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GLOBAL STABILITY OF HIV INFECTION MODELS
WITH INTRACELLULAR DELAYS

AHMED EvLATW, ISMAIL HASSANIEN, AND SHIMAA AZOZ

ABSTRACT. In this paper, we study the global stability of two mathemat-
ical models for human immunodeficiency virus (HIV) infection with intra-
cellular delays. The first model is a 5-dimensional nonlinear delay ODEs
that describes the interaction of the HIV with two classes of target cells,
CD47 T cells and macrophages taking into account the saturation infec-
tion rate. The second model generalizes the first one by assuming that
the infection rate is given by Beddington-DeAngelis functional response.
Two time delays are used to describe the time periods between viral entry
the two classes of target cells and the production of new virus particles.
Lyapunov functionals are constructed and LaSalle-type theorem for delay
differential equation is used to establish the global asymptotic stability
of the uninfected and infected steady states of the HIV infection models.
We have proven that if the basic reproduction number Ry is less than
unity, then the uninfected steady state is globally asymptotically stable,
and if the infected steady state exists, then it is globally asymptotically
stable for all time delays.

1. Introduction

Modelling, analysis and control of human immunodeficiency virus (HIV)
infection have attracted the interests of mathematicians during the recent years.
Several mathematical models exist and adequately explain the interaction of
the HIV infection and the immune system up to the stage of clinical latency, as
well as viral suppression and immune system recovery after treatment therapy
[18]. Some of these models are given by a system of nonlinear ODEs. These
models are based on the assumption that, once the virus contacts a target cell,
the cell begins producing new virus particles. However in real situation there
is a lag between the time of viral entry a target cell and the time of producing
new virus particles from the same target cell. Therefore, more accurate models
have been proposed which are given by a system of nonlinear delay ODEs to
account the intracellular time delay. The first HIV infection model accounting
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the intracellular time delay which represents the time between viral entry into
a target cell and the production of new virus particles was proposed in 1996 by
Herz et al. [7]. Thereafter, various models using discrete or distributed delays
to model the intracellular phase were developed (see e.g. [2], [9], [10], [11], [12],
[13], [14], [16], [17], [24], [27]). The basic HIV infection model with intracellular
delay can be given in a general form as:

(1) o(t) = fz(t), z1(t)) — g(z(t), v(t)),

(2) 21 (t) = e " g(x(t —7),v(t — 7)) — azi(t),

(3) 0(t) = pr1(t) — ro(t),

where x(t), z1(t) and v(t), represent the concentrations of the uninfected CD4™"
T cells, infected CD4™ T cells and free virus particles, respectively. The func-

tion f(x,x1) represents the growth rate of the uninfected CD4% T cells and has
been used in the literature in delayed HIV infection models in different forms:

e Growth rate without proliferation ([9], [11], [12], [14], [16], [17], [24], [27]):
f(z,z1) = X —da.
e Growth rate with simple proliferation ([21], [23], [25]):

f(:v,xl):)\—dm—l—a(l— z )

xmax

e Growth rate with full proliferation ([2], [8]):

f(x,xl)z)\—da:—&—a(l—x—’—xl).

xmax

The function g(z,v) represents the incidence rate infection and it has been
considered in the delayed HIV infection models by different forms:

e Bilinear incidence rate ([7], [8], [12], [14], [16]):

g(x,v) = frv.
e Saturated incidence rate ([11], [23], [27]):
g(z,v) = 1?:11;'
e Beddington-DeAngelis infection rate ([9], [14], [24]):
Bxv
9(z,v) = 14+aiz+bv

