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ON INTERVAL VALUED FUZZY h-IDEALS IN HEMIRINGS

MUHAMMAD SHABIR, NOSHIN MALIK, AND TAHIR MAHMOOD

ABSTRACT. In this paper we discuss some results associated with inter-
val valued fuzzy h-ideals of hemirings and characterize hemirings by the
properties of their interval valued fuzzy h-ideals.

1. Introduction

Semirings which are regarded as generalizations of associative rings were
first introduced by Vandiver [23] in 1934. In more recent times semirings have
been deeply studied, especially in relation with applications [8]. Semirings
have also been used for studying optimization, graph theory, theory of discrete
event dynamical systems, matrices, determinants, generalized fuzzy computa-
tion, theory of automata, formal language theory, coding theory, analysis of
computer programmes [4, 5, 8, 9, 20]. Additively commutative semirings with
zero element are called hemirings. Hemirings, appears in a natural manner, in
some applications to the theory of automata, the theory of formal languages
and in computer sciences [10, 11, 16]. Ideals of hemirings and semirings play an
important role in the structure theory and are very useful for many purposes.
However, in general, they do not coincide with the usual ring ideals. Many
results in rings apparantly have no analogues in hemirings and semirings using
only ideals. In order to overcome this difficulty in [12] Henriksen defined a
more restricted class of ideals in semirings, called k-ideals, with the property
that if the semiring R is the ring, then a complex in R is a k- ideal if and only
if it is a ring ideal. Another more restricted, but very important, class of ideals
in hemirings, called now h-ideals, has been given and investigated by lizuka
[13] and La Torre [14]. h-ideals are also discussed in [7]. In 1965 Zadeh [24]
introduced the concept of fuzzy sets. Since then fuzzy sets has been applied to
many branches in Mathematics. The fuzzification of algebraic structures was
initiated by Rosenfeld [17] and he introduced the notion of fuzzy subgroups.
In [2] J. Ahsan initiated the study of fuzzy semirings (See also [3]). The fuzzy
algebraic structures play an important role in Mathematics with wide applica-
tions in many other branches such as theoretical physics, computer sciences,
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control engineering, information sciences, coding theory and topological spaces
[1, 10, 20]. The concept of interval valued fuzzy sets in algebra was initiated in
[6] by Biswas and further this concept was investigated in [15]. In [21] Xueling
and Zhan defined interval valued fuzzy h-ideals of hemirings and discussed some
results associated with interval valued fuzzy h-ideals of hemirings. This con-
cept is further carried out in [18]. In this paper we discuss some other results
associated with interval valued fuzzy h-ideals of hemirings and characterize
hemirings by the properties of their interval valued fuzzy h-ideals.

2. Preliminaries

A non-empty set R together with two associative binary operations ”-+"
and ”.” is said to be semiring if distributive laws hold in R. An element 0 € R
satisfying the conditions, 0z =20 =0and O+ z =2+ 0=z, for all x € R, is
called zero of the semiring (R, +,). An element 1 € R satisfying the condition,
l.x = z.1 = z for all x € R, is called identity of the semiring R. A semiring
with commutative multiplication is called a commutative semiring. A semiring
with commutative addition and zero element is called a hemiring. A non-empty
subset A of R is called a subhemiring of R if it contains zero and is closed with
respect to the addition and multiplication of R. An element a of R is called
multiplicatively idempotent if a?> = a. A hemiring R is called multiplicatively
idempotent if each element of R is multiplicatively idempotent. A non-empty
subset A of R is called a left (right) ideal of R if A is closed under addition
and RA C A (ARC A). If A and B are left (respectively right) ideals of a
hemiring R then AN B is a left (respectively right) ideal of R. If A is a subset
of R, then intersection of all left (right) ideals of R which contain A is a left
(right) ideal of R containing A. Of course this is the smallest left (right) ideal
of R containing A and is called the left (right) ideal of R generated by A. If
A and B are left (respectively right) ideals of a hemiring R then A + B is the
smallest left (respectively right) ideal of R containing both A and B. If A and
B are ideals of a hemiring R then AB is an ideal of R contained in AN B. An
ideal A (left, right or two-sided) of a hemiring R is called a k-ideal of R if for
any y,z € A and z € R, from x 4+ y = z it follows that z € A. An ideal A
(left, right or two-sided) of a hemiring R is called an h-ideal of R if for any
a,b€ Aand z,y € R, from z+a+y = b+ y, it follows that z € A. Clearly, a
left (respectively right) h-ideal is always a left (respectively right) k-ideal but
the converse is not always true. A fuzzy subset f of a universe X is a function
A X — [0,1]. Furthermore for ¢ € [0,1], level subset of A is denoted and
defined by U(\,t) = {z € R : A(x) > t}. For any two fuzzy subsets A and p
of X, A < p means that, for all z € X, A(x) < u(z). The symbols A A p, and
AV p will mean the following fuzzy subsets of X
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for all x € X. More generally, if {)\; : i € A} is a family of fuzzy subsets of X,
then A;ea; and Vica\; are defined by

