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A SYMMETRIC FINITE VOLUME ELEMENT SCHEME ON
TETRAHEDRON GRIDS

CUNYUN NIE AND MIN TAN

ABSTRACT. We construct a symmetric finite volume element (SFVE)
scheme for a self-adjoint elliptic problem on tetrahedron grids and prove
that our new scheme has optimal convergent order for the solution and
has superconvergent order for the flux when grids are quasi-uniform and
regular. The symmetry of our scheme is helpful to solve efficiently the
corresponding discrete system. Numerical experiments are carried out to
confirm the theoretical results.

1. Introduction

Due to the local conservation property, the finite volume element methods
[1, 4, 5, 6, 11, 13, 14, 23] have been greatly popular in many fields, such as
computational fluid dynamics, computational electromagnetic and petroleum
engineering and so on.

In many cases, the symmetry is the fundamental physical principle of reci-
procity. Hence, it is significant and important to present a symmetric discrete
scheme. It is well known that the standard finite volume element (FVE) meth-
ods [4, 6, 9, 14, 17] usually generate a linear system with asymmetric matrix.
The asymmetry leads to the fact that many efficient iterative methods which
are suitable for solving the symmetric linear systems, such as the precondition
conjugate gradient (PCG) method, can’t be employed. Some SFVE schemes
[16, 18, 21, 22, 24] essentially overcome the above defect for self-adjoint elliptic
boundary-value and parabolic problems on triangular and quadrilateral grids.
There are many finite volume schemes [1, 5, 19, 20, 26] constructed for solving
three dimension problems. However, few scheme is symmetric so far. It has
motivated us to propose a new symmetric scheme.
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The main feature of our new scheme on tetrahedron grids lies in preserving
the symmetry of self-adjoint elliptic problems since it can be written as a vari-
ational formulation. The key to the desired feature is to choose an appropriate
numerical flux. This choice preserves not only the good accuracy of the ap-
proximation but also the symmetry of continuous equations. Another feature
of the new scheme is its super-convergent approximation to the flux function
when tetrahedron grids are quasi-uniform and regular, which is very useful and
important for some real problems.

The remainder of this paper is organized as follows. In Section 2, we intro-
duce some notations, function spaces and operators. In Section 3, we describe
a symmetric finite volume element scheme and build the variation formulation
for it. In Section 4, we derive the error estimates for the new scheme. In Sec-
tion 5, we present numerical experiments which illustrate basic features of our
scheme.

2. Some notations, function spaces and operators

Let Q" = {E), 1 <k < M} (see Figure 1) be a mesh made up of tetrahe-
drons on Q and X = {X;,1 < i < N} be the set of nodes on Q" where M
and N are the numbers of elements and nodes, respectively. According to the
partition Q" we can get a dual mesh Q" = {bx,,1 < i < N}, where by, is
called as the control volume about node X;. We assume that Q" and Q" are
quasi-uniform [10].

z
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FIGURE 1. (a) visual directions to coordinates. (b) uniform
grids. (c) nonuniform grids.

Any element Fj, (see Figure 2(a)) can be decomposed into four polyhedrons
D; (1 < j < 4) and each polyhedron corresponds to some part of ij. Let
Fj (1 S j S 4) denote AX1X2X4, AX1X2X37 AX3X4X2 and AXngXu respec-
tively. In Figure 2, Q; (1 < j < 4) is the barycenter of I'; and M; (1 <1 < 6)
is the midpoint of the segment X7 X5, Xo X3, X3X4, X1 X3, X1X4 and X4 X5,
respectively. Let Oy be the barycenter of Ej.

Let 0D; = D; N (Ex/D;) (1 < j < 4) be the relevant surface of D, (see
Figure 2(b), (c), (d) and (e)) and each 0D, is composed of three quadrilat-
erals whose edges are dashed lines. For one example, dD; is composed of
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OQ1 M1Q20s, OQ2M4Q 40 and Q4 M5Q10y, and denote the three quadri-
laterals as I'y ; (i = 1,2, 3), respectively. It is obvious that 0Dy =T1 1 +T'1 2+
Fl,g.