Parameters A, d, a, Tmax, B, @, p, 7, a1 and by are positive constants. Here,
) represents the rate of which new CD4™ T cells are generated from sources
within the body, d is the death rate constant, « is the maximum proliferation
rate of CD4% T cells, Zpmax is maximum level of CD4T T cells concentration
in the body, and § is the rate constant characterizing infection of the cells.
Eq.(2) describes the population dynamics of the infected CD4™ T cells and
shows that they die with rate constant a. The virus particles are produced by
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the infected CD4" T cells with rate constant p, and are cleared from plasma
with rate constant r. The parameter 7 accounts for the time between viral
entry into the CD4™ T cell and the production of new virus particles. The
recruitment of virus producing cells at time ¢ is given by the number of cells
that were newly infected CD4™ T cells at time ¢t — 7 and are still alive at time
t. If we assume a constant death rate m for infected CD41 T cells but not yet
virus-producing cells, the probability of surviving the time period from ¢t — 7
totise ™.

One extension of the basic delayed model (1)-(3) has been introduced by
taking into account the Cytotoxic T Lymphocytes (CTL) immune response
[15], [21], [22] and [26]. The role of CTL cells is to attack the infected cells.
Another extension includes the addition of antiretroviral drug therapies [28] and
[25]. A great effort has been devoted to study the basic and global properties
of the HIV infection models with delay such as positive invariance properties,
boundedness of the model solutions and stability analysis which are important
for understanding the associated characteristics of the HIV dynamics (see e.g.
[9], [11], [12], [14], [15], [23] and [27]).

All of the above mentioned delayed HIV infection models are mainly mod-
elled the interaction of the HIV with one target cells, CD4™ T cells. Perleson
et al., observed that after the rapid first phase of decay during the initial 1-2
weeks of antiretroviral treatment, plasma virus levels declined at a consider-
ably slower rate [19]. This second phase of viral decay was attributed to the
turnover of a longer-lived virus reservoir of infected cells. These cells are called
macrophages and considered as the second target cell for the HIV. Therefore,
the two target cells model is more accurate than the one target cells model (see
[1] and [20]). Some HIV infection models exist to describe the interaction pro-
cess of the HIV not only with the CD4™ T cells but also with the macrophages
which are the crucial immune responses and play important roles in phagocy-
tosis (see e.g. [1] and [20]). In very recent works ([3], [4] and [5]), we have
proposed several HIV infection models with two target cells and investigated
the global asymptotic stability of their steady states. However the intracellular
time delay is neglected in these papers.

The purpose of the present paper is to study the global stability of two HIV
infection models with two classes of target cells and delays. The first model is
a 5-dimensional nonlinear delayed ODEs that describes the interaction of the
HIV with two target cells, CD4" T cells and macrophages taking into account
the saturation infection rate. In the second model, the incidence rate is given
by Beddington-DeAngelis functional response. The global stability of these
models is established using Lyapunov functionals, which are similar in nature
to those used in [10] and [27]. By constructing explicit Lyapunov functionals,
we prove that the global dynamics of these models are determined by the basic
reproduction number Ry. If Ry < 1, then the uninfected steady state is globally
asymptotically stable (GAS). If the infected steady state exists, then it is GAS
for all time delays.
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1.1. HIV infection model with saturation infection rate

We shall use the mathematical model of HIV infection proposed by ([1] and
[20]), incorporating to take into account the intracellular delays and saturation
infection rate. This model describes two co-circulation populations of target
cells, potentially representing CD4™ T cells and macrophages and given by:

o Brz(t)v(t)
(4) () =M\ —diz(t) - Tt
(5) () = e ™ 5136??;}7( 12”(;‘) LU
o Bay(t)v(t)
(6) y(t) = Ao — day(t) — o)
) in(e) = e men U TINET) gy ),
(8) 0(t) = pra1(t) + payr (t) — ro(t),

where y and y; are the concentrations of the uninfected and infected macro-
phages, respectively. The populations of the macrophages are described by
Eq.(6), where Ay represents the rate of which new macrophages cells are gener-
ated from sources within the body, ds is the death rate constant, and S5 is the
infection rate constant. In Eq.(7), d is the death rate constant of the infected
macrophages. The virus particles are produced by the infected CD4T T cells
and infected macrophages with rate constants p; and ps, respectively. Here
parameters 7; and 79 account for the times between viral entry into CD4™ T
and macrophages cells, respectively, and the production of new virus particles.
Also, m; and ms are assumed to be the constant death rates for infected CD4+
T and macrophages cells, respectively, but not yet virus-producing cells. Thus,
the probability of surviving the time period from t — 7; to t is e™"7i ¢ =1, 2.
The other variables and parameters have the same biological meaning as given
in model (1)-(3). All the parameters of the model are supposed to be positive.