(NieaXi)(z) = Niea(Ai()),

(Vieadi)(@) = Viea(Xi(2)).

Definition 1. Let A and p be any two fuzzy subsets of a hemiring R. Then
(7) the sum of A and p is defined as

A+ 1)) = Vg = A@) Ap(z)]  forall z € R.
(#4) the product of A and p is defined as

(Au) ()
_f Va=sn yee [N {Myi) A p(zi)}] if @ can be expressed as x = Y1 vz
10 otherwise.

Definition 2. ([21]) The h-closure A of a non-empty subset A of a hemiring
R is defined as

A={zx€R|z+a+2z=0b+ 2z for some a,b€ A,z € R}.

Definition 3. ([21]) Let A and p be two fuzzy subsets in a hemiring R. The
h-intrinsic product of A and p is defined by
Vatrsn aibi+z=m c;d;+2{Ni[A (@) A A () A
p(bi) Ap(d;)}  if z can be expressed as
Aowp)(z) = T+ X7 ab; + 2= X7 cid; + 2

0 otherwise.

Lemma 2.1. ([21]) Let R be a hemiring and A, B C R. Then
(i) A is the smallest left h-ideal of R containing A,
ii) (A) = A,
iii) If AC B, then A C B,

v) CANCp = CanB,
vi) CLQ 037: Cap,
(vii) AB = AB.

Definition 4. A fuzzy subset A of a hemiring R is said to be a fuzzy left
(respectively right) ideal of the hemiring R if for all z,y € R

(1) Az +y) = A(x) AA(y),

(#7) A (zy) > A (y) (respectively A (zy) > A (z)).

A fuzzy subset A of a hemiring R is called a fuzzy ideal of hemiring R if it
is both, fuzzy left and right ideal of R.

Theorem 2.2. If X and p are fuzzy left (respectively right) ideals of a hemiring
R then A A u is also a fuzzy left (respectively right) ideal of R.
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Lemma 2.3. ([22]) If I and L are respectively, right and left h-ideals of a
hemiring R, then IL C TN L.

Definition 5. ([21]) A hemiring R is said to be h-hemiregular if for each z € R,
there exist a, b, z € R such that © + zax + 2z = xbx + 2.

Lemma 2.4. ([21]) A hemiring R is h-hemiregular if and only if for any right
h-ideal I and any left h-ideal L of R we have IL =IN L.

Theorem 2.5. ([22]) A hemiring R is h-hemireqular if and only if for any
fuzzy right h-ideal A and any fuzzy left h-ideal i of R we have A® = A A p.
Let £ be the family of all closed subintervals of [0,1]. Define order 7<” on
£ as:
[a, ] < [B, 5] if and only if o < B,a/ < B, for all [o,],[B, 5] € £.
Then 7<” is partial order on £ with minimal element O = [0,0] and maz-
imal element T = [1,1].