(a)

FIGURE 2. (a) element Ey = Uj_;D;. (b) dD1. (c) 8Da. (d)
8D3. (e) 8D4
We introduce the following three finite element spaces
Vi ={ve H}Q):v|g, € P1,Ex € Q"0 € C(N)},
Vit = {v € L™(Q) 1wl € Po,bx, € O}
and
Vi ={ve L®(Q) :v|g, € Po, Er € Q"},

where Py is the set of polynomials of degree less than or equal to k.
We define the following operators

I'v(x) = v(X;), V x € by,
I"v(x) = v(Oy), V x € Ey,

I"y(x) v(x)dx, V x € Fj

B g,

and the projector Q which satisfies
(1) /(Qv—v)wdx:O, YweVhve L3(Q),
Q

where |Ey| is the volume of Fj.
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3. Symmetric finite volume element scheme

We consider the following second-order elliptic problem
@ —V(KVu) = f, x=(x1,22,23) € Q,
u = 0, x€99,

where K (x) = (ki;(x))sxs is a symmetric and positive definite matrix function
satisfying
(3) 0 < aplé]? < EK(x)E <l <oo, VxeQ, £€R

Integrating (2) on any control volume by, € Q" and using the Green formula,
we obtain

(4) - - K—ds = / fdx,

where n is the unit outward normal vector on Bb X; -
Assuming that u" € V" is an approximation to u in (4), we have

p) h
(5) —/ K< ds= | fdx.
aby, On bx,
Considering (5) on any element Ej, we can obtain
(6) [ g2 7/ fdx, 1<1<4.
op, On Dy

(7) X)|g, = Z Uy, Nimy

where v = u"(X,,) and N,,(x) is the shape function at X,,.

Similar to the finite element methods, we introduce the FVE element stiff
matrix AF* = (ayn)axa and load vector fE% = (f1)ax1. By (6) and (7), we
have

(8) Qm = — Kades, 1<i,m<4
oD, 6n
and
9) fi= [ fdx, 1<1<A4.
D,

For the standard FVE methods, the mid-point formula is applied to the
right side of (8), which leads to an asymmetric element stiff matrix. Taking D,
as one example, we have

ON,,

A1 = — K—"ds
! D1 811
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ON, ONp, ONp,
- (K(Bl)‘/rll on d8+K(B2)~/F1,2 On d8+K(B(3)/F13 6nd8> ’

where B; (i = 1,2,3) is the barycenter of I'y ;, respectively.

Since K(B;) (i = 1,2,3) may be different when K(x) is variable, it leads
the matrix A”* to a nonsymmetric matrix.

In the following, we shall construct a symmetric matrix. Taking the approx-
imation of K(x) as

K(x) = K(Oy), ¥ x € E}
and substituting it into the right side of (8), we have

AN,
(10) aim = —K(O) /8 .

ds.

The new approximation changes not only virtually the numerical flux for
— faD Kaév"‘ ds but also the symmetry of the matrix AF*,
1 n
Next, we shall transfer (10) to the variation formulation. To illustrate it, we
take [ = 1 as example.
The equality AN, = 0 and the Green formula imply that

(11) A1 = —K(Ok)/ ONm ds = K(Oy) ONm
8D, 811

— (s,
Ty 6n s
where Fa = le + Fa,2 + Fa,3 and Fa,h Fmg, Fa,S denote DX1M1Q1M5,
OX1 M1QoMy and OX; M4Q4Ms (see Figure 2(b)), respectively.

Since N |p. (v =1,2,3) is constant and [ Nyds = Tl = [ ds, we
have
ON, ONp,
/ ——ds = —— Nids.
Fa,u 8n T, 61'1

Taking the sum for the above integration about index v and noting that N1|r, =
0, we have

3 4

] Ta. 811 ] r, an OE} 8n

The Green formula implies that

N,
OFy on Ej

Hence, by (11), (12) and the equality above, we have
(13) a1m = K(O;) | VN, VNydx.
Ey

Similarly, we can get the variation formulation for (8) as follows

(14) Aim = AR, (Nm,Nl), 1 S l,m S 4,
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where

(15) ag, (u,v) = K(O) VuVudx.
Ey
For (9), we usually take the following approximation
fi =D f(X;), 1<j<4
Assembling all AP+ fEx 1 < i < M, we can get the new scheme of (2) on
tetrahedron grids

(16) AU=F,

where the stiff matrix A and load vector F satisfy

M M
A=Y "ITAPL, F =Y I[P,
k=1 k=1

I, : RN — R? is the nature inclusion and U € R¥ is the solution vector.
The symmetry of new matrix AP+ implies that the following result holds
true.