1.2. Initial conditions

The initial conditions for system (4)-(8) take the form

(9)
z(0) = @1(8), z1(0) = 2(0), y(0) = @3(0), y1(0) = a(0), v(0) = ¢5(0),
@Z(a) > 07 NS [_ ma’X{ThTQ}zO)v @1(0) > Oa i = 1a . -75a

where (¢1(0),...,¢5(0)) € C([—max{r,7},0],R7.), C is the Banach space of
continuous functions mapping the interval [— max{7y,72},0] into R?.

By the fundamental theory of functional differential equations [6], system
(4)-(8) has a unique solution (z(t),z1(t),y(t),y1(t),v(t)) satisfying the initial
conditions (9).
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1.3. Positivity and boundedness

It is easy to show that all solutions of system (4)-(8) with initial conditions
(9) are defined on [0, c0) and remain positive for all ¢ > 0 (see [9] and [12]).

Proposition 1. The solution of (4)-(8) with the initial conditions (9) is ulti-
mately bounded.

Proof. Let X(t) = e ™Mt — 1)+ 21(t) and Y (t) = e7™22y(t — 72) + y1(¢).
Then

X(t) < A\e ™™ — o X (1),

Y(t) S )\267sz2 - O'QY(t),

where 09y = min{d;,a} and o2 = min{ds,d}. Hence limsup,_, . X (t) < Ly,
and limsup,_, . Y (t) < Lg, where Ly = % and Ly = % On the
other hand,

0(t) < p1Ly1 + paLle — 10,

then limsup,_, . v(t) < Ls, where L3 = %. It follows that the solution
of (4)-(8) is ultimately bounded. O

1.4. Steady states

The dynamics of system (4)-(8) crucially depends on the basic reproduction
number Ry given by

e~ TipB16x0 + €722y Baayy
)

Fo = adr

where xg = %’ Yo = 2—;. We note that Ry can be written as:

Ry = Ri + Ry,

where
R, — efmmplﬁlxo7 Ry = efmﬁzpzﬂzyo,
ar or

are the basic reproduction numbers of each T-cell and macrophages dynamics
separately (see [3], [5]).

It is clear that, system (4)-(8) has an uninfected steady state Fg = (xq, 0, yo,
0,0). The system can also has a positive infected steady state F; (z*, 27, y*, y7,
v*). The coordinates of the infected steady state, if they exist, satisfy the

equalities:

)\1 = dlx* + ﬁll—T— U* 5 )\2 = d2y* + 612_|y_ U* )
v v
*, % s,k
(10) a:ETemlTl _ Brx*v 6y1<6m27'2 _ Bay™v 7 o :pﬂT +p2y?

14 v’ 1+ v*
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1.5. Global stability analysis

In this section, we shall consider the global stability of the uninfected and
infected steady states of (4)-(8) by the Lyapunov direct method. To simplify
the presentation we shall use the following notation: z = z(t), z,, = z(t — 1),
i=1,2, for any z € {x,z1,y,y1,v}. We also define a function F : R5¢g — Rx>g
as

F(z)=z—1-1Inz.
We note that F(z) > 0 for any z > 0 and has the global minimum F (1) = 0.

Theorem 1. (i) If Ry < 1, then Eqy is GAS for any 11,72 > 0.
(ii) If By emists, then it is GAS for any 71,72 > 0.

