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STABILITY OF POSITIVE STEADY-STATE SOLUTIONS IN
A DELAYED LOTKA-VOLTERRA DIFFUSION SYSTEM

XIANG-PING YAN AND CUN-HUA ZHANG

ABSTRACT. This paper considers the stability of positive steady-state so-
lutions bifurcating from the trivial solution in a delayed Lotka-Volterra
two-species predator-prey diffusion system with a discrete delay and sub-
ject to the homogeneous Dirichlet boundary conditions on a general boun-
ded open spatial domain with smooth boundary. The existence, unique-
ness and asymptotic expressions of small positive steady-sate solutions
bifurcating from the trivial solution are given by using the implicit func-
tion theorem. By regarding the time delay as the bifurcation parameter
and analyzing in detail the eigenvalue problems of system at the positive
steady-state solutions, the asymptotic stability of bifurcating steady-state
solutions is studied. It is demonstrated that the bifurcating steady-state
solutions are asymptotically stable when the delay is less than a certain
critical value and is unstable when the delay is greater than this critical
value and the system under consideration can undergo a Hopf bifurcation
at the bifurcating steady-state solutions when the delay crosses through
a sequence of critical values.

1. Introduction

This paper is concerned with the following coupled delayed reaction-diffusion
system describing the predator-prey relation of Lotka-Volterra type between
two species
(1.1)

Lﬁ’t) = diAu(z,t) + u(z, t)[r1 — anu(z,t — 7) — appv(z,t — 7)),z € Q,t > 0,
OUT?U = doAv(z,t) + v(x, t)[ra + anru(z, t — 7) — agev(z,t — 7)],x € Q,t > 0,
u(z,t) = v(x,t) = 0,2 € 9N, t >0,

w(x,t) = ug(w,t),v(z,t) = vo(z,t), (z,t) € Q x [-7,0],

where u(z,t) and v(z,t) designate the population densities for a cooperation
species and a competition species at time ¢ and space location x, respectively;
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the constants d; > 0(i = 1, 2) represent the diffusion coefficients for two species,
respectively, and the positive constants r;(i = 1,2) are the intrinsic growth rates
of two species in the absence of the other species; 7 > 0 is the time delay and
a;;(1,j = 1,2) are all positive constants; A stands for Laplacian operator and
Q is a bounded open domain in R™(n > 1) with smooth boundary 0f2; homo-
geneous Dirichlet boundary conditions imply that the exterior environment is
hostile and the initial functions ug(z,t),vo(z,t) € C := C([-7,0], L*(Q2)).
System (1.1) with Neumann boundary conditions has been extensively stud-
ied by many authors and many interesting results have been also obtained
(see [7,15] and the references therein). For example, Kuang and Smith [7]
investigated the global stability of the positive constant equilibrium solution
of (1.1) under Neumann boundary conditions and they found that small delay
cannot destabilize the positive constant equilibrium solution. Recently, by re-
garding the delay 7 as the bifurcation parameter and analyzing the associated
characteristic equation, Yan [15] gave an accurate stability criterion for (1.1)
with the homogeneous Neumann boundary conditions on domain (0,7) and
found that in this case the positive constant steady-state solution of (1.1) is
asymptotically stable when the delay 7 is less than a certain critical value and
is unstable when 7 is greater than this critical value. In addition, Yan [15]
also showed that the system (1.1) with the homogeneous Neumann boundary
conditions on (0,7) can undergo a Hopf bifurcation at the positive constant
steady-state solution when 7 crosses through a sequence of critical values. For
the general theory of reaction-diffusion equations with delays, we refer to [14].
As pointed out by Huang [5], however, the homogeneous Dirichlet bound-
ary conditions imply that the nontrivial steady-state solutions and periodic
solutions (if they exist) are spatially nonconstant. Hence, under the Dirichlet
boundary conditions, it is very difficult to study the stability of nonconstant
steady-state solutions because in this case the analysis of the characteristic
equation is very difficult [1,8,16,19]. The main goal of this paper is to study
the stability of the bifurcating positive steady-state solutions of system (1.1).
To this end, make the change of variables u = “T—lllu, U= %v and let ¢ = 12412

riazz’

b = 122L Then after dropping the bars system (1.1) can be rewritten into the

7’2.‘7'1 1
following system

(1.2)
%i’t) =diAu(z,t) + riu(x, t)[1 — u(z,t — 7) —av(z,t — 7)], © € Q,t >0,
‘%Tag’t) = doAv(z,t) + rov(x, t)[1 + bu(x,t — 7) —v(x,t — 7)], © € Q,t >0,
u(z,t) = v(z,t) =0, z € 9Nt >0,
u(x,t) = ug(w,t),v(z,0) = vo(x), (v,t) € Q x [-T,0].