Definition 6. An interval valued fuzzy subset A of a hemiring R is a function
ArR— £.

We write A\(z) = [A™(x), AT (z)] C [0,1], for all z € R. Where A7, AT :
R — [0,1] are lower and upper fuzzy sets of R, giving lower and upper limit
of the image interval for each € R. Note that we have 0 < A7 (2) < 1 and
0 < AF(z) <1 for all x € R. For simplicity we write A = [A\7, AT].

Definition 7. For any two interval valued fuzzy subsets A and i of a hemiring
R, union and intersection are defined, for all x € R

(Ava) ()= @ Vi @)X @) v it @)

(An i) ()= A~ @) A (@), X (@) At ()]

More generally if {;\1 el } is a family of interval valued fuzzy subsets of
R then for all x € R,

(Vidi)(z) = [Vid] (), ViAT (2)]
(Azj\z>($> = [/\1)\;(.%), /\Z)\:r(.’lf)] .

Definition 8. Let A and /i be interval valued fuzzy subsets of a hemiring R,
(1) then their sum is defined as
A+ )(@) = Vamyr= [N~ (W) Ap~ (2), A () Apt(2)]  forallzeR.
(2) then their product is defined as
A" (i) A (zi),
S V() — Vo= {Ai [ M (yi) At (z:) ”
(A)(x) = if 2 can be expressed as z =Y | V%
0 otherwise.
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Definition 9. An interval valued fuzzy subset A of a hemiring R is said to be
an interval valued fuzzy left (respectively right) ideal of the hemiring R if for
all z,y € R ~ ~

(i) Mz +y) = A() AA(y),

(i) A (zy) > A (y) (respectively A(zy) > A (z))

An interval valued fuzzy subset A of a hemiring R is called an interval valued
fuzzy ideal of the hemiring R if it is both interval valued fuzzy left and interval
valued fuzzy right ideal of R.

Definition 10. Let A be a subset of a hemiring R. Then the interval valued
characteristic function C4 of A is defined to be a function C4 : R — £ such
that for all x € R ~

= 1 ifre A

CA(”C){ O ifx¢A

Clearly the interval valued characteristic function of any subset of R is also

an interval valued fuzzy subset of R. The interval valued characteristic function
can be used to indicate either membership or non-membership of any member
of R in a subset A of R. Note that Cr(z) = I for all z € R.

Definition 11. ([19]) Let A and /i be interval valued fuzzy subsets of a hemiring
R. Then their A-intrinsic product is denoted and defined by

(Aoi) @)

Vet s aibitz=0 cjd;itz | Nid | \+ (ai) ANAT (cj) A

if z can be expressed as = + Xj_ a;b; + z = XL ¢;d; + 2

0 otherwise.

Lemma 2.6. ([19])
Let R be a hemiring and A, B C R. Then
(i) A C B if and only if C4 < Cp,
(i) C~A /\CNB = Cme:
(iit) Cy © Cp = Cyg.

Definition 12. An interval valued fuzzy left (resp. right) ideal A of a hemiring
R is called an interval valued fuzzy left (resp. right) k-ideal of R if for all
x? y’ z € R’

c4y=z=Mz)>A(y) AN 2).

Definition 13. An interval valued fuzzy left (resp.right) ideal A of a hemiring
R is called an interval valued fuzzy left (resp. right) h-ideal of R if for all
a,bz,y€E R, x+a+y=b+y=A(x)>A(a) AX(b).
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Lemma 2.7. ([21]) A subset A of a hemiring R is an h-(resp. k-) ideal of R if
and only if the interval valued characteristic function C4 is an interval valued
fuzzy h-(resp. k-) ideal of R.

Remark 1. Every interval valued fuzzy h-ideal is an interval valued fuzzy left
k-ideal but the converse is not true.