Theorem 3.1. The finite volume element scheme (16) is symmetric.

From (16), one can see that the variation formulation for (2) can be expressed
as: to find u" € V" such that

(17) ap(u,v) = (f, M), Yv eV

where
M

(18) ap(u,v) = ZaEk (u,v)
k=1

and ag, (u,v) is defined by (15).

4. Error estimates

In this section, for convenience, we write C < D means C < ¢; D and
write C' 2 D means C > ¢y D, where c¢1,cy are two positive constants. K €
Wke(Q) (k = 1,2) means that k; ; € W5>®(Q),1 < i,j < 3 and |K|/j,c0 =

max_||k; ;(x)||1,00,1=1,2- Denote |||, as the norm ||.||m 2.
1<4,j<3

One assumption is as follows:
(A0) For any element Fj, € Q" 1 <k < M, Oy, is the barycenter of it.
The operators introduced in Section 2 hold some properties [2] in the fol-
lowing lemma.

Lemma 4.1. (1) Let u € HY(Q). Then
lu = ullo S hlul.

(2) Let u e Vy,. Then
lu— Iullo < hluly.
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(3) Let K € WL>°(Q). Then
1K — PrKlo,00 S hIIK]|

1,005

where P, = I or I".

Lemma 4.2. Under the assumption (A0Q), we have
Jg, (v = Pro)dx =0, Y v €V,

where Py = I or I".

Proof. Under the assumption (AO0), by simple calculations, we have

I28RS
PLudx = Ll 2} v(X5) :/ vdx,
J. £

where |Fy| is the volume of .

Hence,
/ (v—Ppu)dx =0, Vv e, O
Ex
Corollary 4.3. Under the assumption (A0), let K € W%°°(Q). Then
(19) H/ (K = I"K)dx||o,00,5, S h*|Bul| K l2.00,5,, ¥ Ex € Q"
Ey

Lemma 4.4. Let f € L?>(Q). Then
|(f,v = LM0)| < llull2llvll, Y v € Vi

Furthermore, under the assumption (AOQ), let f € HY(Q) and u € H3(Q).
Then we have
|(f,v = L) S W2 [lulls|lvll1, Y v € Vi

Proof. By the Holder inequality and Lemma 4.1,
|(f,v = I S I fllollv = IEvllo S Al fllollvll S Allull2vlly-
Furthermore, under the assumption (A0), by Lemma 4.2 and Lemma 4.1,
(foo—IM)| = |(f = I"f + 1" v — I'))|
S =T fllollo = Irollo + (" f,0 = Tiw)]
S P2 £l llvlh
< P2 |lulls]lvlls- O
Noting K (x) satisfies (3), one can obtain the following lemma.

Lemma 4.5. The bilinear form ap(u,v) defined by (18) is boundary and posi-
tive definite, i.e.,

an(v,0) 2 [0li, ¥ v € Vi,

an(w,v) S wllilvll, Vv, we Vi
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Lemma 4.6. Let u € H?(Q) N H}(Q). Then
lu™ 11 < llulla-
Proof. By Lemma 4.5, the Holder inequality and
124" lo < [l o,
we have
™12 S an(u, w") = |(f, L") S I FllolH 2 a" llo < Ilullzllu"llo < llullz|lu”s-

Hence,
[l S [full2- O

The finite element solution u; € V" for (2) satisfies
(20) a(up,vp) = / KVupVupdx, ¥ vy € VP,
Q

There exists the following relationship between u;, and u”.

Lemma 4.7. (1) Let f € L*(Q) and K € W1>°(Q). Then

(21) la(un —u",0)| S hllullz]vlly, ¥V v € Vi
(2) Under the assumption (AQ), let f € HY(Q) and K € W*>(Q). Then
(22) la(un —u",0)] S KP||ulls[lvll1, ¥V v € Vi

Proof. By (17) and (20), for any v € V", we have

a(up — uh,v) = a(up,v) — ah(uh v) + ah(uh v) — a(uh, v)
(23) = (f,v—I") +Z / (I"K — K)Vu"Vudz

=1+ I
By Lemma 4.4, we derive

iy nis { Mool SHulkluly hen 1< 10)
S Aol < w2 ulsliel, when ™ f € H(9).