Let A1 denote the principal eigenvalue of —A on € with homogeneous Dirichlet
boundary conditions. From [3,17] we know that A; > 0 and the corresponding
eigenfunction ¢; is also positive in 2. Define r} = di A1, 75 = d2 A1 and assume
that r;1 —r] = ro —r3 := r. Then the main results in the present paper can be
summarized as follows:
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(i) fa< j—f and % # 1, then the system (1.2) can bifurcate

a small positive steady-state solution (u,,v,) from the trivial solution
when 0 < r < 1.

(ii) fa < g—f, %ﬂfﬁi # 1 and 0 < r < 1, then there exists a positive
constant 7y such that (u,,v,) is asymptotically stable when 7 € [0, 79)
and is unstable when 7 € (79, c0). In addition, there exists a sequence of
values {7,152, such that the system (1.2) undergoes a Hopf bifurcation

at (ur,v,) when 7 = 7,,.

The remainder of this paper is organized as follows. In Section 2, we give
the existence, uniqueness and asymptotic expressions of positive steady-state
solution (u,,v,) of the system (1.2) bifurcating from the trivial solution when
0 < r <« 1. In Section 3, the eigenvalue problems of (1.2) at the positive steady-
state solution (u,,v,) is analyzed in detail and the sufficient conditions under
which the characteristic equation has a pair of conjugate purely imaginary
roots are obtained. In Section 4, by regarding 7 as the parameter and checking
the transversality conditions, the stability of (u,,v,) and the existence of Hopf
bifurcations at (u,,v,) are obtained.

2. Positive steady-state solutions bifurcating from trivial one

In this section, we give the existence, uniqueness and asymptotic expressions
of positive steady-state solutions of the system (1.2) bifurcating from the trivial
solution when 0 < r < 1 by applying the implicit function theorem. From
[9,11,12], we know that the system (1.2) has no positive steady-state solutions
when r < 0, and thus we shall always suppose that 0 < r < 1 and only
consider the positive steady-state solutions bifurcating from the zero solution
rather than the ones bifurcating from the other steady-state solutions such as
semi-trivial steady-state solutions.

Suppose that (u,,v,) is the positive steady-state solution of (1.2) when 0 <
r < 1. Then (u,,v,) should be a solution of the following elliptic boundary
value problem

diAu+ru(l —u—av) =0, z € Q,
doAv + rov(l +bu—v) =0, x € Q,
u=v=0,2 € 9N,

u,v >0, x €.

(2.1)

Define the operator D by

D= diA 41} 0
- 0 deAtrs )

and let A (D) and Z(D) denote the null space and the range of D, respectively.
Then it is easy to see

'/V(D) = Span{nla 772})
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#(D) = {y= (1,92)7 € L2@) x L2Q) : (i, ) d:/Q (2)61 (0)dz = 0,i = 1 2}

and X = L?(Q) x L?(Q) can be decomposed as
X =4 (D) Z(D),

where 71 = (¢1,0)T and 17, = (0, ¢1)7.
Suppose that a < j—f and let ag and By be defined by

d2 — CLdl dl + bd2

0= Tanata) ™ T T+ ah)
2
where ¢, = 2209 0. Then ag > 0 and iy > 0. We consider the following
Q71

boundary value problem in X N%(D):

(1A +7r])E+ ¢1 — 71 (a0 +afo) 1 =0, x € Q,
(2.2) (d2A +713) 0+ d1 + 75 (bag — Bo) ¢ =0, x € Q,
E=n=0, x € 00.

From the definition of ag and 5y, and notice that D is a bijective mapping from
X NZ(D) to #Z(D), we can obtain easily the following result:
Lemma 2.1. The boundary value problem (2.2) has a unique solution (§o(x),
no(x)) in YN Z(D), where Y = HZ(Q) x HZ(Q) and

H§(Q) = {y € L*(Q) : g, € L*(), y =0 on 90}
Theorem 2.2. Ifa < Z—f, then there exist a constant r* > 0 and a unique
continuous differential mapping r — (&r, 0y, i, Br) from [0,7%] to (XNZ (D)) x
(R*)? such that the system (1.2) has a unique positive steady-state solution

(2.3) up = apr(pr +718), v = Bpr(dr + 1), T € (0,77,
and
(91,6) = (¢1,mr) = 0.
Proof. Let F = (F1, Fp, F3,Fy) : Y x R? — X x R? be defined by
P& m a,B,r) = (diA +r])§+ ¢ + 7§
— (r{ +7)(¢1 + r)a(dr +18) + ap(é1 + )],
Fy(§ma,8,r) = (d2A+r3)n+ g1+
+ (r2 +7) (91 + rn)bal(or + 7€) — B(dr + ),
F3(&,m, 0, 8,7) = (41,§),
Fy(&n, o, B,r) = (p1,m).
Then

(1A +717) & + d1 — 1 (a0 + afBo) 67
¢

F(&Oan07 aO)BOa 0) = (dQA + T;) o ?ﬁfll,g_o;s (bao B BO) % = O7

(#1,m0)
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and from [18] we know that the Frechét derivative of F' at (£o, 70, o, fo,0) is
D ¢,,0,8)F (&0, 0, @0, Bo, 0)

diA +ry 0 —riaodi  —riabod?