Proof. (i) We consider a Lyapunov functional

Zo Yo b1
™ Bx(t — )v(t — 0) /T2 Boy(t — O)v(t — )
+/0 1+v(t—0) d9+70 1+o(t—0)
_ p2ae™lTl

where P15 emET We note that Wi is defined, continuous and positive

definite for all (z,z1,y,y1,v) > 0 and 0 € [0, max{r,72}]. Also, the global
minimum Wj; = 0 occurs at the uninfected steady state Ey. Further, function
W, along the trajectories of (4)-(8) satisfies

(1)

dW; Zo Brzv _ B1xr, vy
— 1 _ 7) )\ _ d _ miTy1 miTy1 1 1
dt ( x < Lo +v e ¢ 1+, “n

Yo Bayv gy 32Yry U,
1_7 /\_d _ m2T2 mz‘@#_a
o[ (15) Qom0 oo (e i o)

a 511"0 le‘r Ur
+ —e™ T (prazy + —rv) + - L

P1 (P11 + pay ) 1+v 1+v,
522/'0 . 52:1/72'072

1+w 7 1+,
:)\1—d1$—@ (Al—dll‘— ,815(5’())
X

do,

+

1+wv
+9 {Az —dyy - 2 <)\2 — day — 521’”)] — Lgmimy
Yy 1+w D1
=\ |:2 _ @ _ :E:| +7)\2 [2 _ y£ _ y:| + ﬂlxov +r}/BQyO"U . ﬂennnv
T To Y Yo 1+wv 1+4v m
=\ |:2—xo—$:|—|—’}/)\2 [Q—yo—y}
z Zg Yy Yo
are™ Ty fe”™Tp Bixzg e pafayo > are™ T y?
_|_ — —_
p1(1+v) ar or p1(1+ )
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! {2—“—I}+m2 {2—%—3’}
T  Zo Yy Yo

are™ My are™ Ty2

LN e A

Since the arithmetical mean is greater than or equal to the geometrical mean,
then the first two terms of (11) are less than or equal to zero. Therefore,
if Ry < 1, then dgtll < 0 for all z,z1,y,y1,v > 0. By Theorem 5.3.1 in
[6], the solutions of system (4)-(8) limit to M, the largest invariant subset of

dgt/l =0}. Clearly, it follows from (11) that d(‘?tfl = 0 if and only if z = =z,
Yy = Yo, v = 0. Each element of M satisfies © = z¢, y = yo, v = 0 for all ¢, then

© = 0. From Eq.(8) we drive that

0=17=pi171 + p2y1.

Since z1,y1 > 0, then pyx1 + poy; = 0 if and only if x1 = y; = 0. Hence
dfi‘tll = 0 if and only if x = xg, ¥y = yo, 1 = y1 = v = 0. From LaSalle’s
Invariance Principle, Ey is GAS for any 71,7 > 0.

(ii) Define a Lyapunov functional
W2 = {L’*F (%) + eTYL17'1:L.>{F <xi) + ,7 (y*F (:’i) + e'ﬂlQszrF (yl))
z T Yy yi

+ gemmu*F (1) + Brx*v* /F <.’L‘(t - Q)U(t - 9)(1 + 1}*)) ”

P1 v* 1+ v* x*v* (1 +v(t —9))
0

By’ /F (CELIEUIESaN

T v o(1+ o — )
0

It is easy to see that Wo > 0 and W = 0 if and only if (x,z1,y,y1,v) take
the steady state value (z*,x7,y*,y7,v*) and x(t — 0) = a*, y(t — 0) = y*,
v(t —0) = v* for all § € [0, max{7y, T2 }].
Differentiating with respect to time yields
AWy
dt

= (1-Z ) (A - diw - brav temn (1-ZL)(emmmn hrnon _ axy
T 1+ 1 14 v,
y* ﬁ2yv yT — 523/72’07'2
+ 1= Aa—day— +eMm (1-=|[e ™R —=F=—§
7[( y)( B 1+v> ( y1>( 1+vr, yl)]

a v 511'1} 611'7 Ur
+—e™T (1 — T+ —rv) + - —
" < v > (P11 + p2y1 ) 1+ o 1+ o,

Brax*v* 1 [ Znvn (1+w)
n
1+ v* zv(l +vg)
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ﬂ2yv _ BQy‘QUTz + /623/*”* In y7’2v7'2(1 + U)
14v 14w, 14 v* yu(l + vy,) '
Using the infected steady state conditions (10) and the following equality