Example 1. Consider the semiring R = {0, 1,a,b, ¢} defined by the following
tables:

+10 1 a b ¢ 01 a b ¢
0l0 1 a b ¢ 0/0 0 0 0 O
11 b 1 a 1 110 1 a b c
ala 1 a b a al0 a a a c
b|b a b 1 b b0 b a 1 ¢
clc 1 a b ¢ c|0 ¢c ¢c ¢ O

Then the ideals of R are {0},{0,c},{0,a,c} and R. A = {0,c} is k-ideal of R
but not an h-ideal of R, because a+c+b=0+b, but a ¢ A. Then by Lemma
2.7, C4 is an interval valued fuzzy k-ideal of R but is not an interval valued
fuzzy h-ideal of R.

Theorem 2.8. An interval valued fuzzy subset X = A7, AT] of a hemiring R
is an interval valued fuzzy left (resp. right) k-ideal of R if and only if A~ and
AT are fuzzy left (resp. right) k-ideals of R.

Theorem 2.9. An interval valued fuzzy subset A = A7, AT] of a hemiring R
is an interval valued fuzzy left (resp. right) h-ideal of R if and only if A\~ and
AV are fuzzy left (resp. right) h-ideals of R.

Lemma 2.10. An interval valued fuzzy subset X of a hemiring R is an interval
valued fyzzy left (respeftively fight) ideal of R if and only if A\+ X C X and
CRrX C X (respectively \Cr C X\ ).

Proof. Proof is straightforward. |

Theorem 2.11. If X and i are interval valued fuzzy left (respectively right)

ideals of R then X\ + i and Mi are interval valued fuzzy left (respectively right)
ideals of R.

Proof. Proof is straightforward. O

Theorem 2.12. Let \ and i be interval valued fuzzy left (resp. right) h-ideals

of a hemiring R, then AN i is also an interval valued fuzzy left (resp. right)
h-ideal of R.

Proof. Let X and it be interval valued fuzzy left h-ideals of R, then AN [ is an
interval valued fuzzy left ideal of R.
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Let a,b,z,y € R such that z +a+ y = b+ y then

(Ani) @) = A@Aji@)
> {Ma) A X)) A {ia) A (b))
= (@aa@}n {3e)nam)
_ (Xnﬁ) (a) A (Xﬂﬂ) (b).
Thus AN /i is an interval valued fuzzy left h-ideal of R. 0

Definition 14. Let A be an interval valued fuzzy subset of R and [a, 3] €
pounds then the level subset U (5\, [a,ﬁ]) of R is defined as U (5\, [a,ﬂ]) =

{xeR;X(x)z[a,ﬁ]}.

Lemma 2.13. An interval valued fuzzy subset X of a hemiring R is an interval
valued fuzzy left (resp. ~m‘ght} h-ideal of R if and only if each non-empty level
subset of R defined by X is a left (resp. right) h-ideal of R.

Theorem 2.14. Let A be a non-empty subset of a hemiring R. Then the
interval valued fuzzy subset A defined by
5 _ (o, B] ifre A
) M) = { 00 Bo]  if & A.
Where O < [ag, Bo] < [, 8] < I is an interval fuzzy left h-ideal of R if and
only if A is a left h-ideal of R.

Proof. Let ¢ # A C R and X defined above is an interval valued fuzzy left
h-ideal of R. Then for z,y € A we have
Ma+y) > A@)AA(y)
= [0175] A [avﬁ] = [‘Lﬂ} .
Thus A (z + ) = [, 5]. Hence z +y € A.

Now let z € R and y € A.
Then

Azy) > A (y) = [, B]

Hence A (z) = [, 8]. Thus zy € A.
Let a,z € Rand y,z € Asuch that z +y +a =z +a.
Then since A is an interval valued fuzzy left h-ideal of R, therefore

Aa) = Ay) AA(2)
= [0‘)6] A [0"6] = [avﬁ] .
Hence = € A, so A is left h-ideal of R.
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Conversely, let A be a left h-ideal of R and A be an interval valued fuzzy
subset of R, as defined in hypothesis. Then ) is an interval valued fuzzy left
ideal of R.