_ 0 doA+715 ribaodt  —r3Pod?
; (¢1,-) 0 0 0
0 (61,) 0 0

Notice that ¢2(z) & Z(d1A + r}) N Z(d2A + r3). Therefore,
D¢ n,0,8)F (€0, M0, 20, Bo, 0)

is a bijective mapping from Y x R? to X xR?. Thus, it follows from the implicit
function theorem [2, 6, 18] that there exist #* > 0 and a unique continuous
differential mapping r — (&, 9, @y, By-) from [0,7*] to (Y N Z(D)) x R? such
that

F(é},nmar,ﬂr,r) =0, re¢€ [0,7‘*].

An easy calculation shows that (u,, v,) given by (2.3) solves the boundary value
problem (2.1) and this completes the proof. O

3. Eigenvalue problems

In this section, we study the eigenvalue problem of the system (1.2) at the
positive steady-state solution (u,,v,) given by (2.3) when 0 < r < 1.

Let 0 < r < 1 and (u,,v,) be the positive steady-state solution of system
(1.2) given by (2.3). Define the operator A(r) : 2(A(r)) — X with domain
P(A(r)) =Y by

Alr) = ( A+ (rF + 7)1 —u, — avy) 0 )

0 daA + (ry +7)(1 4 buy — v,)

From [10] we know that A(r) is an infinitesimal generator of a strong continuous
semigroup and A(r) is also a self-adjoint operator. Set

V() = (u(t), o(8)T = (u(- 1), 0(-£)T, B(t) = (w0(t), Bo(t))
= (uo(,t) —ur(-),v0(-, 1) —vr (1)),
and let ( ) ( )
—(r7 +7r)u, —a(ri +7r)u,
56 = (S )
Then the linearization of system (1.2) at the positive steady-state solution
(ur, vy) is given by

dv(t)
(3.1) @ = AOVO+BOVE-T), >0,
V(t) =(t), t € [-7,0],
and the characteristic equation resulting from the linear system (3.1) is

(3.2) Ar, A1) (y,2)T =0, 0# (y,2) € Z(A(r)),
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where

A(r, N\, 7) = A(r) — My 4+ B(r)e 7,
and Iy is the second order identity matrix. It is well known that (u,,v,) is
asymptotically stable if all the roots A of (3.2) are in the left-half complex
plane and (u,,v,) is unstable if (3.2) has at least a root A in the right-half
complex plane. In addition, from [4,10,13,14] we know that the infinitesimal
generator of the semi-group induced by the solutions of the linear system (3.1)
is given by

Ar(r)p = @(0), -7 <0 <0,

with

D(Ar(r)) = {p € C" : p(0) € Y, (0) = A(r)p(0) + B(r)p(-7)},

where C! := CY([-7,0], X), and the spectra of A,(r) are all point spectra.
Therefore, the study of the stability of (u,,v,) is equivalent to the study of the
point spectrum of A, (r). We first analyze the point spectrum of A, (r) when
T=0.

If we ignore a scalar factor, then for r € (0,7*] the solution (y,z) of the
eigenvalue problem (3.2) can be represented as

y =1 +7ry,(¢1,7) =0,
z=cpy + 716, {p1,0) =0,

where ¢ is a complex number.

(3.3)

Lemma 3.1. Ifa < g—f and 0 < r* < 1, then the bifurcating steady-state

solution (ur,v.) of the system (1.2) with 7 = 0 is asymptotically stable for
r € [0,7%].

Proof. When 7 = 0, the eigenvalue problem (3.2) reduces to

(3.4) [d1A + (r] + 7)1 = 2up — avy)]y — a(r} + 7r)urz = Ay,
' —b(r§ + vy + [d2A + (13 + ) (1 + buy — 20,)] 2 = Az,

with 0 # (y,2) € Y. From Theorem 2.2 and (3.3), we have
Up = QT + O(T2)7 v = Brron + 0(72)’
y=¢1+ O(T’), z=crd1+ 0(7”),

where ¢, is a complex number satisfying ¢, — ¢ as r — 0. Therefore, after
multiplying both sides of the first equation of (3.4) by ¢1(z) and integrating
on €2, we can get that

(A —=7) | ¢i(2)dz = —r(r} +7)(2a; + aB, +acre,) | 6i(z)dz + O(r?).
Q Q

Let A = %c*. Then the above equality can be rewritten as

(3.5) A —co = —(r} +7) (20, + By + ac.) + O(r).
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Noting that
ri(ao + abo) = cx,

and «,. — «ag, B — Bo,cr — o as r — 0, hence, (3.5) can be further rewritten
as

(3.6) A = —ri(ap + acgcy) + O(r).
Similarly, from the fact that
r3(bag — Bo) = —cx,
and the second equation of (3.4), we can obtain
(3.7 Aco = 15(bBo — Boco) + O(r).
Solving pg from (3.7), one can obtain

5b
o= 2% |
A+ T;ﬁo
Substituting pg into (3.6) gives that

o(r).