+

W miray O s e V.
D1 D1 v*
a v
. mi1T1 * *
= 376 (P127 + P2y7) o
1
v v
_ * MmiT1 * _MoTy =
= axje e + ydyie o
we obtain
dWo z* Biz*v oz Pra., vr
—= =diz" —dix — — (diz" + azie™™ —dyx) + - =t L
1
dt T 1+ 1 1+v,
*
v T
* _M1T1 * _M1T1 * M1 T1
+ 3axje —axje — —axje -
v v}

+7 {de* —day — % (day™ + dyie™ ™ — d2y)}

52y*v yT 52y7'2v7'2 v v*y1
+ _J1 _|_35 * m2T2_6 * m27’27_5 * _MoTo
{1+v y Lo, O0C e TN

—l—ax’femlﬁ 11'1 (lele(1+U) y72U72(1+U)>

+ yoyie™2™ In
zv(l+vn) ) o ( yo(l+v.,)
* * 1 *
(2o TN L gpremn T ggremn v (LU
¥z x v* (14 v)
zi@r vr, (14 0%)
x12*v* (1 4+ vr,)

*
v¥T] T U (140
_ ax’lke"”” . 4 axiﬂemlﬁ In 1 1( )
v} zv(l+vg)

y v y* v (14 v*)
oy ldoy (2= L — L) —Syremem L 4 Gyreme — 2
V{Qy ( y* y> . y 0 vt (140)

* _M1T1 v

Temm + 3axTe™™ —axje

—azje

yTyTQUTZ(]‘ + U*) * * v
_Sytem2T? 436 maT2 _ 5 maoTy
N e (U oy, N ne

_5y*em27'2 U*yl + 6y*6m2‘rz In (yTQUTz(l + 1))):|
Yooy yo(l+vr,) /]

and using also the following equalities
1 * * * 1 *
n 713711171( + ) — (L +1In 1y +1In —xlxﬁvﬁ( +v7)
zv(l+v.) x i rrz*v* (14 v,y
( 14w )
+ In ,
14 v*

In (WHU)) = In <y) +1n <y1*v*) +1n <ylym”w(1+”)>
y'U(l +UT2) y yl?} yly v (1 +UT2)
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<1+v)
+ In ,
1+ ov*

v v (l4v*) 14w (v —v*)?
~1——+— + =- :
v*  vr (14wv)  14o* v*(1+v)(1 4+ v¥)
we get
d * *
(12) ZQ = diz* (2 2 x) +yday” <2 v y)
x x y y

* * 1
s [ () o () 0 (15)
T Tiv 14>

* 1 * k)2
i <J;1:cﬁvn( +v )) n (v —v*) ]
zrz*v*(1 4+ v,y v*(14+v)(1 + v¥)

* * 1
Y yiv 14 v*
+F yfyﬁv‘rz(l"i'v*) + (U_U*)Q )
1y v (1 + vg,) v*(14v)(1 + v*)
Since the arithmetical mean is greater than or equal to the geometrical mean,
then the first two terms of (12) are less than or equal to zero. It is easy to see

that if «*, 7, y*, y7,v* > 0, then % < 0. By Theorem 5.3.1 in [6], the solu-

. 3 . . . o . . dW- _
tions of system (4)-(8) limit to M, the largest invariant subset of {432 = 0}.