Noting that

M
> [ Ivutvids = [ 1V Suide < ol ol S full ol
k=1 Ex Qh

by Lemma 4.1 and Corollary 4.3, we have

L] < h||K|[1,00[[ufl2]|v]l1, when K € W (Q),
~ L P2IKl2.00llull2llvlly, when K € W2(q).

Combining (23), (24) with (25), one can obtain (21) and (22), respectively. O

(25)

Setting v = up, — u” in Lemma 4.7, one has the following result.
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Corollary 4.8. (1) Let u € H*(Q) N H(Q), f € L*(Q) and K € W1>=(Q).
Then
(26) = "l < Allull>-

(2) Under the assumption (A0), let u € H3(Q) N HY(Q), f € HY(Q) and
K € W2°°(Q). Then
(27) lur, = u"[ly < b [lulls.

For uj, € V", one obtains the following lemma.

Lemma 4.9. Let u € H*(Q) N HY(Q) and up € Vj, be the exact and finite
element solutions of problem (2), respectively. Then

lu—unlls S hlulz, [lu—wunlo < h?ula.

By Corollary 4.8 and Lemma 4.9, noticing that |lu — u”||o < [lu — u"|1, we
can obtain the following result.

Theorem 4.10. (1) Let u € H*(Q) N H (), f € L?(Q) and K € Wh>(Q).
Then
lu— "l < Rlull2 -
(2) Under the assumption (A0), let u € H3(Q) N HY(Q), f € HY(Q) and
K € W2°(Q). Then
lu —u"llo S 1?|lulls.

We will estimate the corresponding error in another norm.
Similar to the deriving of Lemma 4.7, one can obtain the following lemma.

Lemma 4.11. (1) Let u € W2°(Q) N HZ(Q), f € L?() and K € WhH*(Q).
Then
(a(un — " 0)] < BT lo. &l ¥ v € Vi
(2) Under the assumption (A0Q), let u € W3°(Q) N HY(Q), f € WHe(Q)
and K € W%>=(Q). Then
la(un —u",v)| S P(|[ fll1,00 + llul

Corollary 4.12. Assume that u € W2>°(Q) N HY(Q) and uy € Vj, are the
exact and finite element solutions of problem (2), respectively. Then

3,00)|[V]l1, Vv € V.

lu = unllo,ce S P2l |ull2,00, [[u—unlli e < llull2co-

~ ~

Let g", 919" € V}, be the discrete Green function and the derivative-discrete
Green function along [-direction, | = x1,x2, x3, respectively, i.e.,

a(g’;,v) = v(z2), a(@lgf,v) = 0w(z), Vv eV,
One can see that
g2l < er, 09kl = collnhl, 1 =z, 29,23,

where ¢; and ¢y are constants.
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Combining Lemma 4.11 with Corollary 4.12, by the discrete Green func-
tion and the derivative-discrete Green function, one can obtain the following
estimates.

Theorem 4.13. (1) Let u € Wh>(Q) N H}(Q) (k = 2,3), f € L*(Q) and
K e Whe(Q). Then

I = wPflo,00 S A1 llo,00 + Iletll2,00)
= 11,00 S BlRAR|( llo,00 + [[ull3,00)-

(2) Under the assumption (AO), let u € WE>(Q) N HL(Q) (k = 2,3),
Fewh>(Q) and K € W2>(Q). Then

u—u"ll100 S P fl100 + ltll2,00),
u—u"flo,c0 S P2lInA|(||fll1.00 + [u

~

3,oo)~
Finally, we present the superconvergence result.
Theorem 4.14. Let Q" be quasi-uniform and reqular and v € H3(Q)NHZ ().
Then
(28) IVu = QuVu(lo S h2|lulls,
where Qy, is defined by (1).
Proof. By Corollary 2,
lup — w1 S B?|lulls.
Applying the triangle inequality and the following result [7, 8, 12, 15]
[Vt = QnVunllo < h?ulls,
we can obtain (28). O

5. Numerical experiments

In this section, we give some numerical experiments to test the results in
Section 4.