—92 —
A"+ (riag +1380)A + rir3(1 4+ ab)ag Sy + O(r) = 0.
Obviously, Rel < 0 and thus the proof is complete. O

From the continuous dependence of roots of (3.2) on 7 [2,14], we know that
the values of 7 for which (3.2) has a pair of purely imaginary roots will play
a key role in the analysis of the bifurcation of periodic solutions. In fact, for
some 7 > 0, (3.2) has a purely imaginary eigenvalue A = iv(v > 0) if and only
if
(3.8) [A(r) —vly + B(r)e_w] (y, Z)T =0,

where 0 # (y,z) € Y, is solvable for some value of v > 0, § € (0,27]. In
addition, if we find a pair of (v,8) € Rt x (0,27] such that (3.8) has a solution
0 # (y,2) € Y, then it is easy to see that

A(T, i’Uan)(ya Z)T = OaTn =

2
Ot 2nm 012
v

and hence 7, will possibly be the candidates at which the stability of u, changes
and the Hopf bifurcations occur. Therefore, an important question is that
there are how many pairs (v,6) € RT x (0,27 such that (3.8) is solvable.
In the following, we shall demonstrate that there is a unique pair of (v,6) €
R* x (0,27] which solves (3.8).

Lemma 3.2. Ifa < g—f, 0 <r* <1 and (v,0,y,2) solves the equation (3.8)
with v > 0,0 € (0,27] and 0 # (y,z) € Y, then 2 is uniformly bounded for
r e (0,7*].
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Proof. Since (v,0,y, z) solves the equation (3.8), it follows from (3.8) that
([ A+(rf +7)(1 —up — avy)—iv—(r] + r)ure_w] y—a(ry +ryu.e "z, y)
+<b(r§+r)vre_i9y+ [dgA—l—(r;—}—r)(l—&—bur—vr)—iv—(rg—i—r)vre_w} z,z) = 0.

Noticing that A(r) is self-adjoint and separating the real and imaginary parts
of the above equality, one can get

v((y,9) + (2, 2)) = [(r1 + ) {ury, y) + (r3 + 7){vrz, 2)] sin 0
—a(ry + r)Im{ure 2, y) + b(ry + r)Im(v,.e =Py, 2).
From (2.3) and the above equality, we can obtain
|v] 1
7 IR+
+alrf + )l (61 +r€)e™ 2, p)] + b(rs +)B, (61 + )%y, 2]

According to the Holder inequality and the average value inequality, one can
get

() (@176 )y, )+ (5 + 7)B (61472, 2)]

v * *
M < aet +ra (6l + rllellg)

+ (4805 + 18, (1onllag + il ) -

Thus the boundedness of v/r follows from the continuity of r — (\ [SF7ER ar>

and 1 = (|[nel|3. 8 ). 0

Lemma 3.3. If ¢ € H2(Q) and (¢1,£) = 0, then there exist positive constants
e1 and ey such that

(LA +717)E,6)] = enlléllZa, [{(d2A +73)E,€)] = eall€]|Z--

Proof. Tt is well known that the operator —A on domain ) with homogeneous
Dirichlet boundary conditions has a sequence of eigenvalues {\;}32; satisfying

D<A < A<= <Ay < -+, lim A\, = 00,

n— oo
and the corresponding eigenfunctions {¢;}2, construct an orthogonal basis of
L?(Q). In particular, for each & € H2(12), there is a sequence of real numbers
{en}52, such that £ =377, ¢, ¢, (2) and therefore

(1A +715)6 = enlr} — didn)on.
n=2
From the above equality, we have

(A + )66 =D cnldid —r])llénlTe = e1 Y i [19all7e = erll€][72,

n=2 n=2

where €1 = dl()\g — )\1)
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Similarly, we can get the second inequality and eq = da(A2 — Aq). Il

Now, let a < %‘, 0 < r < 1 and suppose that (v,0,y, z) is a solution of (3.8)
with v > 0,0 € (0,27] with 0 # (y,2z) € Y. Then y and z can be expressed as

y = ¢1+77,(¢1,7) =0,
z=(p+iq)p1 +10,(¢1,0) =0, p,q € R.