It can be seen that dgf =0ifandonlyifz =z*, y=y*, v=0* and F =0
ie.,
(13) 10" _ ylv* — x?‘rﬁvﬁ(l +U*> _ yfy‘l'zv‘l'z(l +U*) _

wv Ty wmee(ton) | pyv (o)
If v = v*, then from (13) we have 21 = 2] and y; = yj. LaSalle’s Invariance
Principle implies global stability of Fj. (]

2. HIV infection model with Beddington-DeAngelis functional
response

In this section we study the global stability of HIV infection model with
two target cells and delays by assuming that the infection rate is given by the
Beddington-DeAngelis functional response:

Br(t)v(t)

(14) B(t) =M —diz(t) - 1+ ayz(t) + byo(t)’
_ N, Brx(t —m)v(t — 1)
15) )= ey ()
(16) y(t) = Ao — day(t) — 1t ijy((tt))l-;-(tb)zv(t)’
o Baylt— m)ult— )
(17) yl(t) =e 1+C(,2y(t—7'2) +b21)(t—7’2) _5y1(t)7
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(18) 0(t) = p11(t) + paya (t) — ro(t).
Here 1 fl L and 1 fz Zyyibw, represent the Beddington-DeAngelis functional

response of the CD4* T cells and macrophages, respectively, where a1, by, as, ba
are positive constants. All the variables and parameters of the model have the
same definitions as given in the previous section. This model can be considered
as an extension of the model given in [9], [14] which describes the interaction
of the HIV with one target cells, CD4™ T cells.

2.1. Steady states

It is clear that, system (14)-(18) has an uninfected steady state Fy =
(0,0,90,0,0), where zy = %’ Yo = 3—; The system can also has a posi-
tive infected steady state Fy(z*, z7,y*, y7,v*). The coordinates of the infected
steady state, if they exist, satisfy the equalities:

(19) e
(20) o=+
2y = i

22) syfenm =

(23) rv* = p1a] + payi .

The basic reproduction number Ry for system (14)-(18) is given by:
e”"™Tp1 1200 (1 + asyo) + €2 paBayoa (1 + arzo)
adr (14 a1zo) (1 + azyo)

We note that Ry can be written as:

Ry = R1 + Ry,

Ry =

where
—maT2

e”™MpB1xg e D2B2Y0

Ry =—F—7—7—, Ry = ————.
! ar (14 a1zo) 2 dr (1 + azyo)
2.2. Global stability analysis

In this section, we prove the global stability of the uninfected and infected
steady states of system (14)-(18).

Theorem 2. (i) If Ry < 1, then Eqy is GAS for any 71,72 > 0.
(ii) If By emists, then it is GAS for any 71,72 > 0.

Proof. We consider a Lyapunov functional

W, = _ % gl + ™My +77y0 F y) + ve™22yy
14+aizo \zo 1+asyo \o
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L iy / ™ Bt = 0)u(t - 0)
P1 o l1+az(t—0)+bv(t—0)

T2 Bay(t — O)v(t — 0)
+ W/0 1+ asy(t — 0) + bov(t — 0) 0.

do

We note that W is defined, continuous and positive definite for all (z, z1,y, y1,
v) > 0. Also, the global minimum W; = 0 occurs at the uninfected steady
state Ey. The time derivative of W1 along the solution of (14)-(18) is given by

dWi 1 Zo Brzv B1Zr, Ury
= (1 — 7) )\1 — d1.§C - +
dt 14+ a1xg 1+ a1z + b 14+ a1z +bivsy

1 Yo Bayv
—ae™Mr +y|————(1—Z= ) (A —doy — —————
' 7[(1+02y0)< Z/)( 2 1+ agy + bov

1+ cizi?szwﬁ - 56’"”21/1] - p%em”l (P11 + payr — 1)
Bizv B1Tr Uy Bayv
14+ a1z +bv B 14+ a12: + bivs, 71-|-CL2y—|'bQU
BQyTzv‘Q