Now let a,x,y,2z € Rsuch that t +y+a =2+ a.

Then
CASE 1. When y or z € R \A. Then
Ay) = A(z) = [, Bo]

= A(z) > X(y) AX(2).
CASE 2. When y,z € A then = € A. Thus

A () = [o, 8] = oo, Bo] = A (y) AA(2).

Thus
A@) = A(y) AX(2).

Hence A is an interval valued fuzzy left h-ideal of R. (]

Lemma 2.15. IfS\ and i are interval valued fuzzy right h-ideal and interval
valued fuzzy left h-ideal of a hemiring R, respectively. Then

AOLCANf.
Proof. Let x € R, If x cannot be expressed as x + X a;b; +z = XL ¢;d; + 2
for any a;, b;,cj,d;, 2 € R then

(X@ﬂ) (@) =0 < A(x) A ji(z) = (xmg) ().
Otherwise, since Aand [t are interval valued fuzzy h-ideals so
A@) > N(Eaibi) AN (ST cid;)

and
i (@) > i (SIogaby) A i (STyesd;)

Now

> A(SPqaib) AN (STycidy) A (SPoaibs) A fi (ST ¢5d;)
Z /\i,j {5\ (albz) A\ 5\ (dej) A ﬁ (az i /\ /L C] }
> Aiy {Man) A (e) AJi(b) A (dy) } -

Since above expression holds for any a;, b;, cj,d; € R and for all ¢, j therefore
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(Ana) @)
2 Vorsr abite=sm c;d;+2{Nii [N (@) AAT () Ap™ (bi) A p (dy),
AT (@) AXT (e) A (be) A (dg)]}
- (Aoi) @
=

yr
>/r

O

Lemma 2.16. Let R be a hemiring and A, i, U, @ be any interval valued fuzzy
subsets in R such that A C v and 1 C w then

ANOACirod.
Proof. If « can not be written in the form z + > a;b; + 2 = ) ¢;d; + z for
i=1

i=1
any a;, b, c;,d;, 2 € R then

(Aop) @ =0=woz)(@.
Otherwise since \ Crand i C@so
-

" w  ptCw

N 1N

and hence for all x € R

(Aoh) @

= Vaimp aibitz=sm ;42N [AT (@) AAT (¢5) AT (bi) Ap (dy),
AT (@) AXT (eg) Ap (b)) A (dg)]}

< Voursrabitz=sm cid+2 {0 [V (@) AvT (¢j) AT (b)) AT (d;),
vt (a) AvT(eg) A (bi) Aw Tt (dg)]}

= (o) (z)

=

yz

Crom.
]

Theorem 2.17. An interval valued fuzzy subset A of a hemiring R is an in-

terval valued fuzzy left (respectively right) h-ideal of R if and only if for all
z,y,a,b € R, we have

(i) Mz +y) = Mz) A Ay),
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(1) CRONC /N\(respectivegy AO C:’R - 5\)~7
(i) s+ a+y=b+y= Ax) > Aa) AAD).
Proof. Let A be an interval valued fuzzy left h-ideal of R, then by definition (7)
n
and (i4i) are true. Now let € R. If x cannot be written as z + > a;b; +y =

i=1

m
> ajbl +y for any a;,a’y,b;, b,y € R, then
j=1

(CR@X) () =0 < A(x).

Otherwise

- A (b;
(EnoR) ) = Vs mvempon {00 VG0 )
A (

azl)al) A~ (a}b)), ]}

S VoS aibity= il ajbity {/\i’j [ At (asb;) /\X*'(a b’)

n
AT abi) A )\*(Z a}b}),
i=1 j=1

< va:+2§1:1aibi+y:E;":la_;b_;«#y N n N LN
AT aibi) ANAT(D ajb))
i=1 j=1
= Va4nr abi4y= ST alb +y Zale AN Za
< Vv (5\ (33)) “ X is interval valued fuzzy left h — ideal
= Aax).