Substituting (2.3), (3.9) and v = rh into (3.8), we obtain the following equiva-
lent system
(3.10)
gl(’Ya 67 hv 97 a, ba ’I“) = (dlA + TI)’)/ + (1 - lh)(¢1 + T’Y) - (TT + r)(¢1 + 7"7)
: [Oér(l + e_ie)((bl +7&) + afr (1 + anﬂ .
—a(rf +r)ar (61 +7&) [(p + ig)dr +rdle™ =0,
92(’77 d,h,0,a,b, ’I“) = (dQA + r;)é + (1 - ih)[(p + iQ)(bl + 7"(5]
+(r5 +r)(p + ig)p1 + rd]
[bar (1 +7&) = (1+€7)B(¢1 + )]
b(rs +7)Br(d1 + 110) (61 + 77)e ™ = 0,
93(7,6,h,0,a,b,1) = Re (¢1,7) =0,
94(7,6,h,0,a,b,7) =Im (¢1,7) =0,
95(7,0,h,0,a,b,17) = Re (¢1,d) =0,
96(7,0,h,0,a,b,7) =Im (¢1,0) =0

(3.9)

Lemma 3.4. Ifa < j—f, 0<r*<1and(y",0",h",07,p",q") € (Y NZ(D)) x
R* solves (3.10), then (v",6",h",0",p",q") is bounded in Y x R* for r € [0,7].
Proof. Tt follows easily from Lemma 3.2 that {h"} is bounded for r € [0,r*].
In addition, since (y",6") € Y and (¢1,7") = (¢1,0") = 0, Lemma 3.3 and the

first two equalities of (3.10) give that there exist positive constants ¢; and co
such that

cilV 172 < o1 (A7, 607,7) (61 4+ 197),7")]

+ {02 (A", 0",7) [(p" +ig")p1 +73"],7") |,
[(o1 (A", 0", 7) [(p" +iq")pr +76"],0")]

+ (o2 (B",07,7) (¢1 +779"),67)]

(3.11)

N

ea||67]122 <
where

o1 (B,07,7) = (1= i) = (r} +7) [ap (L 7 ) (61 + 7€) + aBr(on +7,)|
a1 (B7,07,7) = (1= ih") + (5 + )[bar(¢1 +1&) — (1+e7)B(¢1 +rny )],
02 (7,07, 7) = —a(r} +r)ay (1 +r&)e™,

oo (7,07, 1) = b(rs +7) B (¢p1 + rn)e” .

From Theorem 2.2, notice that {||&||g2}, {||[n-||m2}, {er} and {8, } are bounded
for r € [0,7*]. Therefore, by means of the boundedness of k", there are the
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constants M; > 0 and N; > 0(¢ = 1,2) such that
[loi (h",07,7) |loo < c1M; and ||o; (h",0",7) ||co < caN;y i =1,2.
Using the Holder inequality, (3.11) can be rewritten as
71122 < My (16allzz + 7]y lz2) IV |2z + M2 [(1p7] + |a" ) [161]] 22
+r(l6" |21 1|2,
1671172 < Nu ("] + 1a"[) a1l z2 +7[18"[1£2] 1107 || 22 + No (||| 2
+r [y 1 2) 1167 |2+
that is
[V (|2 < [My+ Mo ([p"] + lg"D] o1l + 7 (Mal[y"|[Le + Ma||6"[|2)
10" |[z2 < [N2 + N1 ([p"[ + [¢"DIHInllz2 + 7 (Nal[y" |2 + Nil|67|[z2) -

Let M = max{M;, M>}, N = max{Ny, N>} and assume that r*(M + N) < 1.
Then from the above inequalities we can obtain

(3.12) IV Mez + 116722 < 2(M + N) [T+ (Ip"| + l¢" D] [ da]| 2

In addition, noting that (y", 6", h",0",p", q") € (YNZ(D))xR* solves (3.10),
it follows from the first equation of (3.10) that

(= ih") (g1 +797) = (7} +7) (@ +77")
(313)  x [ar(L+ e ) (@1 +7E) +aB, (61 + 1)

—a(ri +)ar(é1+ &P +ig o + 67 61 ) =0,

that is

(p" +iq") (K (h",0",7) ¢1, b1)
(314) = _<K (hr70T’T)T6r7¢1>+<L(hraoryr) (¢1 +T7T)a¢1>a
where

K (hrvervr) = a(rf + T)ar(¢1 + Tgr)e_wrv
L(h",60",r)=(1—4h") = (r] +7) |a-(1+ efier)(d)l +7&) + afr(or + rnr)} .