- 71 + a2Yr, + b21}7—2

A A
:1[2_96_%]ﬂ2 {2_11_%}
14+ a1z T T (1+ aszyo) Y0 y

1 Bixv 1 B1xov
(14 a1xo) (1 +arx +bv) (L4 a1zo) (1 + arx + byv)
Bizv ar ... 1 Bayv
S A T
1+a1x+biv  2p (1 + a2yo) (1 + azy + bav)
n 1 Bayov Bayv _ ﬁemmv
(14 a2yo) (1 +agy +bov)  1+agy+bv  2py

A1 { x xo] 2 { Y yo}
S A P U TPV B Y
1+ ajxg o T W(l + asyo) Yo Y
are™ ™y (1 + a12) 1 arbye™my?
p1 (L + a1z + byv) ! 2p1 (L + ayz + byv)

2
are™ ™y (1+ agy) ( 1) arboe™ 1 y?
2py

p1 (1 + agy + bav) 2 (1 + agy + bav)’
d A A

(24) M el P P aree-monedl P
dt 1+ a1z Zo z (14 a2yo) Yo Y

are™ ™oy (1 +a1z) (1 + agy) (Ro — 1)

p1 (L4 a1z + b1v) (1 + agy + bav) 0
b M1T1,,2 1
N arbse v? (1 + a1x) (R —1)

p1 (L4 a1z + b1v) (1 + agy + bov)
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arbre™ ™02 (1 + azy)

p1 (1 + a1z + byv) (1 + azy + bav)
3

+

(Re — 1)

arbibye™1 1y
p1 (L + a1z +b1v) (1 + agy + bav)

Since the arithmetical mean is greater than or equal to the geometrical mean,
then the first two terms of (24) are less than or equal to zero. Therefore, if
Ry <1, then R;, Ry < 1 and % < 0 for all z,z1,y,y1,v > 0. The global
stability of Ey follows from LaSalle’s Invariance Principle.

(ii) Define a Lyapunov functional

Wg:x—x*—/ 2" (Lt auy + by )dn+em”1x*{F<xi)
o+ N (L4 ajz* + byv¥) x3

Y,k *
. y* (14 asn + byv™) maTa, * (?ﬂ))
+v(y- —/ dn+ €™y F | =
7(‘” P )t azy b i

a v
_ ,mi1T1 *F .
+ " e v (v*)
Bra*v* n_a(t—0)v(t—0)(1+ ajz* + brv*)
—_— F do

1+ arx* + byv* J *v* (1 + arz(t — 0) + byv(t — 0))
/TZF (y(t —0)v(t —0)(1 + azy* + bgv*)> o
0

1+ asy* + bov* y* (1 + agy(t — 0) + bav(t — 0))

+7

Differentiating with respect to time yields

z* 1+ a1z + byv*
- AN —dix —
r 1+ ajx* + byo*

dW2 ﬂl,CC'U
= ]_ . ———
dt 1+ a1z + bv
e” /8le1 Uz,

:E*
femm (1 -1 —ar
< 901) (1 +a127, + by, 1)

y* 14 agy + bov*
+ 1-=—= Ao — doy —
’Y[( y 1+a2y*—|—b21)*> ( 2 2Y

+6m27'2 (1 _ y>1k> ( e_m2T252y7'2'U‘rz
Y1 1 + agyr, + bavr,

*

Bayv
1+ asy + bov

)

a .- v
+ e (1— ) (P11 + p2yr — 1v) +
b1 v

Bixv
1+ a1z + b

B B1Tr, Vs, Bzt n (mnvﬁ (14 a1z + blv))
1+ a1z +bivy, 14+ a1z + byo* xv(l + a1z, + byvs,)
+ ﬁ2yv — 521/721172
14+ asy + bov 1+ asyr, + bavs,
By v*

+ 71 + agy* + bov*

n (yTszz(l + a2y + b2v)>

yv(l + a2yr, + b2”7’2)
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Using the infected steady state E; conditions (19)-(23) we obtain

dWs z* 1+ aix + byv* "

— = (1 R e bw*) (drz* — diz)
z* 1+ ajx + byo*

z 14+ ajx* + byv*

v 14+ a1z + bv*
v* 1+ aiz+biv
T vr (1 + arz™ + biv*)