Hence Cr ® X C . ‘Conversely, assume that (i), (), (ié¢) hold for an interval
valued fuzzy subset A of R, then to prove that X is an interval valued fuzzy left

h-ideal of R,we only have to show that A(zy) > A(y) for all 2,y € R. So let
x,y € R, then by (i)

Aay) > (CroX) ()
= Vayts aibitz=sm atbiz {0 [AT(00) AAT(85), AT (b)) AXT ()] }
> A (y) AN (), AT (y) AAT(y)]  because zy + 0y + 0=y +0
=A(y).
Therefore A(xy) > A(y) for all z,y € R. O
Lemma 2.18. Let R be a hemiring and A, B C R then
a0 Cp = Coag
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- ~ ~ n m
Proof. Letxz € R. Ifz € AB then C45 (z) = I and 2+ ) a;ibi+z = ) aibj+z
i=1 j=1
for some a;,a’; € A and b;,b; € B and z € R.Thus

J J
Cy (a;) = Ca (a;) =Cp (b;) = Cp (b;) =1
and hence
(C'A © éB) ()
_ [ Ca@ACy @)ncs
= VS e k=S 0 4 {Aw { C} @ C W)AC;

= Vai4sr abi+z=5m 1a3.b3.+z{/\z',jf} =1

+
s
33

Q
W+
==
S—
| I
—

Therefore whenever x € AB then
(CA ® éB) (z) = (éﬁ) (z) = I.
And if x ¢ AB then Cog (z) = O.
If possible, let (C’A ® C’B) (z) # O then

\/ n 1. —_ym AN /\ ;
+3_ abi+z Zj=1ajbj+z 1,7 C«X (ai) A CX (al

Therefore there exist p;, gi, pj;, ¢j € R such that

T4+ X pigi + 2 = XL piq; + 2
and B ., B .,
As Cy (pi)) NCYy (pj/) ANCp (@) NCp (qjl) " | #0,0].
L CL ) ACE () AC () A C (d5)

Then obviously for all ¢ and j

Ch (pi)=Cy () =Cp (a:) =Cp (4)) =1
and

C3 (pi) = C4 (0)) = Cf (@) = CF () = 1
= for all 7 and j

Ca(pi)) =Calq)=1
and } . .

Ca (pf) =Cal(dq) =1
=

pi € Ayjq; €B Vi
and

pyeAq;eB Y
=

r € AB
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which contradicts C5 (z) = O. Therefore whenever = ¢ AB then again we
have

(CaeCp) () =0 =Cap @)
Hence proved that
a0 = O
]

Theorem 2.19. A hemiring R is h-hemiregular if and only if for any interval

valued fuzzy right h-ideal X and interval valued fuzzy left h-ideal ji of R, we
have

AO =AM

Proof. By Lemma 2.15, AO nC AN it. Now for reverse containment, since R
is h-hemiregular so for all a € R, there exist x1,z2,y € R such that

a—+aria+y = arsa+y.
Now
(i@ﬂ) (a)
/\/\ (C])/\ _(bi)/\ _(dj)
[\~ (@z) AN (axg)/\p @Ap~ (a) ()/\)\Jr (@r) AAT (axg /\u @]
A7 (@) AXT (@) Ap™ (@) Ap™ (a) AT (a) AXT (@) A ™ (a) Ap™ (a)
= [\ (@ Ap” (@), AT (@) A u*(>]:X<a>w<a>:(mﬂ)<a>.

Thus

>
>

ANACAG i

N

Hence

AOL=AN]
Conversely, let A and B be right and left h-ideals of R respectively, then by
Lemma 2.7 their interval valued characteristic functions C'y and Cpg are also

interval valued fuzzy right and interval valued fuzzy left h-ideals of R respec-
tively. Then by hypothesis

Cap=Ca®Cp=CsNCp = Canp.

Thus AB = AN B. Hence by Lemma 2.4, R is h-hemiregular. (I
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