From the boundedness of {||& ||z}, {|[n-|mz}, {cr}, {Br}, {R"}(r € [0,77]), we
know that ||K (h",0",7) || and ||L (A", 0",7) || are bounded for r € [0,7*].
Then from (3.14) we can get that there exist constants Ly, Ly > 0 such that

(3.15) P+ 1q"] < Lo+ Lor (Il 22 + [10"[[2) -

(3.12) and (3.15) give that {||v"||z2}, {I||0"]|2}, {Ilp"|} and {|¢"|} are bounded
for r € [0,7*]. In addition, noticing that D : Y NZ (D) — %(D) has a bounded
inverse and by applying D~ on g;(y",d",h",07,a",b") = 0(i = 1,2) one can
obtain the boundedness of (7",6") in Y and thus the proof is complete. O
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Theorem 3.5. Suppose that a < % and 0 < r* <« 1. Then there exists a
continuous differential mapping v — (Yr, 8py by O, Dpy @) from [0,7%] to (Y N
% (D)) x R* such that

7T d1 -+ bdg

=(1—1 do=(1—1 0o = = _— =0,hg=1
Yo = (1 =14)&0, 60 = (1 —©)pono, o 2P0 = a0 0, ho

and (Yry Opy hpy 0y Dry @) SOlVES SYStEM (3.8) for r € [0,r*].
Moreover, if r € (0,7*) and (v",0",h",0",p",q") solves (3.8) with h™ > 0
and 0" € (0, 2], then
(77‘7 67.7 hr? 67‘72‘97.7 q7) = (’77“7 57‘7 hr’ 97‘7p7"7 qr)'
Proof. Let G : (Y NZ(D)) x R — X x R* be defined by G = (g1, 92, --,96)-
Then the definition of vy, dg, ho, 0o, po and qg yields
91(707 507 hOa HO,PO, q0, 0) = (1 - Z)[(dlA + TT)&) + ¢1 - TT(OLO + aﬂo)‘lﬁ] = 07
92(70, 60, ho, 00, po, 40, 0) = (1 — i)ao[(d2A + 13)d0 + ¢1 + 5 (bag — Bo)¢T] = 0
and
gi(707 60, hO, 907p07 qo, 0) = 07 1= 37 47 53 6;
that is
0(707 607 h07 9071007 q0, 0) =0.
Now, let J = (J1,Jo,...,Js) : (Y NZ(D)) x R* = X x R* be the Frechét
derivative of G at (70, do, ho, 0o, Po, 90, 0), that is,
J = D4.5,1,6,p,0)G (70, 00, ho, 00, o, o, 0).
It follows easily from (3.10) that

Ji (7,0,1,0,p,9) = (di A +17) v — ihg1 + ri0ag (1 + apo) ¢7
+irfaoia(p +iq),
J2 (77 57 h797p7 q) = (dgA + T;) §— Zp0h¢1 + 9607‘5 (_b +p0) (b%

+(1 —i)(p +ig)pr + 75 [bag — (1 —0)Bo] ¢7(p + iq),

J3(775h0p7 )_ <¢15 >7

Ju(7,0,h,0,p,q) = Im (¢1,7),
J5(7,0,h,0,p,q) = Re (¢1,0),
J6(7,6,h,0,p,q) =Im (¢1,6) .

Noting that ¢; and ¢? do not belong to Z(d;A + r;.)(i = 1,2), we can show
that J is a bijection from (Y NZ(D)) x R* — X x R*. Thus, the first conclusion
follows from the implicit function theorem. To obtain the second conclusion,
according to the uniqueness of the implicit function theorem, it is sufficient to
show that

(’Yr)éra hr’er,p’r’qT) — (fYOa&OthveOapano)
as r — 0 in the norm of (Y N Z(D)) x R*.
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From Lemma 3.4 we know that {y",6",h",0",p",q" : r € (0,7*]} is precom-
pact in X xR%. Let {y", 8™ h™ 6™ p™ ¢"*} be any convergent subsequence
of {7",d8",h",0",p",q"} such that

(Y™, 6™ A 0 p g™ ) = (70,8, 8°,6°,p°, %), — 0 as n — oo
We claim that

(707 507 hoa 9071)07 qO) = (707 507 h’Oa 907p07 qO)

To verify this fact, take the limit in g;(y"™, 6™, h™ 0™ p™ ¢"™ r,) = 0(i =
1,2) as m — oo to obtain
(A + 717" + (1= ih%)d1 =11 (a0 + afbo) 61
—rre” % o l;l +a(p® +iq%)] 93 =0,
(d2A +13)0% + (1 — ih°)(p° +iq°)pr + r3(p° +ig°) (beo — Bo)

.10 3
tr5e Bo [b— (" +ig?)] 6 = 0.
Respectively, multiplying two equalities of (3.16) by ¢1(z) and integrating them
on €2, and noting that

ao + afy = ¢, bag — By = —ci, (¢1,7°) = (¢1,6°) = 0,

(3.16)

we obtain

—ih%, — rte=1" aq [1+a(p®+iq°)] =0,

—ih®(p° +ig°)e. — r3e= By [b+ (0° + ig%)] = 0.

From (3.17) and the definition of vy, B9, 75,75, we see that p° + ig" should be
a root of the following quadratic equation

ady (dy — ady)z? — (ad? + bd3)x + bda(dy + bdy) = 0.

