0, p) + (1 — ) dik(n), (28)

further, using (17), we obtain

520% < O‘ndz(xn—lap) — apld(Tp_1,p) + Qik(n)]2
+(1 = an)dik(n)
< and2(xn717p) - an[dQ(xn,l,p) + gik(n)]
+(1 — an)dik(n), (29)

where 0;,(,) = ka(n) + Qik(n)d(zn—1,p). Since Z;?n):l Qik(n) < 00, it follows
that 377, —; ik(n) < 00. The inequality (29) gives that

on < (1;5)5%(71)—(%)9@‘1@(71)- (30)

For m > 1, we have that

gjlag < (18_28) f: 6¢k<n>—(§) f: Bitom). (31)

k(n)=1 k(n)=1

2
n

When m — oo, we have that Y -, 0

> kny=1 Oin(n) < 00
Hence,

< o0 as E:?n):l Sik(n) < o0 and

lim o, = 0. (32)

n— oo
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Further,
d(@p,an1) < (1-— an)d<Ti’zg>xn,xn,1)
= (1I—ap)on < (1—35)on, (33)
implies that lim,, o d(2zy, zp—1) = 0.
For a fixed j € I, we have d(2,+j, Zn) < d(Tptj, Tntj1)+- - +d(@n, Tn_1)
and hence
le d(xptj,zn) =0 Vjel (34)

For n > N, n = (n — N)(mod N). Also, n = (k(n) — 1)N + i(n). Hence,
n—N = ((k(n)—1)—1)N+i(n) = k(n—N)N+i(n—N). That is, k(n—N) =
k(n) —1 and i(n — N) = i(n).

Therefore, we have

d(wp—1,Thzy) < d(-rn—la T]E,(,S)xn) + d(TIES;)Q?n, Tnxn)

7 7

IN

on + Ld(Tﬁg)flxm xn)

on + L2d(xn, Tn-nN)+ Ld(’l;k(:glni—J\J[\;)xniN7 x(n—N)—l)
+Ld(x(n—N)—1,Tn)

on + L2d(zn, T_N) + Lo N

—|—Ld(x(n_N)_1, l‘n), (35)

using (32) and (34) in (35) yields that lim,,_,cc d(zn—1, Thzyn) = 0.
Since,

IN

d(xnaTnxn) < d(xnazn—l) + d(xn—laTnxn)v (36)
we have
ILm d(xy, Thzy) = 0. (37)

Hence, for all [ € I, we have

d(xny Tn-i—lmn) S d(xnv xn—i—l) + d(xn—i-lv Tn-‘rll‘n—i-l)
+d(Tn+l$n+l7 TnJrlxn)

< (1 + L)d(xnv 5L'nqu) + d(anrlv Tn+l$n+l)7 (38)

using (34) and (37) in (38) implies that
ILm d(xp, Tpyizn) =0 Vel (39)
Thus, lim, o0 d(zy,, Tjz,) =0 for all [ € 1. O

Theorem 2.4. Let (X, d) be a complete CAT(0) space and let C' be a nonempty
closed convex subset of X. Let Let {T; : 1 € I} be N uniformly L-Lipschitzian
and asymptotically quasi-nonexpansive type self mappings of C. Suppose that
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F is closed, and there exists one member T in {T; : i € I} which is either semi-
compact or satisfies condition (A). Let {x,} be the implicit iteration process
defined by (10). Put

Gi, = max {0,1)6}57}1221 (d(Ti"mn,p) - d(xn,p)) (i€ I},

where n = (k — 1)N + i and i = i(n) € I. Assume that Y .~ Gin < 00
and {a,} C [s,1 — 5] for some s € (0,3). Then {x,} converges strongly to a
common fized point of the mappings in {T; :i € T}.

Proof. Without loss of generality, we may assume that 7; is semi-compact or
satisfies condition (A). If 77 is semi-compact, then there exists a subsequence
{xn, } of {x,} such that z,,, = p* € C as j — co. Now, Lemma 2.3 guarantees
that lim, o d(2n,, T12,,) = 0 for all I € I and so d(p*, Tip*) = 0 for all [ € I.
This implies that p* € F. Therefore, liminf,, o, d(z,, F) = 0. If T} satisfies
condition (A), then we also have liminf,,_, o d(x,, F)) = 0. Now, Theorem 2.1
guarantees that {x,,} converges strongly to a point in F. (I

Remark 1. Our results extend the corresponding results of Fukhar-ud-din et
al. [15] to the case of more general class of generalized asymptotically quasi-
nonexpansive mappings considered in this paper.
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