_ ax’{e’ran1

+ 3azie™™ +arje™ ™ —

* _M1T1
—arje
z1z*v* (1 4+ a1z, + b1vs)
*
v v*x
* mlTl *k _M1T1
—axje — —axje —
v v}

+ a(ETemlTl In (xﬁvﬁ(l + a1z + bﬂ)))

2v(l+ a1z, + brvs,)
+ [(1 - %—11:—:22; J_ri_b;;; ) (doy™ — day™)
y* 1+ asy + bav”
1+ amy b
v 14+ agy + bov*
v* 1+ agy + bov
— 5y} * oMaTs y1y7—2’07—2(1 + agy”™ + bav* )
y1y*v* (1 + agyr, + bavr,)

* _M2T2

—byte + 30y e

+ oyre™ T —

* mzfgi — SuyremeTe yl

_6y
1

yTszg(l + a’2y + b20)>:|
yo(1+ agyr, +bovs,) ) |

+ydyye™ ™ In <
By a straightforward calculations we get for x:

dy (z — 2%)* (1 + byo*)

(1 ¥ 1+ ax + bo”

— | (d12* — d12) = —
r 1+ ajz* + bpo* )( 1 1)

2 (1+ arx* + byv*)

v 1+ ajx + byv* v 1+ a1z +bv
B T e B A I et Bl
v* 1+ax+biv v 1+aiz+bv*
by (1+arz) (v —v*)?
v* (1 + a1z + b1v) (1 + a1z + byv*)’
N <xﬁfvﬁ(1 —|—a1x—|—blv))
(14 a1z + b1vs)

I’ 1+a1x+blv 1’1’0*
= In ——— | +1In
z 14+ ajx* + byv* Tiv
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1+ a1z +bv xix, v (14 ara* + bv*)
+In{————)+1n )
1+a;z+ bv* r1z*v* (1 4+ a1z, + b1vs,)

Similar equalities can be deduced for y. Then, d?f can be written as:
dWs  dy (x —a*)? (1 + biv*)
dt z (14 arx* + byv*)
2
—agtemm b (1 + arz) (v —v*)

v* (1 —+ axr —+ bl’U) (]. —+ a1xr —+ blv*)
s (y = y*)* (1+ byv)
y (1 + agy* + bov*)
by (1 + azy) (v — v*)?
v* (1 4 agy + bav) (1 + asy + bav*)
_ CLJ?T@mlTl F i +a1r + 0v + F T1v
z 14+ ajx* + byv* riv
P 1+aiz+bv L F 5., vy (14 a1z* + byv*)
1+a,z+ bo* r1x*v*(1 4+ a1@, + b1vys,)
_ 5yrem27'2,y |:F (y + azer 2V ) +F <y17f )
y 14 asy* + bov* yiv

F 1 —|—a2y—|—bgv r yi(y7-2v7—2(1+a2y* +b2v*)
1+ agy + byv* y1y*v* (1 4 agyr, + bavy,)

— dyye™™

It is easy to see that if *, z%, y*, y7,v* > 0, then d}ff <0 for all (z,x1,y,y1,v)

> 0 where the equality holds if and only if (x, 21, y, y1,v) take the steady state
value (z*, 27, y*, y7,v*). LaSalle’s Invariance Principle implies global stability
of El. O

3. Conclusion

In this paper, we have studied the global stability of two HIV infection
models with intracellular delays accounting for the times between viral entry
into the target cells, the CD4%t T and macrophages, and the production of
new virus particles. The first model takes into account the saturation infection
rate. In the second model the infection rate is given by Beddington-DeAngelis
functional response. The global stability of the uninfected and infected steady
states have been established by using suitable Lyapunov functionals and LaSalle
Invariant Principle. We have proven that, if the basic reproduction number Ry
is less than unity, then the uninfected steady state is GAS and if the infected
steady state exists then it is GAS for all time delays.
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