(3.17)

It is easy to see that the above equation has two positive real roots

bd dy + bd
$1:72>0,I2*71+ 2*@

- - 0
ad; dy —ad; g -0

and therefore ¢° = 0. Thus, we can conclude from (3.17) that 0 = oL p°
and h® = hg, and (3.16) becomes

(1A + 77" + (1= i)dr + (1 = i)eudi =0,

(d2A +75)0° + (1= 1)p’p + (1 — i)p g =0,

where (¢1,7°) = (¢1,0%) = 0. Since the solution of equation (3.18) in Y is
unique, it follows that v° = vy and 6° = 6y. Thus, we have shown that

= Do

(3.18)

(’YT,CV, hraer,praqr) — (’70360,]10,0031)03(]0) asrT— 0

with the convergence in X x R*. Combining the fact that (y", 8", h",0",p", q")
solves (3.8), we can get

(y", 0", h",0",p",q") = (70, 60, ho, 00,0, q0) as v — 0

with the convergence in Y x R* and this completes the proof. O
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The following corollary is an immediate consequence of Theorem 3.5.

Corollary 3.6. If a < g—f and 0 < r* < 1, then for each r € (0,r*), the
etgenvalue problem

Aryiv,7)(y,2)T =0, v >0, 7>0, 0# (y,2) € Z(A(r))
has a solution (v,T,y,z), or equivalently, iv € op(A(r)) if and only if

0, + 2nw
v = v, = rh,, T:Tn:L, n=0,1,2,...
vy

Yo\ _ _ o1+ 1y
( z ) _C%_C( (pr + ig, )1 + 7, )

where %, = (y,, 2)T and c is any nonzero constant and 7y, 6y, hy, 0, pr, g are
defined as Theorem 3.5.

and

4. Stability of positive steady-state solutions and existence of Hopf
bifurcations

In this section, we study the stability of the positive steady-state solution
(ur,v,) and the existence of Hopf bifurcation at (u,,v,) when 0 < r < 1. From
Lemma 3.1, we know that the existence of bifurcating positive steady-state
solution (u,,v,)(0 < r < 1) of system (1.2) implies its asymptotic stability
when 7 = 0.

Next, we discuss the stability of (u,,v,) when 7 > 0. In fact, it is sufficient
to show that how the eigenvalue A = v varies as the delay 7 passes through
To(n = 0,1,2,...). In order to complete this, we need to solve the adjoint
problem of (3.8) of the form

(4.1) (y,2) [A(r) —ivly + B(r)e_ie] =0,
where 0 # (y,2) € Y. Similarly, let

Y= ¢1 +7"’77 <¢177> = Oa

(4.2) z= (p+iq)pr +1d,(¢1,0) =0, p,g € R.

Using the arguments similar to Section 3, we can obtain that there is a con-
tinuous differential mapping r — (v, 0%, pk, ¢) from [0,7*] to (Y N R(D) x R?
such that

y: = ¢1 +7M)/:a <¢)1a’7:> = 07

zp = (P +igr)P1 + 707, (¢1,6;) =0,
satisfies (4.1), and

ad1

—, g5 =0, h = 1.
bdg,qo 0? 0

Y = (1 =149, 6 = (L —i)pséo, po = —
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Now, define S,, by

Sp = /(y:ywz;‘zr)dw

(4.3) ¢

+ e‘“’"Tn/(yZ,Z:)B(T)%d% n=01,2....
Q

Lemma 4.1. Ifa < g—f and % # 1, then S,, #0(n=0,1,2,...) when
0<r<l.
Proof. Noting that when 0 < r < 1,

Uy = argy + O(r?), v = Bréy + O(17),

Yyr = &1+ O(r), 20 = (pr +igr)P1 + O(r),

Yr = 01+ O(r), 27 = (p; +iq;)d1 + O(r),

and 7,, = 9"‘;:%, it follows from (4.3) and the definition of ag, 5o, po and pj

that
* s (T * TTOCO G’TTO‘O 1 3
Sn = |(L+poph)es + i (5 + 2nm) (1,p5) < CbrtBy 7350 ) ( . >] Jo ¢3(x)dx
= {(1+pops)es+i (5 + 2n7) [rfao(1 + apo) +75p580(—b + po)l } [ ¢ (x)dx.
— Bo

Since po = g2 and ri(ao + afo) = r3(—bag + fo) = ¢, one can get

riaog(l 4+ apo) + r3piBo(—b+ po) = cx(1 + popg)-

ady (lerbdz) % 17

da
Therefore, when a < 7 and bida (da—ady)

Sy — (1 + pops) [1 +i (g + 2mr)] /Qqsf(m)da: £ 0.