Firstly, we take = (0,1) and its uniform and nonuniform tetrahedron
grids (see Figure 1(a) and (b)). Let n; (¢ = 1,2,3) be the partition number
along x; axis, respectively. Let u(x) = sin(mx1) sin(wze) sin(7zs) be the exact
solution of problem (2). We consider the coefficient K (x) in two cases

1.00 0.25 0.35

K(x)= | 0.252.000.45
0.35 0.45 3.00

and
1.00 + 0 0.256 0.356
K(x)={ 0.256 2.00+ 9 0.450 |,
0.356 0.456 3.00 + 0

where §(x) = x1 + x2 + x3.
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The results from Table 1 to Table 4 are for the basic convergent estimations
in L? norm, L* norm and H' norm. The PCG methods [3, 25, 27, 28, 29] are
used to solve the corresponding discrete systems, and improve the efficiency of

computation. In tables, v

_ lu—u® s
T lu—ul

(k=0,1,00) and n =n; (i =1,2,3).

TABLE 1. Results for the problem with constant coefficient on
uniform grids

nfu—u"o v fu—u"e v [u—u"i_m
8 4.747e-3 1.205¢-2 4.856e-1

16 1.057e-3 4.4  3.129e-3 4.0 2436e-1 2.0
32 2.504e-4 42  8.036e-4 4.0 1.219-1 2.0
64 6.197e-5 4.0  2.012e-4 4.0 6.099-2 2.0

TABLE 2. Results for the problem with constant coefficient on
nonuniform grids

n_fu—u"o v Ju—u"e Yoo [u—u"i_m
8  6.18le-3 1.283¢-2 5.024e-1

16 1.599e-3 4.4  3.519e-3 3.6 2.54lel 1.9
32 3.90le4 42 93124 6.7 1.270e-1 2.0
64 9.789e-5 4.0  2.500e-4 3.7 6.633e-2 2.0

TABLE 3. Results for the problem with variant coefficient on
uniform grids

n_fu—u"o v fu—u"e Yoo [u—u"i_m
8  4.838¢-3 1.093¢-2 4.845¢-1

16 1.075e-3 4.0 2.711e-3 4.0 2434e-1 2.0
32 2.556e-4 4.0  6.570e-4 41 1.219e-1 2.0
64 6.237e-5 4.0  1.530e-4 4.2  6.089e-2 2.0

TABLE 4. Results for the problem with variant coefficient on
nonuniform grids

n_fu—u"o v fu—u"e Yoo [u—u"i_m
8  5.878-3 1.549¢-2 5.006e-1

16 1.444e-3 3.9 44233 35 25381 1.9
32 3.560e-4 4.0 1.229e-3 6.6 1.274e-l 2.0
64 8.724e-5 4.0 3.32led 3.7  6.570e2 1.9

From the above four tables, we see that the SFVE solution is of optimal
convergent order.
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Next, we present numerical results for superconvergence in Tables 5 and
6, where Va"(X;) is the modified value of Vu”(X;), i.e., it is defined as the

average gradient of two neighboring geometry-symmetric elements. Here 4; =
IVu=Viaznlo
|[Vu—=Vaplo -

TABLE 5. Superconvergence results for the problem with con-
stant coefficient

n [Vu—Vanlo v IVu- Vo
uniform grid nonuniform grid

8 1.377e-1 1.401e-1

16 3.411e-2 4.0 3.611e-2 3.9

32 8.567e-3 4.0 9.288e-3 3.9

64 2.187e-3 3.9 2.456e-3 3.8

TABLE 6. Superconvergence results for the problem with vari-
ant coefficient

n o [Va—Virlle 7 [IVe=Vanlo 7
uniform grid nonuniform grid
8 1.395e-1 1.444e-1
16 3.458e-2 4.0 3.603e-2 4.0
32 8.556e-3 4.0 9.306e-3 3.9
64 2.210e-3 3.9 2.404e-3 3.9

From Table 5 and Table 6, one sees that the SFVE flux is super-convergent
at nodes when grids are quasi-uniform and regular.

6. Summary and conclusions

We have developed a new finite volume element scheme for a self-adjoint el-
liptic boundary-value problem on tetrahedron grids. The new scheme preserves
the PDEs’ symmetry, which is helpful to solve the corresponding discrete sys-
tem. We have proved that the approximate solution is of optimal convergent
order and the SFVE flux is of superconvergent. Numerical experiments confirm
the theoretical results.

In the future, we intent to investigate the corresponding SFVE scheme for
parabolic problems on tetrahedron grids and apply it to some real problems.

Acknowledgement. The authors thank Prof. Shi Shu and Dr. Zhigiang Sheng
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suggestions.
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