This show that S, # 0 for r € (0,7*] and the proof is complete. O

Lemma 4.2. If a < g—f, % # 1 and 0 < r* < 1, then for each

r € (0,r*], A = iv, is a simple eigenvalue of A, (r)(n=0,1,...).

Proof. From Corollary 3.6, we can see that dim .A[A, (r) —iv,] = 1(n =
0,1,...). It follows from the definition of A, (r) that

N[A;, (r) —iv,] = Span {#.e""? 0 € [-7,,,0]} .
Let ¢ = (¢1,92)T € Z(A-,(r)) N2 ([A,,(r)]?) and assume that
(4.4) (A, (r) = v, ?0 = 0.
It is easy to see that
(A, (r) —iv.)p € N[A;, (r) — iv,] = Span {%ei“g, NS [—Tn,O]} )
Therefore, there exists a constant ¢ such that

(Ar, (r) = ivr)p = cZe™?, 0 € [~7,,0].
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From the definition of A, (r), the above equation is equivalent to

{ $(0) = wrp(9) + cFe?, 0 € -7, 0],
¢(0) = A(r)e(0) + B(r)o(=7a)-

The first equation of (4.5) gives
{50 = glonmr s,

(4.5)

(4.6) 5(0) = iv,0(0) + %,

Setting 8 = —7,, in the first equation of (4.6) and noting that 8, 4+ 2n7w = 7,0,
we have

(4.7) (=) = cp(())e*ier —crpe Oy

Substituting (4.7) and the second expression of (4.6) into the second equation
of (4.5), one can obtain

(4.8)  c(la+e 7, B(r)) % = (A(k) + e " B(r) —iv,I2) ¢(0).

Using (y7, z%) to multiple both sides of (4.8) and integrating it on €, we get
¢Sy = / (52, 22) [A(r) + e B(r) — iv, 1] (0)da = 0.
Q
By Lemma 4.1, we have ¢ = 0. Therefore

(Ar, (r) —iv.)p =0,

which implies that ¢ € A[A,, (r) — iv,]. By induction we have

N (A, (r) —iv,))) = N[A,, (r) —iv,], 1=1,2,..., n=0,1,....
This shows that A\ = iv,. is exactly a simple eigenvalue of A,, (r) forn =0,1,....
This completes the proof. O

Now, by using the implicit function theorem, it is not difficult to show that
there is a neighborhood O,, x C,, x H, C R x C x Y of (7, vy, yr, 2,-) and a
continuous differential mapping (A,y,2) : O, — C,, x H, such that for each
T € Oy, the unique eigenvalue of A, (r) is A(7) and

A(Tn) = ivr, y(Tn) = Yr Z(Tn) = Zr,

ArA@ (47 ) =0 reo.

Differentiating two sides of the above equality with respect to 7 at 7,,, we have

d)‘(Tn) —i6,
7 I:*IQ — Tp€ GTB(T')] %

/
+ Ak, ive, ) < Z,E:"g > + iv,e” " B(r)%.=0.

(4.9)
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*
T

/Q(yif,Z?i)A(r, iy, Tp) < Y () )dx =0

Multiplying two sides of the above equality by (y*,z
and noting that

) and integrating it €,

2 (1)
and
S = [ o + stan)do+ 0, [ (0750 B) 91
we obtain
(4.10)
dA(rn) _  Jo Wryrtzrzn)de [ ivee” O (y7 27) B(r) @ dativieTa | [ (yr 22)B(r) %, dx|?
dr - IS, |2 .

Lemma 4.3. If a < gf, % # 1 and 0 < r* < 1, then for each

€ (0,7*], the following transversality conditions hold:

d)\(Tn)

#0, n=0,1,2,....
Proof. Tt follows from (4.9) that

IA(T) _po {_fﬂ (Wiyr + 2 z)da Jo v (yy, Zi‘)B(r)%dx} .

Re
dr |5n\2

Noting that as r — 0,

ie7 0 1,

/ Wryr + zFzp)de — / (Yoyo + 28 z0)dx = (1 +p3po)/ 2 (z)dx # 0,
Q Q Q

and

. o [ Tia arfo 1 T
Loznpoman — (T, wie ) () [ s
—(1+ pipo) / 83 () £ 0,

since a < jl nd % # 1. Therefore, if 0 < r < 7*, then RedA(T”) £0

and the proof is complete. ([

From Lemma 3.1, Corollary 3.6 and Lemma 4.3, we immediately have the
following theorem.

d2

Theorem 4.4. Assume that a < and di(ditbdz) # 1. Then for each fized

bda(dz—ad,)

0 < r < 1, the positive steady- state solution (ur,vT) of the system (1.2) is
asymptotically stable if 0 < 7 < 719, and unstable when T > 1y. In addition, the
system (1.2) undergoes a Hopf bifurcation at the positive equilibrium solution
(ur,v,) as the delay T passes through each point 7,(n =0,1,2,...).
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